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Exercise 1.
Let Q C R™ be an open and bounded set and V € L' () with V > 0. Prove thatﬁl‘l/’2 =A{f e f12 ]
[V§? < oo} and

(f,9)12v :z/Vf~Vg+/(1+V)f~g

define o Hilbert space. (4 Points)

Exercise 2.

Let B be a o-Ring on a set S and A\: B — R o-additive and bounded. Prove with the help of the
Hahn Decomposition Theorem that there are o-additive, bounded measures \™, A\~ : B — R, with the
following properties

o A= )\T -\~

o [\ =T+ A"

e \W(E)= sup MA) foradll E€B
ACE, AcB

e \ (E) = _AglEr,lfAeB MNA) for all E € B

(4 Points)

Exercise 3.

Let (X, F, \) be a measure space, where X is a o-finite measure on F. Let vy, vy be two o-finite measures
on F with v1 < X and vy <€ \. Set v := v + vo. Prove that v < X and that S—K = % + %\2 holds
almost surely on X. (4 Points)

Exercise 4.
Let X = (0,1] and \ the Lebesque measure on R. Let y be a measure on X such that u((0,z]) = 2% —1
holds. Prove that p < A1 and calculate 51—)‘\‘1. (4 Points)



