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Part 1

Floer Homology and The
Seiberg—Witten equations
(SoSe 2023)



Chapter 1

Morse Homology in Finite
Dimensions

1.1 Recollections from Morse Theory

Throughout this section, let M be a smooth n—manifold without boundary.

Morse functions. Recall that a Morse function f: M — R is a smooth function for which
each critical point is non-degenerate, that is, for each p € Crit(f) the Hessian

H,(f): T,M xT,M - R, H,(v,w)=vw(f)) (1.1.1)

is non-degenerate as a symmetric bilinear form. The Morse index of p(p) is maximal
dimension of subspaces on which H,(f) is negative definite. According to the Morse
Lemma (e.g. [Wall6, Prop. 4.8.1]), near a non-degenerate p € Crit(f) one can find a Morse
chart (U, ) in which f is represented by

foe a1, an) = f(p) =2 — - = 2 + ¥y T (1.1.2)

An inspection of the local model shows, in particular, that non-degenerate critical points
are isolated. It is known that the set of Morse functions is open and dense in C°° (M) with
the C* topology (e.g. [Wall6, Theorem 4.7.1]).

Morse gradients. A vector field £ is called a Morse gradient for a Morse function f is
if £(f) =df(€) > 0 on M \ Crit(f) and near each p € Crit(p) there is a Morse chart (U, ¢)
in which £ takes the form

Osl(T1, . xy) = (—T1, ooy —Thy Tty -+ -5 Ty (1.1.3)

The pair (f,€) is called a Morse pair. The heart of Morse theory is the study the interplay
of the level sets of f and the integral curves of &, or equivalently —¢. The latter is more
common in the literature, since it is more in line with physics where processes tend minimize
the internal energy (which would be measured by f) of a system as time evolves. Recall
that an integral curve of —¢ is a curve v: J — M defined on some interval J C R satisfying
the negative flow equation

Y(t) = =E(y(1))- (1.1.4)

By the existence and uniqueness theorems for ODEs (c.f. [Wall6, Ch. 1.4]), every integral
curve can be extended (as an integral curve) to a maximal interval. The image of a maximal
integral curve of —¢& will be called a —&—trajectory.
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We note for later reference that f is decreasing along integral curves of —¢, since

(f o) (t) = =df (4(t)) = —df (§(+(1))) < 0. (1.1.5)

As for the existence problem, Morse gradients can be constructed for any Morse function
using a simple partition of unity argument (c.f. [Mil65, Lemma 3.2]). However, the set of
Morse gradients for a fixed Morse function is neither open nor dense in the space of all
vector fields. In fact, Morse gradients are rather special.

Stable and unstable manifolds. For the moment, let us keep things simple and assume
that M is closed. This has three convenient consequences for Morse pairs:

(1) All maximal integral curves of all vector fields on M are define on R.
(2) Every Morse function on M has only finitely many critical points.

(3) For a Morse pair (f,¢), all maximal integral curves v: R — M of —¢ have limits

y(£o0) = t_l}rinoo ~(t) € Crit(f). (1.1.6)

The last point suggests the following definition:

Definition 1.1 (Stable and unstable manifolds). Let (f,£) be a Morse pair on a closed
manifold M. The stable and unstable manifolds of p € Crit(f) are defined as

W*(p) ={z € M[yz(—00) =p} and W?(p) ={z € M|yz(+00) = p} (1.1.7)
where 7, : R — M is the unique maximal integral curve of —¢ with ~,(0) = «.

The name (un-)stable manifold is justified by the following lemma which is easy to prove
for Morse pairs.

Theorem 1.2 (Stable manifold theorem for Morse pairs). Let (f,€) be a Morse pair on a
closed n—manifold M and p € Crit(f). Then W"(p) and W?*(p) are smooth submanifolds
of M and there are diffeomorphisms

Wu(p) =2 RMP)  and W*(p) = R AP, (1.1.8)

Proof. Exercise. (Hint: Use Morse charts to compare the flow of & with that of the local
models in (1.1.3).) O

Moduli spaces of trajectories. Since every point in M lies on a unique —¢-trajectory,
the collections {W%(p)}pecuit(s) and {W*(p)}pecrit(s) form partitions of M. We can refine
them by fixing both limits.

Definition 1.3 (Moduli spaces of trajectories). For a Morse pair (f,¢) let
M(p,q) = W*(p) NW*(q) = {z € M |v,(—00) =D, Yu(+0) = ¢}. (1.1.9)

Note that R acts on M(p,q) by (z,t) = 7.(t). The orbit space M(p,q) = M(p,q)/R is
called the moduli space of &—trajectories from p to q. Points in M(p,q) are —{—trajectories
running from p to q.

Unlike W*(p) and W*#(q), the spaces M (p,q) and M(p, q) are not guaranteed to be
manifolds without further assumptions.

Definition 1.4. A Morse pair (f,&) satisfies the Smale condition if W*(p) th W#(q) for
all p, g € Crit(f). In this case we call (f,&) a Morse-Smale pair.



The central idea of Floer homology is to exploit some features of the moduli spaces M (p,q)
for Morse—Smale pairs in more general situations. We begin with some trivial observations
in our toy example.

(1) Obviously, M (p,p) = {p} with trivial R-action so that each M(p,p) is a singleton.

(2) For p # q with f(p) < f(q) we have M (p,q) = 0, because f is strictly increasing along
non-constant {-trajectories.

(3) If p # q and pu(p) < p(q), then M(p,q) = 0 follows from transversality, since

dim W*(p) + dim W*(q) = u(p) + (n — pu(q)) < n.

(4) Similarly, if p # ¢ and u(p) = wu(q), then M(p,q) is a O—dimensional submanifold of M
by transversality. Thus M (p,q) is the union of constant —{—trajectories, which can
never connect two different critical points. Again we find M (p, q) = 0.

More generally, we have the following.

Lemma 1.5. Let (f,€) be a Morse-Smale pair on a closed manifold M. Forp # q € Crit(f)
the spaces M (p,q) and M(p,q) are smooth manifolds of dimensions

dim M(p, q) = p(p) — p(q) and  dim M(p,q) = u(p) — p(q) — 1. (1.1.10)
Proof. We may assume that f(p) > f(¢) and pu(p) > p(q).
» The statements about M (p, ¢) follow immediately from transversality.

» In order to study M(p,q) choose a regular value a € (f(q), f(p)) and note that every
&—trajectory intersects f~!(a) transversely in a single point.

» In particular, M(p,q) N f~*(a) is canonically a smooth submanifold of M of dimen-
sion pu(p) — p(q) — 1.

» The map ]\Z(p7 q) — M(p,q) N f~1(a) sending a —E—trajectory to its unique intersection
with f~!(a) is a homeomorphism. Indeed, it is continuous (by ODE theory) with contin-
uous inverse given by restricting the orbit map M (p,q) — M(p,q) to M(p,q) N f~(a).

» If b e (f(q), f(p)) is another regular value, than translation along £ trajectories gives a
diffeomorphism M (p, )N f~"(a) = M(p,q)N f~" () so that we get a well-defined smooth
structure on M (p, q). O

Compactness of moduli spaces. The key feature of the moduli space ]\Zl'(p7 q) is that
one can reasonably understand the nature of limit points. Here is the simplest instance:

Proposition 1.6. If u(p) — u(q) =1, then M(p, q) is a compact 0—manifold and thus finite.
Proof. We argue as in [Flo89, Lemma 2.1]:

> As before, let a be a regular value of f with f(q) < a < f(p). It suffices to show
that M(p,q) N f~1(a) is compact.

