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The stochastic ordinary differential equation (SODE)

We consider fort € [0, T]

dX (t) = bO(t, X (t))dt + i bX (t, X (t))dWX(t),

~ (SODE)

X(0) = Xo,

where
» b :[0,T] x RY — RY measurable,
» WK real, pairwise independent, standard Brownian
motions, adapted to filtration (Ft )i,

» X initial value: Fo-mb. with values in RY.



Existence and unigueness

(A1) E(|Xo/?) < oo
(A2) There exists K > 0 such that

0¥ (£, )| < K(L+ |x|)
and
" (t,x) — b*(t,y)| < K|x —y|
forallk =0,.... mandx,y e R, t € [0, T].

Theorem
Under assumptions (Al) + (A2) there exists a unique solution to
(SODE) with

X(t) = Xo + /Ot b%(s, X (s))ds + zm: /Ot bk (s, X (s))dWX(s)
k=1

and E(|X(t)|?) < co forall t € [0, T].




A simple numerical approximation

Leth = % N € N, be the equidistant step size, tj = ih.
The Euler-Maruyama method is given by
Xh(o) = XOa
Xn(ti) = Xn(ti—1) + hb%(ti_1, Xn(ti_1))
m
+ Zbk(ti—l7Xh(ti—l))AhWk(ti)a 1<i<N,
k=1

where AhWk(ti) = Wk(ti) — Wk(ti_l).
Euler-Maruyama method converges with order (‘)(h%).



It6-Taylor expansions

lto-formula for f € C12([0,T] x R4, RY)

f(t, X (1)) = f(s,X(s)) +/t(L0f)(u,X(u))du

+Z/St(ka)(u,X(u))de(u)

k=1

with

+Z OI Zz:z:bkI kjé)xaxJ

ij=1lk=1

.0
k _ K.,j _
L _Ejb % k=1,....m.
j=1



It6-Taylor expansions

Iterated application of the It6-formula gives

FEX(0) = D lalfals; X(S)]st + Y lalfal- X ()]st

acA a€B(A)

if all appearing derivatives and integrals exists.
Here

» a=(j1,..-,J1) Ji € {0,...,m}, multi-indices,
» A hierarchical set of multi-indices, B(A) remainder set,
> lo[fa(-, X ()]s, iterated (stochastic) integral, e.g. o = (0, 1)

lalfa(s X ()]s = /St /su(LoLlf)(z, X (2))dz dW(u).

Now we set f(t,x) = X.



It6-Taylor schemes
Lety € {3n:n e N} and

A, = {a e M:l(a)+n(a) <2yorl(a) =n(x)

a set of multi-indices.
The It6-Taylor scheme of order ~ is given by

Xh ( ) = Xo,
Xn(tky1) = Z fo(tk, Xn(tk))
€A,

with lok = Ia[l]tk—lutk'
v = % = Euler-Maruyama scheme.
~v = 1 = Milstein scheme.



Assumptions

(A1) E(|Xo[?) < o0
(A2) There exists K > 0 such that

¥ (t,x)| < K(L1+ [x])
and
Ik (t,x) — b*(t,y)| < K|x —y]

forallk =0,...,mandx,y e RY, t € [0, T].

(A3) For a given order ~ the Itd-Taylor expansion of X (t) w.r.t.
A, exists for all t € [0, T].



Discrete approximation theory

Schematic

A To solve:

AX =Y

Numerical
method:

ApXp =r1fY




Embedding the SODE

The operator A : E — F is given by
» E = {X},

» F:={Y}={(Xo,0)},

> AX = (X(0),(X(t) ~ X(0)
~ Jy 05 X(8))ds — 34y fo b (5. X ())AW*(8))ez0)-



Discrete space

Let
m={t|t=ih,i=0,...,N}
be the time grid. Denote by
Sh := G(m, L2(Q,F,P;RY))

set of adapted and L?(Q)-valued grid functions.
Here Zy, € Gy, is adapted if Z,(t;) is F, measurable for all t; € m,.



Metric space Ej,

Restriction operators:

E E — 9h
rh . E
X =y X
with
[FEX](t) = X(t).
We define

En = gp(l’EX) C %h
measured in the norm

[Zallo == max, 120(6)z(oy



Metric space Fy,

Restriction operators:

F F— 9h
I'h . E
Y —=r,Y
with
[FFY](to) =Xo, [rFY](t)=0,1<i<N.
We define

Fh = E,(rr']:Y) C 9h
measured in the stochastic Spijker-norm

— i :
[Zall-1 = ma 157 oZn(t) z



Residual mapping and the operators Aj

» Residual mapping res, : Sy — Gy of the Itd-Taylor scheme

resh(Zn)(to) = Zn(to) — Xo,
resh(Zn)(t) = Zn(t) = > faltc: Zn(t))lak, L <i<N.

