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([Parts of ] Exercises marked with “*” are additional exercises.)

Problem 1. (3 Points)

The quadratic variation process of a process X is related to the sample path structure of X, as
the next two exercises show. The statement of the following exercise appears reasonable, if one
recalls the intuitive meaning of the quadratic variation 〈f〉t of a function f : R+ → R as a refined
measurement of the total vertical displacement of the graph of f on [0, t], compare the introductory
text of Ex. 1 and 2 from Sheet 1.

Let (Ω,F , (Ft)t>0,P) be a filtered probability space with a right-continuous filtration such that
F0 contains all P-zero sets. Let X be a continuous local martingale up to T > 0 with pathwise
continuous quadratic variation t 7→ 〈X(ω)〉t on [0, T (ω)) for a sequence of partitions (τn)n∈N with
the usual conditions. Let 0 6 S1 6 S2 < T be stopping times. Show

〈X〉S1 = 〈X〉S2 =⇒ X pathwise constant on [S1, S2].

The left-hand side of the above implication is understood ω-wise, i.e. 〈X(ω)〉S1(ω) = 〈X(ω)〉S2(ω) for P -a.e. ω ∈ Ω.

Problem 2. (3 Points)

Let (Ω,F , (Ft)t>0,P), T and X be as in the previous problem. Show: for P-a.e. ω, the path t 7→
Xt(ω) is either constant on [0, T (ω)) or of unbounded variation.

Problem 3. (3 Points)

Let d ∈ N and let (Xj
t )t>0, 1 6 j 6 d, be independent continuous standard Brownian motions on

a common probability space. Prove that

t 7→ 1√
d

d∑
j=1

Xj
t

is a continuous standard Brownian motion as well.

Problem 4. (5 Points)

Prove Proposition 1.4.29.
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