» Let x; € M(p,q) N f~1(a) be a sequence and ~; = 7., the corresponding sequence of
integral curves in M(p, q).

» Since M is compact, so is f~(a) and we can replace x; by a convergent subsequence
with limit 2o, € f~*(a).

» Suppose that zoo # M(p,q), that is Yoo = Yz lies in M (p',¢") with p’ # p or ¢’ # q.
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» Repeating this argument with several different regular levels a eventually gives a sequence
of critical points p = po,p1,...,0r = ¢, 7 > 2, and trajectories in M (p;—1,p;) in the
closure of M(p,q) in M.

» Since p(p;) > p(pi—1) for each i, this contradicts p(p) — u(q) = 1.
» We conclude that zo, € M(p,q) N f~1(a). O

For p(p) — u(q) > 2 the moduli spaces need no longer be compact. This is already clearly
visible on the “tilted 2-torus” in R? and it’s instructive to keep this standard example in
mind for what follows. Indeed, in this example the moduli space of trajectories connecting
the maximum to the minimum consists of four disjoint open intervals.

Back to the general setting. Elaborating on the compactness argument in the above proof
gives a general statement about the closure of M(p,q) in M: the (topological) boundary
of M(p,q) is made up of broken trajectories, that is, sequences of trajectories in M (p;—1, p;)
where p = po, ..., p, = q are critical points and r < p(p) — u(q) (c.f. [Jos17, Theorem 8.4.1]).
One can also prove that all such broken trajectories are contained in the closure of M (p, q)
and can be approximated by unbroken trajectories in M (p,q) in a controlled way. This
culminates in the following “compactness theorem” for the moduli spaces which is proved,
for example, in [Weh12]:

Theorem 1.7 (Compactness theorem). Let (f,§) be a Morse-Smale pair and p,q € Crit(f).
The moduli spaces M (p,q) have compactifications given by

w(p)—n(q)
M(p,q)=Mp,g)u | U M(po,p1) x -+ x M(pr—1,pr)  (1.1.11)

r=2  pP=p0o,P1;---,Pr=¢

with a suitable topology. The space M (p,q) has the structure of a smooth (u(p) — p(q) —1)—
manifold with corners.

A reasonably down-to-earth reference for the topology on M (p,q) is [AD14, Ch. 3.2].
We will only need a special case which is also proved in [Jos17, Theorem 8.5.1] and [AD14,
Theorem 3.2.7].

Corollary 1.8. Let u(p) — p(q) = 2. Then M(p,q) is a 1-dimensional manifold with
boundary

oM(p,q)= |J M(p,r)x M(r,q). (1.1.12)
reCrit(f)

The Morse—Floer complex. Continuing with a Morse-Smale pair (f,§) on a closed
n—manifold M, the (mod 2) Morse—Floer complex is generated by the critical points

CFe(M; f,&) = CFu(M; f,&Z) = @ Zo= P Za(p) (1.1.13)

w(p)=k pECrity(f)

with the Floer differential given by counting points in 0—dimensional moduli spaces M (p,q):
d: CFo1(f,€) = CF(f), dip)= Y #2M(p.q)(q). (1.1.14)
m(q)=k
Here #5 is number of points modulo 2.

Proposition 1.9. Let (f,£) be a Morse—Smale pair on a closed n—-manifold M. Then the
Floer differential on CFy(M; f,€) satisfies d*> = 0.



Proof. Let p € Crit(f) with u(p) = k + 2. A direct calculation gives

EPp)=-= > > F#HMp,r)H#M(r,q)(q) (1.1.15)

w(q)=k p(r)=k+1

and we have to show that

> #aM(p,r)#aM(r,q) =0 (1.1.16)

p(r)=k+1

for all ¢ € Crit(f) with p(g) = k. But this follows from Corollary 1.8: the left hand
side of (1.1.16) is just #20M (p, q) which is zero, because every compact 1-manifold with
boundary has an even number of boundary points. O

Remark 1.10. We restrict to mod 2 coefficients to avoid discussions of orientations. Setting
up the theory with integer coefficients is not overly complicated once one has grasped the
essence of the constructions (see [Jos17, Ch. 8.6]). But it adds a layer of bookkeeping which
can obscure the central ideas.

We define the Morse—Floer homology groups
HF.(M; f,&) = H(CFo(M; f,€)) = kerd/ imd. (1.1.17)
The following theorem is proved in [Mil65, §7]:

Theorem 1.11. Let (f,£) be a Morse—Smale pair on a closed manifold M. Then CF¢(M; f,£)
is isomorphic to the cellular chain complex of a CW replacement' of M. In particular,

HF,.(M; f,&) =2 H,(M;Zs). (1.1.18)
Proof (sketch). Those familiar with the machinery of [Mil65] already know how this works.

(1) Replace (f,€) by a Morse pair (g,&) with Crit(g) = Crit(f) and g(p) = u(p) for
all p € Crit(g) (c.f. [Mil65, Theorem 4.1]).

(2) According to [Mil65, Theorem 3.15] the space Mj, = g~'(—o0, k+ #] is homotopy equiv-
alent to My_1 with one k—cells attached for each critical point of index k.

(3) Tt follows that the chain groups of CF,(M;g,&) are isomorphic to those of ther cellular
complex of a CW replacement for M. The Morse—Floer differential is identified with
the cellular differential in [Mil65, Corollary 7.3]. In particular, we have d? = 0 for the
Morse—Floer differential.

(4) Lastly, CFo(M;g,&) = CFo(M; f,£), since the complex really only depends on £. [

As a result of Floer [Flo89], one can make sense of Floer complexes C'F4(S; f,€) and
Floer homology groups HF,(S; f,£) for compact isolated -§—invariant subsets S C M. The
complex is generated by Crit(f) NS and the differential counts points in 0—dimensional
moduli spaces of —{—trajectories. We will discuss this further in the next section.

Before we move on, we record a few trivial but important observations:

(1) For a Morse pair (f,£) the critical points of f are the same as the zeros of £.

(2) The Morse index u(p) can also be recovered from £ alone. Indeed, there is a well-defined
linearization
Dy¢: T,M — T,M, Dy £w)(f)=v(&(f)) (1.1.19)

and p(p) agrees with the number of negative eigenvalues of £

LA CW replacement of a space X is a CW complex that is homotopy equivalent to X.



(3) In order to define an ungraded Morse—Floer complex, it would be enough to know

1(p,q) = p(p) — p(g) = dim M (p, q). (1.1.20)

The only contribution of the Morse index u(p) itself is an absolute Z—grading on CFy (M, f,£).

The upshot is that that the Morse—Floer complex really only depends on £&. The func-
tion f only plays a secondary role.