Q€A

» Note that if X}, is the 1td-Taylor approximation then
resm(Xn) = 0.
» Operator A, : D(An) — Fy, is defined by

ApXp = resy(Xp) +rf Y
with domain of definition

D(Ah) = {Zh c Eh ‘ Hresh(Zh)H_l < O’} C Eh.



Discrete approximation theory

Schematic

A To solve:
AX =Y
Numerical
method:
ApXp =r1fY

Question: Relationship between X and the numerical solutions
Xp?



Consistency

Definition
A one-step method is called consistent of order v > 0, if there
exists a constant C > 0 and an upper step size bound h, s.t.

HAhrhEX . thAXH <o
forallh < h.
Theorem

Under the assumptions (Al) - (A4) the stochastic Itd-Taylor
method is consistent of order ~.




Assumptions

(A1) E(|Xo|?) < 00
(A2) There exists K > 0 such that

b (t,x)| < K(L+ [x])
and
K (t,x) — bX(t,y)| < K|x —y]|

forallk =0,...,mandx,y e R4, t € [0, T].

(A3) For a given order ~ the 1td-Taylor expansion of X (t) w.r.t.
A, exists for all t € [0, T].

(A4)

.
/0 E <|fa(s,X(s))|2> ds < oo

forall o € B(A,).



Bistability

Definition

A one-step method is called bistable, if there exist constants
C,C >0andan upper step size bound h > 0 such that the
operators Ay, : D(A) — Fy, are bijective and the inequality

C|lAnZn — AnZn|l-1 < [1Zh — Znllo < C||AnZn — AnZn]|-1

holds for all h < h and Z;,, Z, € D(Ay).

Theorem
Under the assumptions (Al) - (A5) there exist parameter values
p,o > 0 such that the stochastic 1td-Taylor method is bistable.

o



Assumptions

(A1) ...
(A2) ...

(A3) For a given order ~ the Itd-Taylor expansion of X (t) w.r.t.
A, exists for all t € [0, T].

(A4)

.
/0 E <|fa(s,X(s))|2> ds < oo

for all o € B(A,).
(A5) For all o € A, there exists L, > 0 such that

fo(t,x) = fu(t,y)| < Lo|x —y|, Vte[0,T], x,y € RY.



Convergence

Definition

A one-step method is called convergent with order v > 0 if there
exist an upper step size bound h > 0 and a constant C > 0
such that the operators Ay, : D(A,) — Fy, are bijective and

1Xn — X lo < Ch?

for all h < h. Here X;, denotes the solution to A, X, = rf AX.




Two-sided error estimate

Let Xy, be the solution to ApXp = 1 AX.

Theorem

Let the assumptions (A1) - (A5) hold and choose parameter
values p, 0 > 0 such that the stochastic 1t6-Taylor method is
bistable. Then the two-sided error estimate

C||AnXn — Anfiy X | -1 < [[Xn — 1§ X][o < C[|AnXn — Anrt X ||

holds for all h < h. In particular, the stochastic It6-Taylor
method is convergent of order .




Maximum order of convergence

Example (Clark, Cameron 1980)
Consider the SODE

-0 (383)- (4 o8 o (W)

- (1)

For the solution

B )
x(t)= ( JEWi(s)dw2(s) )

and the Euler-Maruyama scheme one computes

/1
[ARFEX —rFAX||_1 = S5Th.




Proof

One finds by the Martingale property and the It6-isometry
IARTEX — 1 AX 2

- e ([ 2, wie) -wi ) aweeo)])

- g[S (L e wi )
Nt

_ le/t,-lE <‘W1(s) — Wl(t,-_l)f) ds

~lm

N



Milstein scheme

Consider

1 0 0
dX (t) = (o) dwi(t) + (xl) dwW2(t) + (o) dw3(t),
0 0 X

X(0) = (0,0,0)7,
and apply the Milstein scheme:
),
Xn(t) = Xn(ti—1) + Xi (tiz1)l2)i + (1,2)
X2 (ti—1)l(3); + Xt (ti—1)l(2,3),i-

Then

/1
|ARFEX —rFAX||_1 = 6Th2.



Summary

» Discrete approximation theory provides “new” notion of
consistency, stability and convergence.

» Stochastic Spijker-norm gives two-sided error estimate.

» Outlook
» implicit schemes
» multi-step methods
» SPDE
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