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Problem 1 (cf. Proof of Lemma 5.2.19 (and Proof of Theorem 4.2.4)). (3 Points)

Let V ⊂ H ⊂ V ∗ be a Gelfand triple. Let en ∈ V, n ∈ N, be an orthonormal basis in H such that
{ei : i ∈ N} is dense in V . Define Hn := span{ei : i ∈ {1, ..., n}}, n ∈ N. Let T > 0, p ∈]1,∞[. Prove
that the set

󰀫
m󰁛

i=1

ρi(t)vi : ρi ∈ L∞([0, T ]), vi ∈
󰁞

n∈N

Hn, i ∈ {1, ...,m},m ∈ N

󰀬

is dense in Lp([0, T ];V ).

Problem 2. (3 Points)

Consider the situation of Lemma 5.2.21. Prove (5.2.26), i.e. use (H3’) and (H4’) to show that there
exists C0 ∈ (0,∞) such that

2V ∗〈A(t0, uni
(t0)), uni

(t0)− u(t0)〉V 󰃑 −θ

2
||uni

(t0)||αV + C0(f(t0) + h(t0)g(||uni
(t0)||2H))

+ C0(1 + ||uni
(t0)||αβH )||u(t0)||αV .

Hint: Use Young’s inequality.

Problem 3. (4 Points)

Consider the situation of Section 5.2. Assume that A satisfies (H2”) and (H4’). Let k : [0, T ]×V → R
be a bounded function such that for every bounded set O there exists L ∈ (0,∞) with

|k(t, x)− k(t, y)| 󰃑 L||x− y||V ∀(t, x, y) ∈ [0, T ]×O ×O.

Then Ã := kA satisfies (H2”) replacing A.

Problem 4. (3 Points)

Let d ∈ N. Let f : Rd(/{0}) → R, x 󰀁→ |x|α. Determine all α ∈ R, p ∈ [1,∞) such that f ∈ H1,p(B1(0)).
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