1.2 Floer homology of isolated invariant sets

As indicated earlier, the central idea of Floer theory is that mimicking the construction of
the Morse—Floer complexes can be fruitful beyond the setting of closed, finite dimensional
manifolds. As a first example, we drop the compactness assumption on M. This adds two
major complications for Morse pairs (f,§):

e Crit(f) no longer needs to be finite.
e —¢ might have integral curves which escape to infinity (both in finite and infinite time)

To begin with, a minor change of perspective will be more convenient in the long run.
Instead of focusing on single integral curves of —¢, we henceforth consider the (local) flow
generated by —&. Recall that this is the smooth map ¢: U — M uniquely determined by

Orpi(z) +&(de(x)) =0, o(z) =2 (1.2.1)

where U C M x R is the open neighborhood of M x {0} whose intersection with {z x R} is
the domain of the maximal integral curve 7, of —£. Note that ¢:(z) = v (t).

Definition 1.12. Let (f,£) be a Morse pair on M and ¢ the flow generated by —¢.
(a) S C M is called ¢p—invariant if z € S implies v, (t) € S for all ¢.
(b) N C M is called ¢p-isolating if if ¢p—invariant part
Inv(N) ={z € N|¢i(x) € N for all ¢} (1.2.2)

is contained in the interior of N.
(¢) S C M is called isolated ¢p—invariant if S = Inv(N) for some ¢-isolating set N C M.

For the remainder of this section let S C M be a compact isolated ¢—invariant set
and N C M a ¢-isolating neighborhood. Our goal is to adapt the construction for closed
manifolds to define Floer complexes and Floer homology groups

HF.(S.9) = H.(CF.(S,6)). (1.2.3)
To that end, we make a series of observations:

(1) The stable and unstable manifolds W#/*(p) can be defined for all p € Crit(f) essentially
as before, but without control at the other ends. They are still immersed submanifolds
of M of dimensions u(p) and n — p(p), respectively, which is enough to make sense of
the Smale condition W*(p) h W?(p).

(2) Assuming the Smale condition, the statement and proof of Lemma 1.5 go through with-
out changes, making M (p,q) = W*(p) N W?*(q) and M(p, q) = M(p,q)/R smooth man-
ifolds of dimensions u(p,q) and p(p,q) — 1, respectively. However, the compactness
argument in Proposition 1.6 for z(p, ¢) = 1 no longer applies to M (p, q) for u(z,y) = 1.



(3) Since S ¢-invariant and compact, for each x € S the integral curve t — ¢¢(x) is contained
in S, defined for all times and has limits

Jim é1(2) € Crit(f) N S. (1.2.4)

So even without mentioning stable and unstable manifolds, we can define

Ms(p,q) = {m € S‘ lim =p and tl}IJP oi(x) = q} , pgeCrit(fyns (1.2.5)

t——o0
and Ms(p, q) = Ms(p,q)/R. We can also think of Mg (p, q) as a subspace of M(p, q).

(4) For p,q € Crit(f)N S with u(p,q) = 1, one can show as in Proposition 1.6 that Mg(p, q)
is compact using the compactness of f~!(a)NS for a regular value a € (f(q), f(p)). The
argument is carried out in [Flo89, Lemma 2.1].

With this is mind, we define the Floer complex of (S, ) as

CFi(S,¢) = P Zs (p) (1.2.6)

peCrit(f)NS, u(p)=k

and equip it with the Floer differential

d: CFk-‘rl(Sv (b) - CF/C(S’ ¢)7 d<p> = Z #ZMS(p7Q)~ (127)
q€Crit(f)NS, u(q)=k

Note that so far we have neither proved that d?> = 0 nor used the fact that S is isolated ¢—
invariant. Before we address these related issues, let us look at a few simple examples.

Example 1.13. (1) Let (f,£) be a Morse pair and p € Crit(f). Then {p} is a compact
isolated ¢-invariant. The Floer complex CF,({p}, ¢) is concentrated in degree p(p) and
has trivial differential. In particular, we have d?> = 0 and thus

else

HF.({p}, ) = {022 i« = pup) (1.2.8)

Note that this is not the same as H,({p};Zs) for p(p) > 0. So Floer complex of (5, ¢)
does not necessarily compute the homology of S.

(2) Let v: R — M be an integral curve of —¢ in M(p,q) with p,q € Crit(f). Then
T, = v(R) U {p, ¢} is compact and ¢-invariant. The Floer complex CF, (T, ¢) is gen-
erated by (p), (g) in degrees p(p) > p(q). If u(p) > u(g) + 2, then the Floer differential
vanishes. If u(p) = p(q) = 1, then d (p) = (g). In both cases, we have d> = 0 and

HF*(T’Y7

4 = {Zz if p(py) = p(p-) +2 and * = p(p+) (1.2.9)

0 else.

However, T, is always homeomorphic to [0, 1].

(3) Now consider the “heart shaped 2-sphere” in R3, that is, a deformed 2-sphere on which
the height function has a unique minimum ¢, two maxima p, p’, and a saddle point s. We
can arrange that the negative gradient of the height function is a Morse gradient. Let ~
be the unique trajectory of the downward gradient flow in M(p, s) and let 6 be one of
the trajectories in M (s, q). Then T',UT,, is compact and ¢-invariant, but not ¢-isolated.
Indeed, every neighborhood of T, U T, contains complete trajectories in M (p,q). The
Floer complex of (T', UT,, ¢) is generated by p, s,q and with differential

d{p)=(r), d{ry={q), and d{q)=0. (1.2.10)

In particular, we have d? (p) = (q) # 0.
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These examples beg the following questions:
Q1: When is the Floer complex C'F, (S, ¢) actually a chain complex?
Q2: In that case, what is HF,(S,®)? Is it the mod 2 homology of some space?

The following result is due to Floer [Flo89, Theorem 1] and builds on the work of Con-
ley [Con78] which we will say more about in the next section.

Theorem 1.14 (Conley [Con78|, Floer [Flo89]). Let (f,&) be a Morse-Smale pair on a
smooth n—manifold M and ¢ the flow generated by —€. Moreover, let S C M a compact
1solated ¢p—invariant set and U C M a ¢-isolating neighborhood of S.

(i) There exists a compact ¢-isolating neighborhood N C U for S and a compact sub-
set E C N\ S such that

(1) If x € N and ¢(x) ¢ N, then ¢s(x) € E for some s € [0,t].
(2) If v € A and ¢i(x) ¢ A fort >0, then ¢(z) ¢ N.

(ii) The Floer differential on CF,(S, ) satisfies d*> = 0 and there is an isomorphism

HF,(S,¢) = H,(N, E; Z). (1.2.11)

The first statement is due to Conley and builds the foundation of his index theory —
which, by the way, has nothing to do with index theory of elliptic operators. The second
statement is due to Floer and the proof uses several features of Conley’s theory. We discuss
Floer’s proof in Section 1.3.2.

1.3 Flows and Conley index theory

1.3.1 Conley index theory for isolated invariant sets

In order to prepare for the proof of Floer’s theorem, it is helpful to work in a more general
setting. The standard reference for this material is Salamon’s article [Sal85].

Flows. We first abstract from the notion of flows of vector fields.

Definition 1.15 (Flows). A (global) flow on a topological space X is a continuous right
R-action, that is, a continuous map

o X xR—= X, o(x,t) = ¢i(x) = z4(t) = 2(0), (1.3.1)
satisfying the flow properties

do(z) = equivalenty z(0) =z (1.3.2)
Pstt() = Geds(x) equivalenty (s +t) = x(s)(t) (1.3.3)

The curves t — x(t) = ¢¢(x) are called integral curves and their images x(R) trajectories
or orbits. More generally, a local flow is a map ¢: U — M defined on a connected open
neighborhood U C X x R of X x {0} such that (1.3.2) and (1.3.3) are satisfied whenever
both sides are defined.

