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Overview

You are looking at the text “The associahedral chain complex” [pdf].

We construct the associahedral chain complex algebraically and prove its acyclic-
ity. All details are given.
The methods seem to be new.

81 and §2 are entirely independent.

§1 is a textbook style introduction to free multi-magmas (the set of partially
parenthesized words). Some things are missing, but it contains all what is needed
further on.

§2 is an important part. Proposition (2.1) describes a basic relation valid in
any extended odd multi-algebra. See Remark (2.4) and section 6.1 for further
comments.

83 collects the fruits and defines the associahedral chain complex.

84 and §5 have been added a bit later. §4 complements §1 and §5 shows acyclicity
of the associahedral chain complex.

§6 mentions possible expansions.

Section 6.1 is a draft for an interpretation of the proof of Corollary (2.2) using
signed coderivations. (A detailed exposition of this topic is too involved for now.)

Section 6.2 mentions the construction of the associahedron as subdivided cube.
I believe that this point of view (which is not new) is basic.

Section 6.3: Another construction of the associahedral chain complex uses plane
trees. It has some elegance, since it hides the sign business in the coefficient system
of the graph complex. It also reveals the automorphism group (the Dieder group).
There is a (well known) dictionary to polygon triangulations (mentioned in 6.4).

To be clear: I have no idea if and when I will write on these topics.


http://www.math.uni-bielefeld.de/~rost/assoc.html#assoc2
https://www.math.uni-bielefeld.de/~rost/data/assoc2.pdf
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§1. Free multi-magmas

A magma consists of a set M and a map M? — M, see Serre (Lie algebras and
Lie groups, 1964) [5, Chap. IV, Free Lie Algebras, 1. Free magmas, p. 18].

Multi-magmas are a variant of magmas with multi-fold products.

Free multi-magmas make precise the term “partially parenthesized words”.

(1.1) Definition. A set M together with a family of maps
Mp: M™ = M (n>2)

is called a multi-magma. The map m, is called the n-ary product of the multi-
magma M.

1.1. Free multi-magmas. We adopt the construction of free magmas in [5].

1.1.1. The definition. Let X be a set. Define inductively a family of sets X,
(k > 1) as follows:

(1.2) X, =X

(1.3) Xim=J[ Xpx-xX,, (k,n>2)
p1+-+pn=k

(1.4) X =[] Xbm (k>2)
n>2

In (1.3) one understands p; > 1. Since n > 2 one has p; < k.

Put
My =[] X
k>1
and let
len: Mx — Z

len| Xy =k (k>1)

be the separating function. Thus o € Xjep(a) (a € Mx).

For oo € Mx the integer len(«) is called the length of a. An element of length 1
is called an atom. The atoms form the set X C Mx.

Further let

ar: Mx \ X - Z
ar | Xg, =n (k,n > 2)
The integer ar(«) is called the arity of a. Clearly ar(«) > 2. (The arity is not

defined for atoms.)
The pair (len, ar) decomposes the subset of non-atomic elements into the disjoint

union
MX \X = H H Xk,n

k>2n>2
and a non-atomic element « can be written as ar(«)-tuple
a:(al,...,aar(a)) (Oél‘GMx)
Such a presentation is unique since

ar(a)

len(ar) = Z len(cey;)
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The element «; is called the i-th factor of a. Clearly len(c;) < len(«).
For n > 2 define

tn: My — Mx

n
(s ) = (0q, ..., ap) € HXpi C Xpn C Xp C My
i=1
where p; = len(o;), k =), pi. Thus pn(o,...,a,) has o; as i-th factor.
There results the arity-decomposition
(1.5) My =XT [ M%
n>2
with the p,, serving as inclusions.
1.1.2. Universal property. The multi-magma (Mx, (pn: M% — Mx)p>2) is
called the free multi-magma on X.

(1.6) Lemma. Let (M, (my,: M™ — M),>2) be any multi-magma. For any map
f: X — M there exists a unique multi-magma homomorphism F: Mx — M ex-
tending f.

