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([Parts of ] Exercises marked with “*” are additional exercises.)

Throughout this exercise sheet, let B be a standard Brownian motion on a probability space
(Ω,F ,P), and denote by (Ft)t>0 the right-continuous version of its natural filtration. On the same
space, W denotes a d-dimensional standard Brownian motion, i.e. W = (W1, . . . ,Wd), where
{Wi}i6d are independent one-dimensional standard Brownian motions.

Problem 1 (Markov property of Brownian motion and tail events). (1+2+2 Points)

Let Px, x ∈ Rd, be the distribution of W +x on
(
C(R+,Rd), σ(πt, t > 0)

)
, where πt : C(R+,Rd)→

Rd are the canonical projections given by πt(w) := w(t), and let F∗ := ∩t>0σ(Ws|s > t).

(i) Interpret the σ-algebra F∗.

(ii) Prove that for any A ∈ F∗ and x ∈ Rd one has Px(A) ∈ {0, 1}.

Hint: Use that (tW 1
t

+ x)t>0 is again a d-dim. Brownian motion (why?) and show that one
can apply Blumenthal’s 0− 1−law.

(iii) Using (ii), prove the following stronger statement: For any A ∈ F∗, one either has

Px(A) = 1, ∀x ∈ Rd

or
Px(A) = 0, ∀x ∈ Rd.

Hint: First show Px(A) = (2π)−
d
2

∫
Rd e

− |x−y|2
2 Py(A) dy for any A ∈ F∗ and x ∈ Rd. For this,

you may use without proof the identity Px(A) = Ex[PW1(A)] (which can be proven by the
Markov property of (Px)x∈Rd).

Problem 2 (Girsanov theorem for Brownian motion I). (2 Points)

This is a basic application of Girsanov’s theorem for Brownian motion, which should help you to
get a feeling for the theorem and its assumptions.

Let T > 0. Find a probability measure Q on FT which is equivalent to P such that (Yt)t6T ,
Yt := −3t+Bt, is a Brownian motion wrt. Q and (Ft)t6T .

Problem 3 (Girsanov theorem for Brownian motion II). (2+3 Points)

Set Yt := t+Bt, t > 0.
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(i) For each T > 0, find a probability measure QT on FT such that QT is equivalent to P on FT

and such that (Yt)06t6T is a Brownian motion wrt. QT .

(ii) Prove that there exists a probability measure Q on F∞ := σ(Ft, t > 0) such that QT = Q on
FT for all T > 0. Also show

P( lim
t→∞

Yt =∞) = 1,

but
Q( lim

t→∞
Yt = 0) = 0.

Why does this not contradict the equivalence of QT and P on each FT ?

Problem 4 (Wald-type inequality). (4 Points)

Later on, in Thm.4.4.16, you will learn that the inequality below is always an equality, provided
E[exp(1

2
T )] <∞, but this we do not assume in this exercise.

Let T : Ω→ R+ be an (Ft)-stopping time. Prove

E
[

exp(BT −
1

2
T )
]
6 1,

and provide an example for T such that the inequality is strict.
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