Remark 1.16 (Smooth flows). Recall that if £ is a vector field on a smooth manifold M,
then the initial value problem

8t¢£(x7t) = €(¢£(x7t))7 (bg('r’ 0) =z (134)
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determines a local flow ¢¢: US — M in the above sense and the map ¢¢ is smooth. Con-
versely, every smooth local flow ¢ on M determines a vector field on M by

£2(x) = 0,9(x,0) = 6. 5|, , € TuM. (1.3.5)

The constructions are essentially inverse, except that qﬁﬁ might have a larger domain than ¢.

The notion of invariant, isolating, and isolated invariant sets in Definition 1.12 carry over
verbatim to flows on arbitrary spaces.

Index pairs and the Conley index. The next definition is motivated by Theorem 1.14(i).
Throughout, let X be a locally compact metrizable space to conform with [Sal85].

Definition 1.17 (Index pairs). Let (X, ¢) by a local flow and S C X a compact isolated
invariant set. An indez pair for S is a pair (IV, F) of compact subset E C N C X such that

(i) N\ E is an isolating neighborhood for S and EN S = 0.
(ii) If z € F and ¢¢(z) € N for all s € [0,T], then ¢,(z) € E for all ¢t € [0,T].

(i) If x € N and ¢p(x) ¢ N for some T > 0, then there exists a t € [0,7T) such
that ¢s(z) € N for all s € [0,¢] and ¢:(z) € E.

The set E is called an exit set for N, because every orbit which leaves N forward in time
must go through E by (iii) and necessarily leaves N when it leaves F by (ii).

We leave it to the reader to check that the pair (N, F) in the statement of Theo-
rem 1.14(ii) is an index pair. What follows is the foundational theorem of Conley index
theory.

Theorem 1.18 (Existence and uniqueness of index pairs, c.f. [Sal85, Ch. 4]). Let S be a
compact isolated invariant set for a local flow (X, ¢).

(i) If U C X is any neighborhood of S, then there exists an index pair (N,E) for S
with (N \ E) C U.

(i) If (N',E') is another index pair for S, then the flow map ¢ singles out a natural
homotopy class of based homotopy equivalences N/E = N'/E'.

This justifies the following defintion:

Definition 1.19 (The Conley index). Let S be a compact isolated invariant set for a local
flow (X, ¢). The Conley index of S is the based homotopy type

C(S,¢) = [N/E] (1.3.6)

where (N, F) is any index pair for S. We allow ourselves the slight abuse of notation to
write C(S,¢) = N/E.

The statement of Theorem 1.14(ii) can be recast as
HF,(S,¢) 2 H.(C(S, $); Zs). (1.3.7)

The proof of Theorem 1.18 is somewhat technical and we postpone the discussion. For now,
it is more beneficial to illustrate the definitions above with some examples.

Example 1.20. (1) Let &(z,y) = (—x,%) be the vector field on R” = R¥ x R*~*  the local
model for Morse gradients. Recall that —¢ generates the global flow

¢: R" xR —=R™,  é(x,y) = (e'z, e ty). (1.3.8)

12



(4)

Le

The origin {0} is an isolated invariant set for ¢. One readily checks that each pair of
the form
(DF x D%, 0Dk x D27F), e > 0. (1.3.9)

is an index pair for {0}. For the Conley index, we find
C({0},¢~%) = D¥ x D"=*/D¥ x D"=* ~ D* JoD* ~ S*. (1.3.10)

More generally, for a Morse pair (f,£) on a smooth manifold M and we can transplant
the discussion above via Morse charts to each p € Crit(f) with the result that

C({p},¢7¢) = s+ (1.3.11)

It is in this sense that the Conley index refines the Morse index. Recall from Exam-
ple 1.13(1) that )
HF.({p}, ¢) = H.(S*P); Zy), (1.3.12)

which is in line with Theorem 1.14(ii).

Let (f,€) be a Morse-pair on a closed n-—manifold M and ¢ = ¢~¢. Then M itself is
trivially a compact isolated invariant set and (M, () is an index pair (the only one in
this case). The Conley index is C(M, ¢) = M /0 = M, the based homotopy type of M
with a disjoint base point added. By Theorem 1.11, we have

HE,(M,¢) = H,(M;Zy) = H(M,;Zy). (1.3.13)
Again, this matches Theorem 1.14(ii).

Let (f,€) and ¢ be as above and a < b two regular values of f. Let M2 = f~1([a,b])
and M = f~'((—o0,b]). The critical points in M? = f~1([a,b]) together with all
trajectories between them form a compact isolated invariant set S C M. Two obvious
index pairs are given by

(Mb, f~Y(a)) and (M°, M®). (1.3.14)
Clearly, M?/f~1(a) and M®/M*® are homeomorphic.

As a special case of the last example, consider the tilted torus in R? with the downward
gradient flow of the height function. Take S to be the set of index 1 critical points. Var-
ious choices of index pairs (see blackboard) are possible, and all give C(S, ¢) ~ S* v S1.

mma 1.21. Let Sy and Sy be disjoint compact isolated invariant sets for a local flow (X, ¢).

Then ST is compact isolated invariant with

C(S51 15y, ¢) = C(51,¢) Vv C (52, 9). (1.3.15)

Proof. » Let U; be an isolating neighborhood of S;.

We may assume that U; and Us are disjoint by shrinking them.

In that case, Uy I1 U; is an isolating neighborhood for S 1T .S5.

Use Theorem 1.18(i) to find index pairs (N;, E;) for S; with cl(V; \ E;) C U,.
If the U; were chosen sufficiently small, then the N; will be disjoint.

In that case (N7 II Ny, E7 IT E5) is an index pair for Sq II Sy with

(N1HN2)/(E1HE2)%N1/E1 vN2/E2 (1316)

The claim now follows from Theorem 1.18(ii). O
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Construction of index pairs. We sketch a proof of Theorem 1.18(i) based [Sal85, Ch. 4.1]
and [Con78, Ch. 4.1]. We refer to these sources for any omitted details.

Let (X, ¢) be a local flow on a locally compact metrizable space. Local compactness
yields that every compact isolated invariant set has a compact isolating neighborhood.?
Suppose that we are given the following data:

e a compact isolated invariant set S C X,
e a compact isolating neighborhood Ny C X for S, and
e an arbitrary neighborhood U C X of S.

Our goal is to construct an index pair (N, E') such that cI(NV \ E) C U. For brevity, we use
the notation x -t = ¢¢(x). The main characters of this story are the sets

S*={zeNo|z-R¥ C No} (1.3.17)
and the construction that assigns to arbitrary subset Z C Y C X the set
PZ)Y)={yeY|Fz€Z t>0with z-[0,{] CY and y = z - t}. (1.3.18)
We make two observations. First, we have
S =Inv(Ng)=StNnS. (1.3.19)

Second, the set P(Y,Z) is positively invariant in Y in the sense that y € P(Z,Y) and
y-[0,t] C Y imply y-[0,¢{] C P(Z,Y). In fact, it is the smallest subset of Y with this
property that contains Z. The construction of index pairs has three main steps, each of
which establishes some form of compactness:

(1) The simplest task is to show that the sets S* are compact (c.f. [Sal85, Lemma 3.7]).
Assuming this, we can choose open neighborhoods U* of S* such that

c(UTNU™) C UNint(Ny). (1.3.20)

(2) The first difficulty is to prove that the set P(No\U™, Np) is closed and therefore compact
(c.f. [Sal85, Lemma 4.2(i)]).

