SS 2021
M. Rockner

Exercises for Functional Analysis

Exercise 6
Submission date: Friday, 28.05.2021
Digital submission via the E-Learning site of the tutorial

Exercise 1.

Letp € (1,00). Let f € LP(R) and g € L4(R) with %—l—% = 1. Prove that [ x g is a continuous function.
(4 Points)

Hint: C.(R) is dense in LP(R) and LY(R).

Exercise 2.
Let ¢ € CZ(R™) with ¢ >0 and [ ¢ = 1. Set

pe(r) == e "p(x/e)

the Dirac sequence of p. Let f € C(R™). Prove that lime_,o f * p. = f converges uniformly on compact
sets, i.e.

lim sup |(f * pc)(z) — f(z)| =0

e=0 ek

or all K CR"™ compact. Points
f P

Exercise 3.
Let Q C R be open, p € [1,00), p' € [1,00) with I%—i— 1% = 1. Prove that for f € H™P(Q) and
g€ B (9)

fge H™(Q)
and
(6% « o —
ot = 3 (§)o 0%
0<B<a

hold. (4 Points)
Exercise 4. }

Let 2, C R" be open and 7: Q — Q a C™-Diffeomorphism such that the Jacobian matriz DT and
D771 are bounded. Let f € H™P(S). Prove that f ot € H™P((Q). (4 Points)

Hint: The weak derivative can be calculated via the chain rule.