Proof: Define by induction on the length
F(a) =mu(Faq),...,Flam)), a=(a1,...,an)
with n = ar(«). O
1.1.3. Complexity and degree. For a € My the complexity c() is defined

inductively as follows: ¢(x) = 0 for atoms z € X and

ar(a)

cla) =1+ Z clag), a=(ai,...,Qm(a))

i=1
in the non-atomic case.

Clearly ¢(a) > 0 with equality only for atoms. One has ¢(a) = 1 if and only if
all factors are atoms:

a=(T1,...,Tar(a)) (x5 €X)
By definition, an element o € M is a nested tuple (with no 1-tuples) constructed
from atoms, like
a = (21, (z2, T3, 4), (5, (¥6, 27), ¥'8), Tg) (z; € X)

The complexity ¢(«) is the number of paren pairs appearing in such a full expansion
down to atoms.

For a € Mx the degree deg(«) is defined inductively as follows: deg(z) = 0 for
atoms z € X and

ar(a)

deg(a) = ar(a) — 2+ Z deg(a), a=(a1,..., Qur(a))
i=1

in the non-atomic case. Obviously deg(a) > 0.

(1.7) Lemma.
c(a) 4+ deg(a) + 1 = len(a)
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Proof: The claim is clear for atoms and follows by induction from
cla)= 1 +3, c(a)
deg(a) =n—2+4 3" deg(a;)
1= L—n+3" 1
len(a) = 0 + >0 len(ay)
with n = ar(«). O
1.1.4. The free magma. Let
My ={a € Mx |deg(a) =0}
One has X € M%. The inductive description of deg shows ar(a) = 2 for & € Mi\X
and «o; € MY for the two factors of a. Moreover o (M4?) C M.
(1.8) Lemma. (M%,pug: M52 — MY%) is the free magma on X (cf. [5]).

Proof: One proceeds as in the proof of Lemma (1.6), this time referring to the
unique presentation
a=ps(a,as) (o € MY)
of v e M\ X. O
1.1.5. Notations and conventions. In the complete product notation one sim-
ply drops the commas from a tuple presentation:
(a1 apn) =(a1,...,an) = ppa,...,an) (n>2)
In the case of atoms no parens are written.
In this notation the example above reads as
(z1(222324) (25 (T627)78)T9)

In the simple product notation one drops the outer paren pair as well (in the
non-atomic case) and writes

oo = (g, an)
$1($2I3$4)($5(1‘6Z‘7)$8)1‘9
This is often convenient for writing and reading, but when taking products one has
to reinsert the omitted paren pairs before combining.

The elements of Mx are called partially parenthesized words in X, but often we
call them simply words.

As already noted, the complexity of a word counts the number of paren pairs
including a possible outer paren pair in a fully expanded presentation (down to
atoms). Obviously it also counts the number of y, involved to construct the word
from atoms. For example

(ab(cde)) = ps(a,b, ps(c,d,e))  (a,b,e,d,e € X)

has complexity 2.
A binary word is an element of us(M%), that is, a 2-tuple

a=(a1,0s) = ajas
with no extra conditions on the factors a;, as. Example:

a = (x1293) (2425 (T627)T8)
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A fully binary word is a binary word with both factors again fully binary words
or atoms. The fully binary words are the elements of the free magma MY%.. We also
call them fully parenthesized words.

1.2. Further generalities. At some point I will probably discuss the opposite
M°P of a multi-magma M. For the free multi-magma My this yields an invo-
lution. This involution reverses parenthesizing and order. One may also reverse
parenthesizing and order separately:

a(be) + (ab)e <> (cb)a < c(ba)
Further, it can be useful to introduce notations like
yee

for a € Mx and a family of modules V = (V,),cx. Also, for a bifunctor (J: C? — C
on a category C' and an object V of C, the objects VI* (a € M%) are defined
without an associativity constraint for [J.

Some of these things are mentioned here: “Notes on free alternative algebras”
[pdf]. They will be expanded when needed (or dropped).

