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(Ezercises marked with are additional exercises.)

Problem 13. (cf. Proposition 1.6.7) (3 points)
Show for X1, ..., X,, € £? pairwise uncorrelated random variables the following identity of Bienaymé:

var <Z XZ-> = Zvar (X;) .

Problem 14. (Law of large numbers) (5 points)
Let (Q, A, P) be a probability space and let X,,: Q — R with X, € £2 for n € N be a sequence of
random variables with the property that

E[X,] = E[X;] VneN. (1)
Furthermore, let : {0,1,2,...} — [0,00) be a function such that

|cov(Xn, Xp)| < 7(jn —m|) Vn,m eN, (2)

Problem 15. (cf. Remark 1.8.3)
Let Q = [0,1] and P be the Lebesgue measure restricted to €2, defined on the Borel o-algebra
A = B([0,1]). Define further

k k+1
Agm g, 1= {27’2%{ for k €{0,...,2" —1},m e Ny and Y,, := 14, for n € N.
1. Show that Y,, converges in £!, but not P-a.s. (2 points)
2. Give an example of a sequence (X,,),en of random variables on (€2, .4, P) which are P-a.s.
convergent, but not in £ (2 points)
Problem 16. (Proposition 1.8.4 (i) = (ii) + Lemma 1.8.8) (4 points)

Let (X,)nen C L' be a sequence of random variables on the probability space (22, A, P) with
lim, X,, = X in £! for a X € £!. Show that under these conditions the sequence (X, )nen is
uniformly integrable.