(3) The second difficulty is to locate a compact neighborhood N~ of S~ inside U~ that is
positively invariant in Ny (c.f. [Sal85, Lemma 4.2(ii)]).

From here onward, it is rather straight forward to prove that
N=N" UPNy\U",Ny), E=P(Ng\U", Np) (1.3.21)

constitutes an index pair for S with cI(N \ E) C Ut NU~ C U Nint(Ny). This proves
Theorem 1.18(i).

It is instructive to go through the construction for the flow ¢ (x,y) = (e'z,e~ty) on R?
and S = {0} with different choices of Ny and U*. (An example will be discussed in class
on the blackboard.) One should come to the conclusion that the exit set F in the above
construction tends to be rather large.

2Caution! In [Sal85] and [Con78], compactness is included in the definition of isolating neighbordhoods.
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Index pairs with special properties. There are other, more refined constructions which
produce index pairs with additional properties. For example, one can always find index
pairs (N, E) such that the inclusion E C N is a cofibration (c.f. [Sal85, Ch. 5.1 & Prop. 2.4]).
This is desirable from the perspective of homotopy theory. Among other things, it gives
isomorphisms

h(N,E) = h(N/E) := h(N/E, %) (1.3.22)
where h is any functor defined on pairs of spaces satisfying the usual homotopy invariance
and excision axioms (c.f. [tD08, Prop. 10.4.5]).

It should be no surprise that one can do much better for smooth flows. The following
result was proved by Conley and Easton [CE71].

Theorem 1.22 (Isolating blocks). Let M be a smooth manifold, ¢ a smooth local flow
on M, and S C M a compact isolated invariant set. For any neighborhood U of S there
exist a compact submanifold with boundary B C U with the following properties:

(i) B is an isolating neighborhood for S.

(i) The sets 0*B = {x € OB|3e > 0:z - (£(0,¢)) = 0} are compact submanifolds of OB
with common boundary O B = 0~ B (possibly empty) tangent to the ¢-trajectories.

In particular, B has the same dimension as M and (B,0~ B) is an index pair for S.

The sets B produced in the above theorem are usually called isolating blocks B. The
index pairs (B,0~ B) are prototypical for the general definition. Going back to Exam-
ple 1.20(3), we can now recognize the set MY = f~1([a, b]) as an isolating block with bound-
ary decomposition 9~ M? = f~1(a) and 0T M? = f~1(b).

In a way, the general definition of index pairs crystallizes certain key properties of the
pairs (B, 0~ B). In practice, many applications of Conley index theory boils down to finding
and organizing appropriate index pairs to gain insight into a given situation. The general
setup provides a very flexible theory.

Flow induces maps between index pairs. We now address the uniqueness part of
Theorem 1.18. Recall that the goal is to show that the Conley index C(S,¢) = [N/E] is
independent of the choice of index pair. We sketch the elegant argument in [Sal85, Ch. 4.2].
The idea is to exploit the following observation.

Lemma 1.23 (c.f. [Sal85, Lemma 4.6]). Let K be a compact isolating neighborhood for S
and U any neighborhood. Then there exists a t > 0 such that x - [—t,t] C N implies © € U.

Put differently, the longer a trajectory x - [—t,t] is defined in a given compact isolating
neighborhood, the closer the point z must be to S.
Now let us consider not two, but three index pairs

(N,E), (N',E"), (N",E") (1.3.23)

for the same compact isolated invariant set S. Using Lemma 1.23 we can find 7' > 0 such
that the following implications hold for ¢ > T"

z-[-t, ] CN\E = ze N'\ E' (1.3.24)
z-[-t,{] CN'\E' = z€N\E (1.3.25)

We can then define a flow induced map fi: N/JE — N'/E' as

Ala]) = {[x -3t] ifz-[0,2C N\ Eand z-[t,3t] C N'\ E' (13.26)

[E'] else.
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Now it takes some work to prove that (¢, [z]) — f:([z]) is continuous (see [Sal85, Lemma 4.7]).
Clearly, the homotopy class of f; is independent of ¢ > T and each f; is homotopic to fr.
Similarly, we get flow induced maps

fl:N'/JE' - N"/E" and f!': NJE — N"/E" (1.3.27)

for t > T" > 0, respectively t > T” > 0. The reason that these maps are defined as they
they are closed under composition in the sense that for ¢ > max{T,T",T"} we have

fiofe= fa. (1.3.28)

Now, for (N, E") = (N, E) we can take 77 = T and T” = 0. In that case, f4, is homo-
topic to fj = id: N/E — N/E. Repeating the same argument with (N, E) and (N', E’)
switched, we conclude that f; and f/ are inverse homotopy equivalences. This establishes
Theorem 1.18(ii).

1.3.2 The Conley index and Floer homology

We now return to Theorem 1.14(ii) which we restate for convenience.

Theorem 1.24 (Floer [Flo89]). Let (f, &) be a Morse-Smale pair on a smooth n—manifold M
and S C M a compact isolated invariant set for the local flow ¢ = ¢—¢. Then the Floer
differential in CFo(S, $) satisfies d> = 0 and there is an isomorphism

HF*(57 (/b) = H*(CF.(S, (b)) = H*(C(S’ ¢);Z2)' (1'3'29)

In other words, the (mod 2) Floer complex of CFo(S, ) computes (mod 2) homology of the
Conley index C(S, ¢).

We are still not quite ready for the proof yet. We need two more definitions and one
more theorem.

Definition 1.25 (Limit sets). Let (X,¢) be a local flow. The a- and w-limit sets of a
point x € X are defined as

alz) ={a € X |a =lim(z - t,) for some ¢, - —oco} (1.3.30)
w(z) ={w € X |w = lim(z - t,) for some t,, — oo} . (1.3.31)

The limit sets consist of those points to which the flow trajectory through x gets arbi-
trarily close forward or backward in time. For a Morse pair (f,£) on a manifold M and ¢
generated by —& we the limit sets are just the limit points of trajectories. In particular,
for p € Crit(f) we can write

Wh(p) = {z € Mla@) = {p}} and W(p)={oeM|w()={p}}.  (13.32)

However, in general the limit sets may be empty or contain more that than one point, in
extreme cases they might even be the entire space. (I discussed examples on the blackboard.)

Definition 1.26 (Morse decompositions). Let (X, ¢) be a local flow and S C X compact
isolated invariant. A Morse decomposition of S is a collection of disjoint isolated invariant
subsets S1,...,S5, C S such that for all z € S\ U;S; we have

alz)CS; and w(x)CS; for some i< j. (1.3.33)

It should be apparent that the sets S; play the role of critical points in Morse the-
ory. However, the new definition is much more flexible. The following lemma is proved
in [Sal85, Corollary 4.4] and relates the Conley indices of the isolated invariant sets in a
Morse decomposition.
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Lemma 1.27 (Morse filtrations). Let S be a compact isolated invariant set for a local
flow (X, @) with X locally compact Hausdorff and Si,...,S. C S a Morse descomposition
of S. If (N, E) is an index pair for S, then there exists a filtration by compact subsets

E=NyCN,C---CN,=N (1.3.34)
such that (N, Nk—1) is an index pair for Sk.