1.3. The case of a single atom. We are mainly interested in the free multi-
magma on one element, often denoted by * or e.
For the 1-element set X = {*}, the elements of X,, for n <4 are

*
(%)
(e(xx)), - (rorx), ((rx)x
Ce(x(r0))), o Cox(ex)), (o) (ex)), (o)), (o)) )
Ce(Geoe)5)), - (e Gr)), (e (o)) %)
To present elements of My one may of course choose any other symbol for
the unique element of X. Moreover, for better readability one may want to “fill”

the words with a set of say digits or letters. With this convention, the following
expressions represent the same word:

#(x(x(xx)),  o(o(e(e0))), 1(2(3(45))), a(b(c(de)))

In the filled cases, we understand that the symbols representing the atoms are all
different and in the same order for all words to be displayed.

1.4. Free multi-algebras. Let R be a ring (associative, commutative, unital). A
multi-algebra over R consists of an R-module V together with a family of R-module
homomorphisms

Mmy: VO =V (n>2)

For a set X, let Ax be the free R-module with basis Mx. The maps p,: M% —
Mx extend to R-module homomorphisms

un:A;@}"%Ax (n>2)

which turn Ax into a multi-algebra. The multi-algebra Ax is called the free multi-
algebra on X.


http://www.math.uni-bielefeld.de/~rost/assoc.html#assoc5
https://www.math.uni-bielefeld.de/~rost/data/assoc5.pdf
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(1.9) Lemma. Let (V,(my,: V" = V), >2) be any multi-algebra and let f: X —
V' be any map. Then there exists a unique multi-algebra homomorphism F: Ax —
V' extending f.

Proof: The compositions of m,, with V™ — V& make V a multi-magma. Extend f
first to a multi-magma homomorphism on Mx (Lemma (1.6)) and then R-linearly
to Ax. O

1.5. Gradings. A map f: M — Z from a set M to an abelian group Z defines
a Z-grading on the free R-module A with basis M by taking for A, the free R-
submodule generated by M, = f~1(z) (z € Z). For a finite family f;: M; — Z
the sum ), fi(x;) (x; € M;) yields the natural grading on the tensor product of

the free graded R-modules A; with basis M;. In particular, A®" is graded via

M L ogn 2y g

As for Ax, one considers the following Z-gradings.

1.5.1. Length grading. The length grading is given by the function len: Mx —
Z. Here all p,, have degree 0. In the case |X| = 1, the words a with len(a) = k
parameterize the cells of the (k — 2)-dimensional associahedron (k > 2).

1.5.2. Degree grading. The degree grading is given by the function deg: Mx —
Z. Here p, has degree n — 2 as one can see from the inductive description of deg.
In the case | X| = 1, the words « of degree k parameterize the k-cells of the associ-
ahedra.

The shifted degree grading is given by 1+ deg. Here all u,, have degree —1. This
can be easily seen directly or by noting that u, has degree 1 with respect to the
grading given by the complexity function ¢ = len —deg —1: Mx — Z.
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§2. The basic relation

2.1. Involutions. Let R be a ring (associative, commutative, unital). We consider
R-modules V together with an involution, that is, an endomorphism ey € End(V)
with €2, = 1. In other words, the pair (V,ey) constitutes an R[Z/2Z]-module.
A Z/2Z-graded R-module
V=Wenh

carries the involution®

5(1}):{ v (veVy)

—v (veWn)

The involutions on the module R are (R,n) with n € R, n? = 1.

Let (V,ev), (W,ew) be R-modules with involution. Their tensor product is
(V@ W,ey ® ew). Particular cases are (V,e) ® (R,n) = (V,ne) and (V,e)®" =
(V®n’ €®n>.

Let n € R, n> = 1. An R-module homomorphism f € Hom(V,W) is called
n-homogeneous if fey = new f (in other words, f is a homomorphism (V,ey) —
(W,ew) ® (R,n) of R-modules with involution). In the cases n = £1, we adopt
language from Z/2Z-gradings: If n = 1, then f is called even, and if n = —1, then f
is called odd (in characteristic 2 there is of course no difference between the two
cases). Clearly, € itself is even.

