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Exercise 1.
Let H be a Hilbert space, L C H a linear subspace and f € L'. Prove, with the help of the Riesz
Representation Theorem, that there is a unique extension F' on H with |F||g = ||fll.. (4 Points)
Exercise 2.

Let 0> be the space of all bounded reel sequences. Using the Hahn-Banach Theorem, prove that there
1s a linear functional F': £°° — R wih the following properties:

liminf z, < F(z) < limsup z), Va = (zp)nen € £°°,
n—00 n—o00

F((z1,x2,3,...)) = F((x2, x3,24, ...)) Vo = (Tn)nen € £°.

(4 Points)
Hint: Show that p(z) := limsup, . 2(21 + ... + @) for & = (Tp)nen € *° defines a sub-linear
Junctional on €>°. Consider the linear subspace A := {x = (zp)nen € £ | limy, o0 Ty, exists} and apply
the Hahn—Banach Theorem to the linear functional f: A — R, z +— lim,_ %(:cl + ..+ xy).

Exercise 3.

Prove with the help of the Hahn-Banach Theorem for linear functionals that the mapping T: 01 —
(=), T(x)(y) = >0l xnyn for € = (Tn)nen and Yy = (Yn)nen is isometric, but not surjective.
(4 Points)

Hint: Consider on the subspace of all convergent sequences c the linear functional f(x) = lim, oo xp
and extend f to a continuous linear functional F' on (*°. Show that F ¢ T(¢').

Exercise 4.
Let X be a linear, normed space and x, y € X with x # y. Prove that there is a functional f € X'
which satisfies

f(x) # f(y).
(4 Points)



