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Problem 52. (Supplement on weak convergence) (2 + 2 points)
Let S be a separable, metric space with metric d and Borel σ-algebra B(S).

(a) Let S0 ⊂ S be a countable, dense subset and set1

U0 := {Bq(s0) | q ∈ Q+, s0 ∈ S0}

U :=

{
m⋃
n=1

Vn | m ∈ N, Vn ∈ U0, 1 6 m 6 n

}
.

Show: for every open subset U ⊂ S, there is an isotone sequence (Un)n∈N ⊂ U with U =⋃∞
n=1 Un.

(b) Show using (a) that probability measures µn on S converge weakly to µ if and only if

lim inf
n→∞

µn(U) > µ(U) ∀U ∈ U . (*)

Problem 53. (4 points)
Let S be a separable, metric space with metric d and Borel σ-algebra B(S). Show using Problem
52 (b):

There are functions g1, g2, . . . ∈ Cb(S), such that probability measures µn converge weakly to µ if
and only if

lim
n→∞

∫
gk dµn =

∫
gk dµ ∀k ∈ N. (*)

Hint: Construct for every U ∈ U a sequence of nonnegative continuous functions (fj)j∈N that
converge monotonely to 1U .

Problem 54. (Alternative proof of Proposition 2.3.8) (4 points)
Let S be a separable metric space with metric d. Consider independent and identically distri-
buted (i.i.d.) random variables X1, X2, . . . on a probability space (Ω,A, P ) with values in S and
distribution µ. For ω ∈ Ω and n ∈ N, we de�ne

ξn(ω) :=
1

n

n∑
i=1

δXi(ω) ∈M1(S).

Prove Proposition 2.3.8 using Problem 53.

1
Here Bq(s0) denotes a ball around s0 with radius q.
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Problem 55. (Example 4.2.11 (ii)) (4 points)

(a) Consider the following random experiment: given n urns, of which every urn contains s black
and w white balls. Now we draw from the �rst urn one random ball and put it in the second
urn. Then, in turn, we draw a ball at random from the second urn and put it in the third
urn, etc., until �nally a ball of the penultimate urn is put into the last urn. Now we draw a
ball from the last urn. What is the probability for this ball to be white?

(b) An equilibrium distribution for a kernel K is a probability measure µ with the property

µK = µ,

where

µK(A2) :=

∫
K(x1, A2)dµ(x1).

Show that N
(

0, σ2

1−α2

)
is an equilibrium distribution for the kernel K from (R,B(R)) to

(R,B(R)), where this kernel is de�ned by

K(x, ·) := N(αx, σ2), |α| < 1.
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