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(Ezercises marked with are additional exercises.)

Problem 18. (A submartingale)

Let (2, A, P) be a probability space, (A;)icr a family of increasing sub-o algebras (i.e. s <t =
Ay C Ay). Prove that if (M) is an (A;)ier-martingale, then X, = |M,|, t € I, is an (A;)-
submartingale. (4 points)

Problem 19. (Symmetric random walk on Z)
Let (X,,) be the symmetric random walk on Z in the sense of Def. 7.2.2 (i) with parameter p = 1/2,
i.ell

n 1
Xo=) Y, Yeild with P(Yy =1) = P(Y; = -1) = o
k=1

Find an « such that M,, := exp(aX,, — An) is an (A, )nen, )-martingale for n € Ny, A > 0, where
A, = 0(Xo, ..., Xp). (4 points)

Problem 20. (A martingale for 2-dimensional random walk)
Let (Zn)neny = (Xn, Yn)nen, be the 2-dimensional symmetric random walk, i.e. the Markov chain
with state space S = Z? and transition kernel

p((2,9),) == = (0s1) + Oe-1) + Sz yt1) + O(zy-1))

1
4
with (z,y) € Z?. Show that M, = |Z,|* — n, n € Ny is a martingale, where | - | is the Euclidean
norm. (4 points)

!The independence of the Y} was shown in Problem 16 (i).



