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Problem 48. (for �⇐�, use Problem 27) (4 points)
Let X be a real-valued random variable on a probability space (Ω,A, P ). The Laplace transform

Z : R→ (0,∞] of X is de�ned by

Z(λ) := E [exp(λX)] , λ ∈ R.

Show that the following statements are equivalent:

(i) Z is �nite in a neighbourhood of 0 (i.e. on an interval [−ε, ε]]).

(ii) There exist a <∞, b > 0 such that

P [|X| > t] 6 a exp(−bt), t > 0.

Problem 49. (Proposition 3.3.1 � calculate rate functions) (1 + 1,5 + 1,5 points)
Let U(x) = x. In the situation of Proposition 3.3.1, we know that

lim
n→∞

1

n
logP

[
1

n

n∑
i=1

Xi > m

]
= −H(µλ(m)|µ) = −I(m)

for the rate function I : R → [0,∞]. From Proposition 3.2.7 (ii) we know furthermore that for
m ∈ m(Λ̊), we have the representation

I(m) = H(µλ(m)|µ) = max
λ̃∈Λ̊

(
λ̃m(λ(m))− logZ(λ̃)

)
= max

λ̃∈Λ̊

(
λ̃m− logZ(λ̃)

)
.

More generally, it holds (so that we can also have I(m) =∞) that I is the Legendre transform

of logZ(λ):

I(m) = sup
λ∈R

(λm− logZ(λ)) .

Use this formula to calculate the rate function for the following distributions:

(a) Dirac distribution εa, a ∈ R;

(b) Exp(α), the exponential distribution with parameter α > 0.

(c) N(m0, σ
2).
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Moreover, check that in each of these cases the following properties are satis�ed:

� I(m) = 0⇔ m = EX1;

� On the set {I <∞}◦, I is in�nitely di�erentiable;

� If {I <∞}◦ 6= ∅, then I ′′(EX1) = 1
σ2 .

(d)* Investigate the above questions also for the Poisson distribution with parameter α.

Problem 50. (1+3 points)
Let S be a separable metric space with metric d. Consider random variables X1, X2, . . . , Xn on a
probability space (Ω,A, P ) with values in S.

(a) Show that

dn((x1, . . . , xn), (y1, . . . , yn)) := sup
16i6n

d(xi, yi)

is a metric on Sn.

(b) Show that the map

ϕ : Ω→ Sn

ω 7→ ϕ(ω) := (X1(ω), . . . , Xn(ω))

is measurable with respect to the Borel σ-Algebra B(Sn) on Sn that is induced by the metric
dn.

Problem 51. (with Problem 50, Remark 3.5.2) (3+1 points)
Let S be a separable metric space with metric d. Consider random variables X1, X2, . . . , Xn on a
probability space (Ω,A, P ) with values in S.

(c) Show that the map

χn : Sn →M1(S)

(x1, . . . , xn) 7→ χn(x1, . . . , xn) :=
1

n

n∑
i=1

εxi

is continuous.

(d) Conclude using parts (b) and (c) that

ω 7→ ξn(ω) :=
1

n

n∑
i=1

εXi(ω)

is measurable with respect to the Borel σ-Algebra B(Sn) on Sn that is induced by the metric
dn.
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