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Exercise 1.

Let p ∈ (1,∞). Let f ∈ Lp(R) and g ∈ Lq(R) with 1
p + 1

q = 1. Prove that f ∗g is a continuous function.

(4 Points)

Hint: Cc(R) is dense in Lp(R) and Lq(R).

Exercise 2.

Let ϕ ∈ C∞c (Rn) with ϕ > 0 and
∫
ϕ = 1. Set

ϕε(x) := ε−nϕ(x/ε)

the Dirac sequence of ϕ. Let f ∈ C(Rn). Prove that limε→0 f ∗ϕε = f converges uniformly on compact

sets, i.e.

lim
ε→0

sup
x∈K
|(f ∗ ϕε)(x)− f(x)| = 0

for all K ⊆ Rn compact. (4 Points)

Exercise 3.

Let Ω ⊆ R be open, p ∈ [1,∞), p′ ∈ [1,∞) with 1
p + 1

p′ = 1. Prove that for f ∈ Hm,p(Ω) and

g ∈ Hm,p′(Ω)
fg ∈ Hm,1(Ω)

and

∂α(fg) =
∑

06β6α

(
α

β

)
∂α−βf∂βg

hold. (4 Points)

Exercise 4.

Let Ω, Ω̃ ⊆ Rn be open and τ : Ω̃ → Ω a Cm-Di�eomorphism such that the Jacobian matrix Dτ and

Dτ−1 are bounded. Let f ∈ Hm,p(Ω). Prove that f ◦ τ ∈ Hm,p(Ω̃). (4 Points)

Hint: The weak derivative can be calculated via the chain rule.
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