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Exercise 1.

Let (Xi, di), i = 1, 2 be metric spaces and let (X2, d2) be complete. Let A ⊆ X1 and f : A −→ X2

be uniformly continuous. Prove that there is one and only one continuous function f̄ : Ā → X2 with

f |A = f . This function f̄ is uniformly continuous on Ā. (4 Points)

Exercise 2.

Let n ∈ N. On [−1, 1] consider the measures µn := n1[0,1/n]. For each non-negative measurable function

f we have µn(f) :=
∫ 1
−1 f(x) µn(dx) = n

∫ 1/n
0 f(x) dx. Prove that the sequence (µn)n∈N (as a sequence

of linear functionals on C([−1, 1])) converges weakly. (4 Points)

Exercise 3.

Let X be a real Hilbert space and xn ∈ X, n ∈ N such that xn → 0 weakly in X. Prove that there exists

a subsequence (nk)k∈N such that the Cesaro summation yN := 1
N

∑N
k=1 xnk

converges strongly to 0.
(4 Points)

Hint: Show the existence of subsequence (nk)k∈N with |(xn1 , xnk+1
)| 6 1

k+1 , ..., |(xnk
, xnk+1

)| 6 1
k+1

and use that weakly convergent subsequences are bounded.

Exercise 4.

We call a normed vector space X uniformly convex if the following holds

‖xn‖ 6 1, ‖yn‖ 6 1 and ‖xn + yn‖ → 2 implies that ‖xn − yn‖ → 0.

Let X be a uniformly convex Banach space X. Prove that the following statements are equivalent:

(i) ‖xn − x‖ → 0

(ii) xn → x weakly and ‖xn‖ → ‖x‖.

(4 Points)
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