SS 2021
M. Rockner

Exercises for Functional Analysis

Bonus
Submission date: Saturday, 19.07.2021
Digital submission via the E-Learning site of the tutorial

Exercise 1.

Let (X;,d;), i = 1,2 be metric spaces and let (Xa,d2) be complete. Let A C X1 and f: A — Xo
be uniformly continuous. Prove that there is one and only one continuous function f: A — Xo with
fla = f. This function f is uniformly continuous on A. (4 Points)

Exercise 2.
Letn € N. On [—1,1] consider the measures i, := nljg 1 /y]. For each non-negative measurable function

f we have p,(f) := fil f(x) pp(dz) =n Ol/nf(a:) dz. Prove that the sequence (tn)nen (as a sequence

of linear functionals on C([—1,1])) converges weakly. (4 Points)
Exercise 3.

Let X be a real Hilbert space and x,, € X, n € N such that x,, — 0 weakly in X. Prove that there exists
a subsequence (ng)gen such that the Cesaro summation yy = % Z]kvz1 Tn, converges strongly to 0.

(4 Points)

Hint: Show the existence of subsequence (ny)ren with |(Zn,,Tn,, )| < ﬁ, ooy | @y By )| < I%H

and use that weakly convergent subsequences are bounded.

Exercise 4.
We call a normed vector space X uniformly convex if the following holds

lznll <1, Jynll <1 and  ||zn + yn| — 2 implies that ||z, — yn|| — 0.

Let X be a uniformly convex Banach space X. Prove that the following statements are equivalent:
(1) [lzn — [ =0

(i) ©, — x weakly and ||z,| — ||=||.

(4 Points)