The sets {N;} are called a Morse filtration of (N, E) compatible with the Morse decom-
position {S;}. As we will now see, Morse filtrations can be used for inductive arguments
much like CW decompositions.

Proof of Theorem 1.24 (sketch). There are two main steps.
Step 1: Exploiting a Morse filtration.

» For k=0,...,n consider Sy = {p € Crit(f) NS |u(p) = k}. This is a Morse decomposi-
tion of S.

» The Conley index of Sj can be identified as
C(Sk,0) ~ \/ S* (1.3.35)
PESk

where have used C({p},¢) ~ S*®) and C(A1Il B,¢) = C(A,¢)V C(B,¢) for disjoint
compact isolated invariant sets A, B.

» Let (N, E) be an index pair for S and F = N_y C --- C N,, C N a compatible Morse
filtration as in Lemma 1.27.

» Then (Ng, Ni_1) is an index pair for Si and we have canonical isomorphisms

H. (N, Nexi Za) = L. (C(S0, 0):Z) = {EF’““’ o (1.3.36)
Note the similarity with CW filtrations and cellular homology.
» As for CW filtrations, we obtain a chain complex D, with chain groups
Dy, = Hi(Ny, Ni_1;Z2) = CF(S, ¢) (1.3.37)

and differentials 9: Dy — Dy, given by the connecting maps of the triples (Ngy1, Nk, Ng—1).

» Now the same argument used in the identification of cellular homology (see [tD08,
Ch. 12.2], for example) shows that

H,(D.) = H,(N, E;Zs) = H,(C(S, ¢); ). (1.3.38)

Step 2: It remains to identify 0: Dy,1 — Dy with the Floer differential.

» Let Sk11&S); be the union of Ski1, Sk and all trajectories between them. This is a
compact isolated invariant set with Morse decomposition {Sk, Si+1} and Morse filtra-
tion Np_1 C N C Np.

» It clearly suffices to prove the claim for Syy1&Sy for each k, since the differentials dj41
and Ogy1 in CF(S,¢) and D, are determine in Si41& Sy and Ni_1 C Ny C Ni, respec-
tively.

» Forp € Siy1 and g € Sj; we obtain another Morse decomposition {Sk\{q}, {¢}, {r}, Sk+1\{p}}
of Sk+1&5k~
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» A double induction using a refined Morse filtration reduced the general problem further
to the case Sp+1 = {p} and Sy, = {q}.

» In that case, we have Ny 1 /Ny ~ S**! and Ny/Nyp_1 ~ S*.

» It remains to show that 0: D11 & lfIkH(Sk“; Zs) — ﬂk(Sk; Zs) = Dy, is multiplication
by #2M (p, q) using the canonical identification of both groups with Z,.

» The argument is essentially the same as the identification of the Floer differential in The-
orem 1.11. Instead of a self-indexing Morse function, one has to choose a suitable index
pair. See [Flo89, p. 214 f.] for more and [BHO04, p. 213 ff.] for even more details. O

1.4 Equivariant generalizations

One major advantage of Conley index theory is that is very easy to take symmetries into
account. The study of spaces with symmetry is the subject of equivariant topology. We begin
by reviewing some basic definitions. Standard references with an emphasis on equivariant
algebraic topology are [tD87] and [May96]. The current state of the art in equivariant stable
homotopy theory is laid out in [Sch18].

1.4.1 Equivariant topology: basis definitions.

Symmetries are modeled by continuous group actions. To avoid point set topological patholo-
gies, we assume that all spaces are Hausdorff.

Definition 1.28 (G—spaces and maps). Let G be a Hausdorff topological group.
(a) A G-space is a Hausdorff space X with a continuous left G—action denoted by (g, z) — gx.

(b) A G-map f: X — Y between two G—spaces is a continuous map such that f(gz) = gf(x)
for all g € G.

Many notions from ordinary, non-equivariant topology carry over to the equivariant
setting by simply “putting a G everywhere”. However, others do not and it does take some
time to develop an intuition for where the problems lurk. This can become very subtle, as
demonstrated by Frank Adams’ famous rant in [Ada84, §6], which everyone should read if
only for entertainment.

For example, G—manifolds, G-homeomorphisms, G—diffeomorphisms, G—homotopies, and
G-homotopy equivalences are defined in the obvious way and behave as expected. The first
small surprise is the realization that base points should not be arbitrary.

Definition 1.29 (Fixed points). Let X be a G—space.
(a) If X is a G-space, then the set of G—fized points is X¢ = {x € X | gr = x for all g € G}.
(b) A G-space X together with a G-fixed base point z¢p € X is called a based G -space.

Restricting to G—fixed base points ensures that the constant map to the base point is always
a G—map, as it should be. From here on, one can define based versions of G—maps, G-
homotopies, etc as expected.

The outcome is that there are reasonably behaved categories of G—spaces and based
G—spaces. Let us now take a closer look at the objects.

Definition 1.30. Let X be a G—space and =z € X.

(a) The subspace Gz = {gx € X | g € G} C X is called the G-orbit of . The quotient X/G
is called the orbit space.?

3Strictly speaking, one should arguably write G\ X for left actions and X/G for right actions. However,
this slight abuse of notation rarely causes confusion.

18



(b) The subgroup G, = {g € G| gx = x} is called the stabilizer or isotropy subgroup of x.

The G—-orbits are the smallest G—invariant subsets of X. They should be thought of as
the analogues of points in ordinary topology. It is clear from the definition that G, is a
closed subgroup of G, that is, simultaneously a subgroup and a closed subspace. The orbits
and stabilizers are related by the canonical G-map

G—X, g—ygz, zeX (1.4.1)
with G acting on itself from the left. By construction of G, this descends to a G—map
0.: G/Gyp — Gz, 0,(9Gy) = gx (1.4.2)

where G, acts on G from the right to form the orbit space, while the left action of G on
itself descends to G/G,. This is always a continuous injection. An example where o, fails to
be an embedding is any R—-action on the torus whose orbits have irrational slope. However,
there are obvious conditions that ensure that o, is an embedding, for example if G/G, is
compact and X is Hausdorff. We record the following outcome of this discussion for the
important special case that G is a compact Lie group.

Lemma 1.31. Let G be a compact Lie group, X a Hausdorff G-space, and x € X. Then
the canonical map G — X, g — gz, is a G-map and factors through a G-homeomorphism

0.: G/Gy = Gz, ¢Gu v gz (1.4.3)

The orbit spaces G/H where H C G is a closed subgroup are called homogeneous spaces.
They should be thought of models for “points” in equivariant topology. From this perspec-
tive, one of the major differences in equivariant topology is that there are several types of
“points” which can have complicated internal structures and interactions. As an example
of a complicated “point”, consider G = O(n) and H = O(k) x O(n — k). The corresponding
homogeneous space is

Gr(R™) 2 0(n)/O(k) x O(n — k), (1.4.4)

the Grassmannian of k—planes in R” with its obvious O(n)-action.

