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([Parts of ] Exercises marked with “*” are additional exercises.)

Problem 1 (Covariation, cf. Def. 1.3.14+Lem. 1.3.15). (1.5+1+1.5+1 Points)

The covariation (not to be confused with the covariance!) is fundamental for the entire so-called Itô-
calculus we aim to develop in this lecture, see for example Itô’s product rule and the d-dimensional
Itô formula.

Let X, Y : [0,∞] → R be continuous with continuous quadratic variations t 7→ 〈X〉t, 〈Y 〉t with
respect to a common partition sequence (τn)n∈N of [0,∞] with mesh |τn|

n→∞−−−→ 0. Prove the following
assertions about the covariation 〈X, Y 〉 as defined in Def. 1.3.14:

(i) t 7→ 〈X, Y 〉t exists and is continuous if and only if t 7→ 〈X + Y 〉t (the quadratic variation
of X + Y with respect to (τn)n∈N) exists and is continuous. In this case, for all t > 0 the
polarization identity

〈X, Y 〉t =
1

2

(
〈X + Y 〉t − (〈X〉t + 〈Y 〉t)

)
holds.

Now assume (i) holds and prove:

(ii) t 7→ 〈X, Y 〉t is of bounded variation.

(iii) t 7→ 〈X, Y 〉t is the distribution function of a signed measure on any [0, T ], T > 0.

(iv) The Cauchy-Schwarz-type inequality

|〈X, Y 〉t| 6 〈X〉
1
2
t 〈Y 〉

1
2
t

holds for all t > 0. Conclude that if X or Y are BV, then 〈X, Y 〉t = 0 for all t > 0.

Hint: By now you know enough about BV functions to avoid calculations in (ii).

Problem 2 (Generalization of d-dim. Itô formula, cf. Prop. 1.3.21). (4 Points)

Show the following generalization of the d-dimensional Itô-formula: Let m,n > 1, X = (X i)16i6m :
[0,∞)→ Rm and Y = (Y j)16j6n : [0,∞)→ Rn be continuous with continuous 〈Xk, X l〉, 1 6 k, l 6
m, and Y k, 1 6 k 6 n, of bounded variation, along a common sequence of partitions (τn)n∈N as in
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the beginning of Section 1.2. Then for F ∈ C2,1(Rm × Rn)

F (Xt, Yt)− F (X0, Y0) =

∫ t

0

(∇xF (Xs, Ys), dXs)

+
1

2

m∑
k,l=1

∫ t

0

∂2F

∂xk∂xl
(Xs, Ys) d〈Xk, X l〉s

+
n∑
k=1

∫ t

0

∂F

∂yk
(Xs, Ys) dY

k
s ,

where ∇xF (x, y) = ( ∂F
∂xi

(x, y))16i6m, and∫ t

0

(∇xF (Xs, Ys), dXs) := lim
n→∞

∑
ti∈τn,ti6t

(∇xF (Xti , Yti), Xti+1−Xti
)

Problem 3 (Time-dependent Itô-formula: Geometric Bm, cf. Prop. 1.3.23+Exa.1.3.25). (3 Points)

One primary goal of this lecture is to solve stochastic differential equations (SDEs), which are
formally written as dXt = b(t,Xt)dt+ σ(t,Xt)dBt, where b, σ : R+×R→ R and B is a Brownian
motion. The solution X is a stochastic process. Before solving this equation, one first needs to make
sense of all appearing terms, in particular of σ(t,Xt)dBt ≈ ′′ ∫ t+h

t
σ(s,Xs)dBs

′′ for small h� 1.
As we have seen, so far we can only give meaning to such integrals for very special integrands.
One of the most fundamental SDEs is given by b(t, x) = βx and σ(t, x) = αx, where α, β ∈ R. Its
solution is called Geometric Brownian motion and will be studied later on. However, already now
we can solve this important SDE ”pathwise”, as the following exercise shows.

Let B = (Bt)t>0 be a continuous Brownian motion with B0 = 0 and G0 a R-valued random
variable, defined on the same probability space as B. Use the time-dependent Itô-formula to prove
that G(ω, t) := G0 exp

(
αB(ω)t + (β − 1

2
α2)t

)
solves the stochastic differential equation{

dG(t) = βG(t)dt+ αG(t)dBt,

G(0) = G0

in the sense that for almost every ω ∈ Ω we have

G(ω, t)−G0(ω) = α

∫ t

0

G(ω, s)dBs(ω) + β

∫ t

0

G(ω, s)ds, ∀t > 0.

Problem 4 (Continuous local martingales). (2 Points)

In Section 1.4. we will study continuous local martingales, which arise as admissible integrators
for stochastic integrals. The following definition can also be found at the beginning of Section 1.4.,
but no content from Section 1.4. is needed for this exercise.

Let (Ω,F , (Ft)t>0,P) be a filtered probability space such that each Ft is right-continuous and
F0 contains all P-zero sets, and let T : Ω → [0,∞]. A continuous local martingale up to T is
a map X : {(t, ω) ∈ ]0,∞) × Ω : t < T (ω)} ∪ ({0} × Ω) → R such that there is a sequence
T1 6 T2 6 . . . 6 T , Tn : Ω→ [0,∞], such that Tn < T on {T > 0}, with the following properties:

(i) Tn is an (Ft)-stopping time for all n ∈ N

(ii) supn∈N Tn = T P-a.s.

(iii) (Xt∧Tn)t>0 is a martingale.

Prove that every continuous (global) (Ft)-martingale is a continuous local martingale.
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