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(Exercises marked with �*� are additional exercises.)

Problem 18. (Doob's Lp maximal inequality for p = 1)
Let (Xt)t⩾0 be a right-continuous submartingale with Xt ⩾ 0 for all t ⩾ 0, and let X∗

t := sup
0⩽s⩽t

Xs.

(a) Show that

E[X∗
t 1{X∗

t ⩾1}] ⩽ E[Xt log(X
∗
t )1{X∗

t ⩾1}] + P (X∗
t ⩾ 1).

Hint: Calculate E[X∗
t 1{X∗

t ⩾1}]−P (X∗
t ⩾ 1) using the trick of in the proof of Proposition 8.2.1

(ii), Fubini, and Proposition 8.2.1 (i). (4 points)

(b) Conclude from (a) and the inequality x− 1 ⩽ x log(x) that (2 points)

E[X∗
t ] ⩽ E[Xt · log(X∗

t )] + 1.

(c) Show that for a, b > 0 (1 point)

a log(b) ⩽ a log(a) +
b

e

(d) Show using (b) and (c) that (1 point)

E[X∗
t ] ⩽

e

e− 1
(E[Xt · log(Xt)] + 1)

Problem* 19. (Roulette and supermartingales)
Assume that when playing Roulette, we bet RED over and over (either we lose our bet, or we get
twice as much back; the winning probability is 18

37
). We start with 1 Euro, and every time we lose,

we double our bet. If we win once, we stop. Show that the Optional Stopping Theorem does not
hold for unbounded stopping times by giving a supermartingale (Mn)n∈N0 and a stopping time T
such that

E[MT ] > E[M0].

(4 points)

Problem 20. (Remark 8.4.5)
Let I = R+ and (At)t⩾0 be a �ltration. De�ne

A+
t := At+ :=

⋂
s>t

As.

Let (Xt)t⩾0 be a right-continuous, (A+
t )t⩾0-adapted family of (real-valued) random variables and

U ⊂ R be an open subset. We de�ne the �rst entry time in U by

T := inf{t ⩾ 0 | Xt ∈ U}.
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(a) Show that T is an (A+
t )-stopping time. (3 points)

Hint: Show that if T (ω) < t, there exists a rational number q < t such that Xq(ω) ∈ U .

(b) Give a concrete example for Ω (with two elements!), (Xt)t⩾0, (At)t⩾0 and U for which T is
not an (At)-stopping time. (1 point)
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