1.4.2 G-flows and equivariant Conley index theory.

The good news is that most of Conley index theory generalizes to the equivariant setting
by “putting a G everywhere” — at least when G is a compact Lie group, which we implicitly
assume from now on.

Definition 1.32 (G-flows). Let X be a G-space. A (local) flow ¢ on X is called a (local)
G—flow if

(9z) - t=g(x-t) forallge G andteE J,. (1.4.5)

All the basic definitions and theorems in Conley index theory go through for (local) G-

flows by requiring all sets involved in the definitions or constructions to be G—invariant. In

particular, this applies to invariant sets, isolating neighborhoods, index pairs, and all the sets

involved in the construction of index pairs. The flow induced maps are then automatically
G homotopy equivalences. In summary, we arrive at the following:

Theorem 1.33 (The G—Conley index). Let (X, ¢) be a G—flow with G a compact Lie group
and X locally compact and metrizable.

(i) Every G-invariant compact isolated invariant set S C X admits a G—indez pair (N, E).
(i1) For any other G-index pair (N', E') there is a flow induced based G-homotopy equiv-
alence N/JE — N'/FE’.
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In particular, there is a well-defined G-Conley index
C4(8. ) = [N/E] (1.4.6)
which comes in the form of a based G—homotopy type.

The compactness of G is certainly needed for the current approach to work. There are
other approaches (see [Ryb87] of [Ben87], for example), but is not clear whether or not they
can be applied to Seiberg—Witten theory on 3-manifolds, which is where we are ultimately
headed.

1.4.3 Equivariant Floer homology?

In contrast, it is not at all obvious how one should generalize the construction of Floer
complexes and Floer homology. Here is a list of problems:

(1) On a G-manifold M one should study smooth functions f: M — R that are G-invariant.
The problems start with the simple observation that if p is a critical point such an f,
then so is gp for every g € G. In other words, Crit(f) is G—invariant and therefore a
union of G—orbits which are generally submanifolds of positive dimensions.

(2) As a consequence, in G—equivariant Morse theory one has to allow Crit(f) to be a
disjoint union of critical G-orbits on which the Hessian is non-degenerate in normal
directions. The analogue of the Morse lemma involves tubular neighborhoods modeled
on vector bundles of the form G x gV — G/H where H C G is a closed subgroup and V
is an orthogonal H-representation?. The latter splits as V = V~ @ VT and the local
Morse model is the function [g; v, w] = —|v|> + |w|? on G xz V. More details can be
found in [Was69).

(3) Similarly, Morse gradients are G—invariant in the sense that ¢.£(x) = £(gx). The stable
and unstable manifolds W*/*(C') of a critical orbit C' of type (H;V~,V*) are immersed
copies of the bundles G x g V*. They are also G-invariant and so are the moduli
spaces M (C, D) = W*(C)NW?*(D) of flow trajectories of —¢ from C' to another critical
orbit D.

(4) The next subtlety is an equivariant version of the Smale condition. In contrast to
the non-equivariant setting, where the Smale condition can always be achieved by a
simple transversality argument based on Sard’s theorem, there are generally obstructions
to achieving equivariant transversality (see [Pet74]). In particular, one cannot take
for granted that the intersections W*(C) N W*(D) = M(C, D) can always be made
transverse by modifying £ through G—invariant Morse gradients. However, there are
lucky accidents where the Smale condition is miraculously satisfied and the moduli
spaces M(C, D) are smooth G—submanifolds. However, they have no reason to be 0—
dimensional, in general.

(5) All of the above indicates that it is far from obvious how one could define G-analogues of
Floer complexes. However, we would probably expect that any reasonable Floer complex
would compute some reasonable invariant of a G—Conley index C%(S,#), most likely
some form of “equivariant homology”. This begs the question: What does “equivariant
homology” even mean?

While there is no clear cut way out of these problems, there are some special situa-
tion where certain equivariant homology or cohomology theories are computable by Floer
theoretic methods. We briefly discuss these in the next section.

4An orthogonal G-representation is a real inner product space on which G acts by orthogonal transfor-
mations.
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1.4.4 Borel homology and cohomology theories

We briefly review the definition and some properties of Borel homology and cohomology
theories. We refer to [tD87, Ch. III] and [Hsi75, Ch. III] for more details. Ordinary, non-
equivariant homology and cohomology theories are particular well-behaved on CW com-
plexes. Here is an equivariant analogue:

Definition 1.34 (G-CW-complexes). Let G be a compact Lie group.

(a) The product G/H x D* with H C G a closed subgroup, k > 0, and G acting trivially
on DF is called a k-dimensional G—cell of type G/H.

(b) A pair of G-spaces (X, A) is called a relative G-CW-complex if there is a filtration
A=X_1C Xy C -+ CX =UX; such that X} is obtained from Xj;_1 by attaching a
collection of G-—cells I1;(G/H; x D¥) along a G-map 1I;(G/H; x S¥=1) — X} ;.

We want to discuss a tool that allows to translate equivariant problems into non-equivariant
ones in order to make use of non-equivariant algebraic topology.

Universal G—spaces. Let G be a compact Lie group. Recall that a G—action on a space P
is called free if G, = {1} for all z € X (or, equivalently, X9 = ) for all 1 # g € G). The
orbit map P — P/ is then a principal G-bundle (modulo converting left to right actions).

The notion of a universal G-space, usually denoted by EG, has two different technical
implementations. Both versions require the following properties:

(a) G acts freely on EG (i.e. G, = {1} for all € EG).
(b) EG is non-equivariantly contractible.

In addition, one of the two technical conditions is included:
(¢c) EG is a G-CW—complex.

(¢’) EG is a numerable G-space.

Here numerable means that the orbit map EG — EG/G is a principal G-bundle which is
locally trivial over on open cover of EG/G which supports a partition of unity. One can
show that (c) implies (¢’), but we shall not worry about these details. In either case, the
orbit space and map

BG =EG/G and FEG — BG (1.4.7)

are called a classifying space and a universal fibration for G.
Proposition 1.35 (Universal G—sapces). Let G be a compact Lie group.
(i) There ezists a universal G-space EG.

(ii) For every free G—space X which is either a G-CW-complex or numerable there is a
G-map X — EG and any two such G—maps are G-homotopic.

In particular, EG is unique up to G-homotopy equivalence, BG is unique up to homotopy
equivalence, and EG — BG is unique up to isomorphism of principal G-bundles.

Example 1.36 (The circle group). In the case of the unit circle group T C C there is a stan-
dard construction of a universal T-space.” Note that T acts freely by scalar multiplication
on the unit sphere S(C™) C C™ for n > 1. It is a standard fact that the colimit

ET = S(C*) = colim S(C™) (1.4.8)

n— oo

5The notation T is commonly used in equivariant algebraic topology. Other common names are S or U;.
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along the inclusions C® < C"*! x s (x,0), is non-equivariantly a contractible CW com-
plex. Clearly, the T—actions on S(C™) extend to a free T—action on E'T, making it a universal
T-space. The corresponding classifying space is

BT = S(C*)/T = colim S(C")/T 2 colim CP"~! = CP>® (1.4.9)
n—oo

n— oo

and the orbit map ET — BT corresponds to the unit sphere bundle of the tautological line
bundle over CP*°.

