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Problem 1. (3 Points)

Consider the proof of ’Claim’ in Example 5.1.10. Show that by (5.1.25) and (5.1.17), respectively, it
follows that for some constant C' €]0, c0[ and all v,w € V

() v+ (F(w),v)v| < Cllwl[Zapzel10]lv:

(i) I+ (F @), 0)v] < CllwllEllwl el o)
Furthermore, cf. Remark 5.1.11, use (5.1.18) (instead of (5.1.17)) in order to prove that for all v,w € V

(iii)

v (F(w), v)v] < Cllwlléllol il ol saze).

Problem 2. (4 Points)

Prove the claimed equivalence in Remark 5.2.4 in the lecture notes.

Problem 3. (2 Points)

Prove Theorem 5.2.2 (ii) for h = 1 and g(z) := C(x + 1) for some C' > 0 and v > 1, i.e. show that
for Ty €]0, T] we have Ly, (Tp) < SUDP,e(g,00) Gao(2) if and only if

1
Ty < —-

Cly = 1) (1luolly + Jy° F(s)ds+1)"

Furthermore, take the limit v | 1.

Problem 4 (Bihari’s inequality). (3 Points)

Consider the situation of Lemma 5.2.8. Let g and h be as below. Check if g and h are admissible. If
yes, calculate G and its inverse G~!. For which T > 0 is inequality (5.2.8) still satisfied?

(i) g(z) :=C(z+ 1),z € [0, 00][, for some C >0,y >1and h = 1;
(i) g(z) := Cx?,z € [0, 00], for some C' >0, 0 <~ < 1 and h(t) = t~2,¢ €]0, 00];
(iii) g(x) ;== C27,z € [0, 00], for some C > 0, v > 1 and h(t) :=t"1,¢ €]0, o0].



