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Problem 1. (4 Points)

The aim of this exercise is to show that b(¢, X) and o(t, X) of equation (E.0.1) only depend on
{Xs|s < t}.

(i) (2 Points) Let (Q,.A), (€, A") be two measure spaces. Let T : Q — Q' be A/ A’-measurable.
Let X : Q — R be a random variable. Show that X is measurable w.r.t. o(T) := T~ 1(A’) if
and only if there exists a map ¢ :  — R which is A’/B(R)-measurable such that X = ¢oT.

Hint: Prove the statement first if X is an indicator function.

(ii) (2 Points) Use (i) (you are allowed to assume that (i) holds if R is replaced by E) to conclude
that for every ¢ > 0 the map b(¢, X) : w — b(t, X(w)) of equation (E.0.1) only depends on
{Xs|s < t}.

Problem 2. (3 Points)

Let (2, .4), (€, A") be two measure spaces. Let p be a measure on (2, 4) and X : Q — Q' be
A/ A'-measurable. Denote by A" and A% the completion of A w.r.t. 4 and A’ w.r.t. po X1
Show that X is A"/ A" _measurable.

Problem 3. (3 Points)
For fixed b and ¢ as in Appendix E assume that the SDE (E.0.1)
dX(t) =b(t, X)dt + o(t, X)dW(t), te0,00),

has a unique strong solution as in Definition E.0.6. Prove that weak uniqueness for the above SDE
holds.

Hint: See Remark E.0.7.



