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Problem 1 (Elementary inequalities). (2-+1+1 Points)

(i) Show that every concave function f : [0,00) — R with the property f(0) > 0 fulfills

fla+0b) < f(a)+ f(b) Va,be|0,00). (I)

(i) Let a,b € [0,00). Prove that for all p > 1

(a+b)P < 2P~ (aP + bP).

(iii) Find an exemplary convex function f : [0, 00) — R which does not fulfill (I).

Problem 2 (Prove the details). (2 Points)

Explain in detail, how one can conclude (4.1.11) and (4.1.12) in the lecture notes on the basis of what has
been shown before.

Problem 3. (343 Points)

Suppose that V = H = R? for an arbitrary d € N. Consider the situation of Theorem 4.2.4. Suppose A4, B
satisfy (H1)-(H4) with a :=p, f € L5([0,T] x Q;dt ® P) and X, € LP(Q, Fo, P; H) for some p > 2.

(i) Write ||X(¢)|%; in terms of Itd’s formula.

(i1) Use (i) to prove that

E ( sup HX(t)II%) < .

te[0,T]

Problem 4. (4 Points)

Let (£, F, P) be a probability space and (E,d) be a Polish space. Let R(€; E) consist of all F/B(E)-
measurable functions from Q into E. Let Z, € R(Q; E),n € N. Then (Z,),en converges in probability
to some Z € R(S); E) if and only if for every pair of subsequences (Zni)kENﬂ (Zn%)keN there exists a
subsequence vy := (Zn}cl , Z”il ), € N, converging in distribution to a random element v € R($2; E)x R(2; E)

supported on the diagonal {(x,y) € E X E: z = y}.