For an n-homogeneous endomorphism f € End(V), the endomorphism f? is
always even.

Let V be an R-module with involution €. Then V®" carries the involution %",
Let f € Hom(V®" V) be n-homogeneous: fe®™ = nef. Upon changing ¢ to \e for
some A € R, A2 = 1, f becomes A" 'n-homogeneous. In particular: If n is even,
then an even/odd f is odd/even with respect to —e. If n is odd, then an even/odd
f remains so for —e¢.

2.2. The operators Ly, L;. Given an involution (V,¢), let
Ly, L} : Hom(V®™, V) — Hom(VE™HF &R (k> 0)
be the linear operators

Lf)= Y. (*"ofe1®)

a,b>0, a+b=k
LiHh= Y (*efe1)
a,b>0, a+b=k

Here 1 € End(V) denotes the identity map of V. (Of course L} does not depend
on €.)

If f € Hom(V®" V) is n-homogeneous, then Ly(f), L;(f) are 7-homogeneous
as well (tensor products with even homomorphisms preserve n-homogeneity).

1n scheme language, an involution is an operation of the constant group scheme Z/2Z, while
a Z/2Z-grading is an operation of puo = Spec R[Z/2Z]. The homomorphism Z/2Z — pa, 1 +— —1

turns a Z/2Z-grading into an involution.
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2.3. The main computation. Let V be an R-module with involution € and con-
sider a family

pn: VET SV (n>1)
of odd homomorphisms?. Put

R, = ZMkqu(Mnerk)I VeV (n>1)
k=1
Explicitly,
Ry = pf
Ry = papz + po(p1 @ 1+ ® )
Ry=jps+ps(1 @1@1+e@m @1 +e®e® )
+ pap2 @1+ € @ o)
Ry=piipta+ pa(pn @12 + e @ 1 @192 + 2 @ 3 @ 1 4+ @ py)
+us(e®@1@14+e@ue®@1+e®e® pa)
+ p2(us ® 1+ € ® pg)
A first computation: If Ry = 0, then p; is a derivation with respect to the prod-
uct po:
pipe = p2(pi ®1+1© i)
Namely R, = 0 yields
piue = —ppz(n @ 1+ @ ) = pa(i ® 1+ @ )’
and

(M ®1+e@mp)’ =pi @1+ e @ + e @ p + € @ 413
= ol+1eu
since y; is odd and 2 = 1.

(2.1) Proposition. The following relation holds for n > 1 (trivially for n =1):

n

0= Z (tns1-kLy_ (Ri) — RiLg—1(pns1-1))
k=1

An immediate consequence is

(2.2) Corollary. If
R,=0 (n>2)
then
pipn = pn Ly (pF)  (n>1)
The proof of the proposition needs a preparation.

Let
T,V =Ever
n>1
and let
T IV =V

be the projection to the first summand.

2Note that n = 1 is included. The object (V, (pn: VO™ — V)n>1) could be called an (odd)
extended multi-algebra, but I am not sure yet. One may introduce the notation d = p; right away.
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Consider
B: T,V >T.V
with components
B VO — VO™
Bimn = Lin—1(ftnt1-m) (I1<m<n)
Bpyn =0 (m >n)
Thus B is the infinite upper triangular matrix

H1 H2 H3
0 Li(m) Li(pe)
0 0 La(p1)
0 0 0

The square B? has components
R = (B VO — VO™
Ry = Z L1 (g1 —m) Lie—1(n1-k) ver — yen
m<k<n
Note that the R,, defined above form the first row of B?:
R,=Rin (n>1)

(2.3) Lemma.
Ry = L;—l(Rrﬁlfm) (1<m<n)

(I1<m<n)

Proof of Proposition (2.1): One exploits associativity: (B?)B = B(B?).

