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Let (E, || · ||E) be a separable Banach space and (U, 〈·, ·〉U ) be a separable Hilbert space.

Problem 1 (cf. proof of Proposition 2.2.6). (3+1 Points)

Show that there exist ln ∈ E∗, n ∈ N, such that

||x||E = sup
n∈N

ln(x), for all x ∈ E.

Use this equality to conclude that B(E) = σ(E∗).

Problem 2 (Prove the details). (2+2 Points)

(i) (cf. Remark 2.2.8) Let f ∈ C([0, T ];E). Show that

sup
t∈[0,T ]

||f(t)||E = ess sup
t∈[0,T ]

||f(t)||E .

(ii) Let n,m ∈ N and f ∈ L(Rm,Rn). Let A = (aij)i=1,...,n,j=1,...,m be the transformation matrix of f
with respect to orthonormal bases {b1, ..., bn} of Rn and {b′1, ..., b′m} of Rm. Show that

||f ||2L2(Rm,Rn) =

n󰁛

i=1

m󰁛

j=1

|aij |2.

Problem 3. (4 Points)

Prove Proposition 2.3.4. in the lecture notes.

Problem 4. (4 Points)

Let M ∈ M2
T (U). M is a Q-Wiener process adapted to the filtration (Ft)t∈[0,T ] if and only if

(〈M(t), u〉U 〈M(t), v〉U − t〈Qu, v〉U )t∈[0,T ] is a martingale with respect to (Ft)t∈[0,T ] for all u, v ∈ U .
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