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Problem 25. (Lemma 2.1.8) (4 points)
Let (Xn)n∈N and X be real-valued random variables on (Ω,A, P ). Show that for independent
random variables (Xn)n∈N the following holds:

∞∑
n=1

P [|Xn −X| > ε] <∞ ∀ε > 0 ⇔ Xn
n→∞−→ X P -a.s.

Problem 26. (De�nition 2.2.1) (4 points)
Check whether the following random variables X1 and X2 are Independent (with proofs):

a) Let (Ω,A) = ([0, 1]2,B([0, 1]2)), and P be the Lebesgue measure on [0, 1]2. For (x1, x2) ∈
Ω = [0, 1]2, set

X1(x1, x2) := x1,

X2(x1, x2) := x2.

b) Let (Ω,A) = ([0, 1],B([0, 1])) and P be the Lebesgue measure on [0, 1]. For x ∈ Ω = [0, 1],
set 1

X1(x) := cos(2πx),

X2(x) := sin(2πx).

Problem 27. (4 points)
Let X be a random variable and let ε > 0 be arbitrary. Show that X is integrable if and only if

∞∑
n=1

P [|X| > nε] <∞.

Problem 28. (using Problem 27, Borel�Cantelli) (4 points)
Let (Xn)n∈N be indepent, identically distributed random variables on (Ω,A, P ). Show that X1 is
P -integrable if and only if

lim
n→∞

|Xn|
n

= 0, P -a.s.

1X1, X2 describe the coordinates of a random point that is equidistributed on the unit circle R2.
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