(pBg)n = ((pBQ)(B))n = ZRkkal(NnJrlfk)

k=1

(pB*)n = ((pB)(B*)n = D R

k=1
=Y Ly (Rugrs)
k=1

by Lemma (2.3). The claim follows by reindexing k <> n + 1 — k the last sum. O

(2.4) Remark. Lemma (2.3) has a simple proof once T,V has been set up as
a coalgebra: B is an odd coderivation, so B? is an even coderivation. Coderiva-
tions can be reconstructed from its first row by the operators Ly resp. LZ, whence

Lemma (2.3). See also section 6.1.

The following ad hoc proof of Lemma (2.3) is straightforward but naturally

tedious. I hope I got it readable.

Clearly the indicated proof using coderivations is more satisfying. On the other
hand, explaining the details of the framework of coderivations takes much more
space than the proof given here. Also, it is good to see once an explicit proof, if

only to appreciate the general setup.
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Proof of Lemma (2.3): One has

Bon= 3 3 (% @um @15 @ g @ 1°9)

m<k<n a+1l+b=m
c+1+d=k

Restricting the sum to the case ¢ > a, d > b yields withc=a+7r,d=b+ s

> > (€% ® prg1om @ 1%Y) (% @ ¥ @ prsr—k ® 19° @ 19)

m<k<n a+1l4+b=m
r+s=k—m

Z Z (12 @ phs1-m(€®" @ pny1_p ® 19%) @ 19P)

m<k<n a+1l+b=m
r4+s=k—m

Z Z (1®a ® Mk+1—mLk—m(,un+l—k)) ® 1®b)
m<k<n a+1+b=m

> L (k1 —m Lk (png1—r))

m<k<n
= Y. LhwLia(nriomij) = L (Rugaom)
1<j<n—m+1
with j=k+1—m.
Hence the remaining terms should cancel.
Restricting to the case a > ¢ yields witha=c+1+7r

> Yo (0@ @ pyr1m ® 1) (% @ rng1 o ® 19%)
m<k<n c+1l4+r+1+b=m
c+1+d=k
= Z Z (1%2° @ i1k @™ @ pt1—m @ 19°)

m<k<n c+r+b+2=m

observing d =r+ (k+1—m) +b.
Restricting to the case b > d yields with b=r+1+d

Z Z (6% @ pps1-m @ 1" @ 1@ 19N (e%° @ pry 41— @ 199)
m<k<n a+1l+d+1+r=m
c+1+d=k
== > Y. (1% Oeuiiim @ @ g @ 19%)

m<k<n a+d+r+2=m
Here one combines as before (noting ¢ = a+ (k+ 1 —m) +r) and uses additionally
that the u; are odd (whence the sign).
The change of variables k <+ n—k+m, a <> ¢, d <+ b shows that the two subsums
do indeed cancel. O
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§3. The associahedral chain complex

Let A be the free multi-algebra on one generator, say A = Ag,y, with products
s A" — A (n>2)

We consider the involution e given by the shifted degree grading defined by 1+ deg
(see section 1.5). Then all y,, are odd.

In following, R,,, Ly, L: are as defined in section 2 (with V' = A).

In case one likes to stay with the unshifted degree grading, one has to replace &
with —e everywhere.

Clearly, if an endomorphism A — A is homogeneous with respect to deg, then
its degree doesn’t change under the shift of gradings deg — 1 + deg.

(3.1) Theorem. There exists a unique endomorphism
ui:A— A
with
pir(e) =0
R,=0 (n>1)

n

where the R, are defined as in the previous section.

In particular p3 = 0 (since Ry = p?).

The endomorphism w1 is homogeneous of degree 0 with respect to the length
grading and of degree —1 with respect to the degree grading.

