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Exercise 1.

Let L be subvector space of a Hilbert space H and

L⊥ := {x ∈ H | (x, y)H = 0, ∀y ∈ L}.

Prove that

a) For every x ∈ H there is exactly one xL ∈ L̄ and one xL⊥ ∈ L⊥ such that

x = xL + xL⊥

b) H = L̄⇔ L⊥ = {0}
c) C0

c (Rn)
⊥

= {0} in L2(Rn) (4 Points)

Exercise 2.

Let a < b and E be the unit ball of H1((a, b)). Prove that E precompact in L2((a, b)). (4 Points)

Exercise 3.

Let O(n) be the group of orthogonal matrices in Rn×n. Let f ∈ Lp(Rn,R) with 1 < p < ∞ and

fA(x) := f(A−1x). Prove that

Kf := {fA | A ∈ O(n)}

is a compact set in Lp(Rn,R). (4 Points)

Hint: O(n) is compact. If (fAn)n∈N converges to a h in Lp then there is a A ∈ O(n) with h = fA

Exercise 4.

Let Ω ⊆ Rn be open and bounded and 0 < α < β 6 1. Prove that every bounded set in C0,β(Ω̄) is

precompact in C0,α(Ω̄). (4 Points)
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