Proof: A has basis My,). One defines p; on the basis elements by induction on
the length, starting from p;(e) = 0.
For n > 2 the condition R,, = 0 means
n—1
papin = —pin Lo (1) = Y L1 (png1—k)

k=2
Denote the right hand side by ®,. Note that u; appears in ®,, only in the first
term. Let

a=(ag,...,an) (a; € Mx)

be a non-atomic element. Since len(a;) < len(a), one can rely on pq(«;). Therefore
Lp—1(p1)(1 ® -+ @ ) is known. Define

pi(a) =@p(0 ®@ - - @ o)

With this definition of p; one has R, = 0 (n > 2), since this holds on basis
elements. By Corollary (2.2) one has

i = pn Ly (13)

Again by induction on the length this shows u? = 0.

Similarly one argues for the gradings: Let d be an integer and consider a grading
such that the p,, (n > 2) have degree d. Assume that u; has degree d on elements «
with len(a) < k. Then pip, = @, has degree 2d on elements a3 ® -+ ® ay,
(len(ay;) < k) and therefore p; has degree d on pi,(aq, ..., ap). O
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Let A, C A be the component corresponding to len = r + 2. For instance, Ay
has basis
(X}

A; has basis
ooe
o(ee), (o0)e
and A, has basis
o000
o(eee) (ee)ee. o(ee)e. oee(ee) (eee)e
o((s0)s). o(s(s0)). (s0)(ss). ((se)e)s. (s(ss))s
(3.2) Definition. The r-dimensional associahedral chain complex is the complex
A% A,
where d is the restriction of py in Theorem (3.1).
Decomposing with respect to the degree these complexes read as
A, OﬁAm,i>~~i>AnOH0

Here A, is the free abelian group on the set of fully parenthesized words of length
r+2 and A, , is the free cyclic group generated by the unparenthesized word - - - e
of length r + 2.

For r = 1,2 one gets

QU
°
—
°
°
°
N—
S—
|
|
°
~
=
°
°
2
°
2
4
°
~
°
—~
°
°
2
=

Note that £(e) = —e and (ee) = —ee.
The sign game here is confusing, at least to me. Not sure yet how to “fix” this.
A possibility is replacing u,, with eu, (n > 2).
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§4. Free multi-magmas I1

This section continues §1 and prepares §5.

4.1. The standard embeddings. Let
M3 = pa(X x Mx) C My
M;( = ,UQ(MX X X) C Mx

Thus M; consists of the binary words o € Mx with first resp. second factor atomic.
Their intersection

M; QM;( = ,U,Q(X,X) = X2
is the set of words of length 2.

The sets M}t decompose according to length into the subsets
X = (X x Xjo1) = M N Xy (k> 2)
X,; :ug(Xk,lxX):M)}ﬁXk o

and po yields injective maps
X x Xp1 = X7 C Xy
Xp1 x X = X, € Xy,

(If | X| = 1 and k > 3, the X;* correspond to disjoint (k — 3)-dimensional subasso-
ciahedra of the (k — 2)-dimensional associahedron.)

4.2. The graphs I'x. Let
'x =Mx\X={ae Mx|len(a) >2}
be the set of non-atomic elements and let
Biny ={aecTlx |ar(a) =
Tiny ={a eTx |ar(a) >
so that
I'xy =Biny I Tinx

The elements of Biny are the binary words (cf. 1.1.5). The elements of Tinx are
called non-binary words (atoms are excluded).

We understand graphs and related notions as in Serre 1980 (1977, 1968/69) [4,
1.2 Trees, 2.1 Graphs, pp. 13].

The maps
o,t: Tinxy — Biny
o(a) = pa(ay, prp—1(az, ..., o))
o= (041, .. -70%), k= ar(a)
t(a) = po(pr—1(a, ..., ap-1),ax)

establish 'y as oriented graph with Binyx as set of vertices and Tinyx as set of
oriented edges. Thus « € Tinx is an edge from o(«) to t(a).
Since o, t don’t change length, the graph 'y is the disjoint union of the finite
graphs
I'xr=TIxNXy (kZQ)
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(4.1) Proposition. The maps o, t are bijections
o: Tinxy — Binx \ My
t: Tiny — Biny \ M3

Proof: By uniqueness of presentation as products (cf. arity-decomposition (1.5)),
« can be reconstructed from o(«) and from ¢(«). Moreover, a binary word is of the
form o(«) resp. o(«) if and only if its second resp. first factor is non-atomic. O

By an intervall (as graph) of length n (n > 0) we understand an oriented graph
isomorphic to the subdivision of the intervall [0,n] by its integer points (these
graphs are called Path,, in [4, p. 14]).

(4.2) Corollary. The oriented graph T'x is a disjoint union of intervalls.
The isolated vertices of T'x are the elements of M; NMy = Xs. A connected
component of T'x of length > 1 starts in M; and ends in M.

Proof: One may consider the graphs I'x ; separately. By Proposition (4.1), every
vertex has valency (number of adjacent edges) < 2. Hence I'x j decomposes into
intervalls (using the finiteness of I'x ). Again by Proposition (4.1), a vertex with
valency 1 must be in M3 (as start point) or in My (as end point). And a vertex
with valency 0 is in M;g NMs. (]

Examples:
e The graph I'y 5 = X consists exactly of the isolated vertices of I'y. These
are the binary words xixs where z1, x5 are atoms.
e The graph I'x 3 has as edges the ternary words x;z223 and as vertices the
start points x1(x223) and end points (z1z2)zs (with atoms x;).
e A connected component of I'y of length 1 has as edge an element of the
form

pn (1,00, .00 @1, Tp) (1,20 € X, a; € Mx,n>3)

and any such element appears this way.
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§5. The homotopy

In this section we assume |X| =1 and write X = {w}.
The standard embeddings will be considered as maps

it M{w} = Mj;} C M{w}
i (@) = 2w, a)
i~() = ()

The maps i have degree 0, 1 with respect to the gradings by deg resp. len.
Recall the notation A = Ay, for the free R-module with basis My,;. We
extent i+ linearly to morphisms

iti A A
Recall also the differential
d=pup:A—A
from Theorem (3.1).
(5.1) Lemma.
dit = +itd
di- =—i"d

Proof: Relation Ry = 0 yields

dpg = —p2(d ® 1) — pz(e ® d)
It suffices to note d(w) =0 and e(w) = —1. O
Lemma (5.1) says that ¢* is a morphism of chain complexes. As for i, note

that di~ = 4+i"d with i~ =ei™ =i e.
By Proposition (4.1) there is the decomposition

My = {w} LM, T#(Ting,y) I Ting,)

}

with ¢ injective. Let U, T denote the free R-modules with basis {w} II M{t}
resp. Ting,,;. Then U, T" are submodules of A and

b UaTaT— A
Do (u,a, B) =u+t(a)+

is an isomorphism.
(5.2) Proposition. The morphism

. UpTpT — A
D(u,a, ) =u+d(a)+

is an isomorphism.
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Proof: Let
A=A/U~+T)

Since @ is bijective, the elements
t(a) mod (U+T) (a € Ting,y)
form a basis of A and the Lemma says that also the familiy
d(a) mod (U+T) (a € Ting,y)

forms a basis of A.
One has

T:EBTI
I

where I runs through the connected components of I'y,; and T7 denotes the free
R-module generated by the edges of I.

Fix a connected component I. It is an intervall by Corollary (4.2). Let h be its
length and denote its edges and vertices by a1, ..., ap € Ting,y resp. Bo,...,0n €
Bing,) in their natural order.

Since t(oy;) = B, it suffices to show (for each I) that

(*) (d(en), ..., d(an)) = (B1,.... fu) mod (U +T)
The maps o, t read as

Oy = 1® pp—

fr = pi2(1® pr—1) >3

tir = pa(pr—1 ®1)
Moreover

0= Ry = dptn + p2(ttn—1 ® 1) + pia(ptn—1 ® ) + > prrLie—1 (fins1-#)
k=3
It follows that
dlog) =xpi-1£8 modT  (1<i<h)

Since By € M{t}} C U, this shows (x). g

By Lemma (5.1), U is a subcomplex of (A, d).
(5.3) Theorem. (U,d|U) is a strong deformation retract of (A,d).

Proof: Since
d®(u,v,w) = d(u) + d(w) = ®(d(u), w,0)

one has
dUu 0 0
d=o%4®=| 0 0 idp| €EndUaTaT)
0 0 O
Let
0 0 O
H=[0 0 0|ecEndUaTaT)
0 idpr O
Then

d/H-i-Hd/:id—pU

where py is the projection onto the first summand U.
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Hence H is a homotopy contracting (U@ T ®T,d’) to (U,d), constant (=trivial)
on (U, d). It follows that ®H®~! a homotopy contracting (A, d) to (U, d), constant
on (U, d). O

(5.4) Corollary. The complexes A, are acyclic: kerd/imd = R generated by the
fully parenthesized word

(Ww: - (www)) )

obtained by iterated multiplication with w from the left.
Proof: Decomposing in Theorem 5.3 according to length shows that

A S A (> -1)

are homotopy equvalences. (I
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§6. Future plans

6.1. Coalgebras and signed coderivations. For the associahedral applications
it seems that one should restrict right away to the non-counital tensor coalgebra T,
the positive-dimensional part of the full tensor coalgebra T,.
The coderivations
BZ T+V — T+V

are naturally upper triangular matrices

e v

n>1 n>1

I found it illustrative to look also at the dual notion, derivations. Note that lower

triangular matrices are maps
[Ive-J[ver
n>1 n>1
A standard observation: A coderivation
BZ T+V — T+V

is determined by o B where m: T,V — V is the projection to the first summand.
Given 7o B one may write down B using the Ly (odd case) or L} (even case).
Let

moB = (:u’luIU/27,u37"')
be as in section 2. Since B is an odd coderivation, B? is an even coderivation.

Lemma (2.3) is just the description of B2 in terms of 7 o B2.
Now comes the interesting (and new?) argument.
A_.-algebras are defined by B? = 0 which is equivalent to
noB%?=(Ry,Ry,R3,...) =0
Let
D:T, V=T,V
be the coderivation determined by
moD = (,U,]_,0,0,...)
Then D is the diagonal part of B.
Consider the equation:
B? = D?
This equation is a weaker version of B2 = 0. It is equivalent to
7o (B?~D?* =(0,Ry,R3,...) =0
One has
0= (B*B - B(B?) = (D*)B — B(D?)
Applying 7 yields Corollary (2.2):
Pt = pin Loy (13)

(The expression is so simple, since D? is diagonal.)
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The equation B2 = 0 can’t be easily resolved, mainly because of its first member
u? = 0. The condition B2 = D? drops exactly that. The catch is that it still
implies that u? is a kind of even derivation with respect to all multifold products
fn (0> 2).

And that is enough to define u; in the case of a free multi-algebra Ay, starting
from py|X.

Making the coderivation framework precise takes some work. I have learned
a lot from [6], [1], [3], but I think the coderivation stuff needs a further detailed
exposition. Of course it is mostly about signs.

Dear reader: Please tell me if you know suitable references.

6.2. Construct the cubical associahedron. Corollary 4.2 and Theorem 5.3 sug-
gest a way to construct the associahedron as a cube. I am optimistic that I can
work this out, but maybe first T want to digest existing constructions. (Meanwhile
I realized that such constructions are more or less known since the 1990’s.)

Till then: Enjoy the drawings on my home page.

6.3. Rooted plane trees. Goals:

Define the associahedral chain complex in terms of trees, as considered in “Notes
on the associator” [pdf].

Compare the three constructions (with coderivations, cubical, trees). Signs!

6.4. Polygon triangulations. This would be basically about [2]. I have done
some work, but nothing ready yet.

6.5. XXX. XXX!


http://www.math.uni-bielefeld.de/~rost/assoc.html#assoc1
http://www.math.uni-bielefeld.de/~rost/assoc.html#assoc1
https://www.math.uni-bielefeld.de/~rost/data/assoc1.pdf

(1]
2]

(3]

(4]

(5]

[6]
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