The Borel construction. Fix a compact Lie group G and a universal G—space EG.
Given an arbitrary G—space X, we define its Borel construction as the orbit space

Xne = EG x¢ X = (EG x X)/G (1.4.10)

with respect to the diagonal action. Thinking of EG as a principal G-bundle, it is clear
that the map
px: Xpe — BG, [e;z] — [e] (1.4.11)

makes X the total space of an associated fiber bundle with typical fiber X (considered as
a space without G-action). The Borel construction is functorial in the sense that a G-map
f: X = Y induces a bundle map

fre =1dxaf: Xpe = You, [ez] — e f(2))]. (1.4.12)

The idea is that the bundles structure of X reflects properties of the G-action. Here’s a
first illustration:

Lemma 1.37. If G acts trivially on X, then there is a canonical homeomorphism
Xne =BG x X, le;z]— ([e], z) (1.4.13)
which trivializes the bundle map px.

Proof. The maps [e;z] — ([e],z) and ([e],z) — [e; z] are both well-defined, because gz = =
for all ¢ € G and «* € X. They are clearly mutually inverse and easily proved to be
continuous (using local sections of px for the second map). O

On the other extreme, we can also say something for free actions.

Lemma 1.38. Let X be a free G-CW-complex. Then the map
ax: Xng — X/G, |e;x] — [x] (1.4.14)
is a homotopy equivalence.

Proof. Thinking of X — X/G as a principal G-bundle, we can view ¢x as an associated fiber
bundle with contractible fiber FG. In particular, gx induces isomorphisms on all homotopy
groups and the assumptions guarantee that X,g and X/G are CW complexes. The claim
now follows from Whitehead’s theorem. O

Borel homology and cohomology. Passing through the Borel construction, we can
obtain G-homotopy invariants of a G—space X from non-equivariant homotopy invariants
of Xpe. As an example, we have the Borel homology and cohomology groups

HE(X)=H,(Xng) and HEL(X) = H*(Xne) (1.4.15)

where H, and H* denotes singular homology and cohomology with coefficients in a com-
mutative ring with unit. Given a G—subspace A C X we can consider Ayg as a subspace
of X} and define

HE(X,A) = H,(Xng, Ang) and HE(X,A) = H (Xng, Ang). (1.4.16)
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By the functoriality of the Borel construction, a G-map f: (X, A) — (Y, B) induces maps
fo: HE(X) = HE(Y) and f*: HL(Y) — HEL(Y).

The functors HE and HE are easily seen to satisfy G-equivariant versions of homotopy
invariance, excision, and exactness, all of which follow from the corresponding properties
of H, and H*. In view of the philosophy that G—orbits are analogues of points ordinary
topology, we should be interested in the values on homogeneous spaces G/H.

Lemma 1.39. For every closed subgroup H C G there is a canonical isomorphism
H:(G/H) = H*(BH).
Proof. We have a sequence of homeomorphisms
(G/H)ng = EG x¢ (G/H) = (EG x¢ G)/H ~ EG/H.

Since EG also serves as a universal H—space, we get a homotopy equivalence EG/H ~ BH
which is well-defined up to homotopy. O

In particular, for H = G we get
HE (pt) = H5(G/G) = H*(BG).
Specializing further to G = T we find
Hi(pt) & H*(BT) = H*(CP™) 2 R[u]

where R is the coefficient ring and v € H?(CP*) is the usual generator. In particularly,
Hj(pt) is non-zero in infinitely many degrees and this is typically also the case for Hf(pt).

Another core feature of the Borel theories is that HS(X) and H*(X) are naturally mod-
ules over the R algebra Hf(pt) & H*(BG). The module structures originate from the cup

and cap products in ordinary homology combined with the bundle projection px : Xpg — *ng = BG:

H*(BG) @ H5(Xna) = HG(Xna), @z — (px§) Uz (1.4.17)
H*(BG)® HY (Xng) = HS (Xpna), £@xw— (pké) Nz (1.4.18)

Relation to Floer homology. It turns out that Borel homology and cohomology are
accessible to Floer theory, at least in some special situations. We only mention two instances,
one of which will be picked up later in the discussion of monopole Floer homology.

(1) One result in this direction is proved in [AB95]. Assuming the Smale condition holds
for a G-Morse pair (f,£) on a G-manifold M, there is a version of Morse cohomology
that computes HE (M;R). The construction involves moduli spaces of trajectories and
differential forms, and hence only apply to real coefficients.

(2) The story simplifies for the circle group G = T. A Floer theoretic approach to this
setting, tailor-made for applications to Seiberg—Witten theory, was developed by Kro-
nheimer and Mrowka [KMO07, Ch. 2.4-2.6]. As we will see, Seiberg-Witten theory on
3-manifolds will eventually bring us into this setting. Moreover, we will not have to
worry about arbitrary T-actions, but only those that are free on X \ XT. We will get
back to this in due time.
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1.5 A survey of Floer theory in infinite dimensions

As mentioned before, ideas inspired by Morse theory and Floer homology are often useful,
even in circumstances where they do not make literal sense. These applications often in-
volve functions on or equations in function spaces, which can often be viewed as infinite
dimensional manifolds. We will mention a few examples momentarily, but it is important
to realize beforehand that there are serious obstacles that have to be overcome

Problems in infinite dimensions:

(1) Infinite dimensional manifolds, modeled on infinite dimensional vector spaces (e.g. Ba-
nach, Hilbert, Fréchet,...) are never locally compact. This amplifies the compactness
problems that were already present in the finite dimensional theory. This affects both
the moduli spaces in Floer theory and the very foundation of Conley index theory.

(2) While there is a reasonable generalization of Morse theory to Hilbert manifolds, the Hes-
sian of a random Morse function will usually have infinitely many positive and negative
eigenvalues. In these situations there is no (absolute) Morse index.

(3) The existence and uniqueness theorems for ordinary differential equations are usually not
applicable. The “flow equations” often become non-linear partial differential equations.

Instances of infinite dimensional Morse and Floer homology: Nevertheless, using
Morse and Floer theory as a guiding principles has led to many insights. We mention a few
examples.

(1) The theory of geodesics on a Riemannian manifolds can be based on the energy func-
tional

E(y) = /[0, 1]}5(t)[2dt (1.5.1)

defined on a suitable space of paths v: [0,1] — R. Pretending that E is a Morse
function led Bott to his proof of his famous periodicity theorem. This is treated in
detail in Milnor’s book “Morse theory” [Mil63].

(2) Another examples is the symplectic action functional

a(u) = /2 ww (1.5.2)

D

where (M, w) is a symplectic manifold, L, L’ C M are Lagrangian subspaces, and u: D? — M

is a map with «(0) € L N L', thought of as a point in the universal cover of the space
of paths in M from L to L’ based at a point in L N L/. Floer managed to define Floer
chain complexes generated by the intersection points, enabling him to solve the Arnold
congecture. See [F1o89, Ch. 4] and the references therein.

(3) After his success with the Arnold conjecture, Floer applied has methods successfully to
the Chern—Simons functional

1 2
cs(A) —/tr(A/\dA—i-gA/\A/\A)
Y

= 8n2

where A is a connection on a trivial SUs bundle over a closed 4-manifold Y. Details
can be found in [Don02]
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(4) Finally, we mention the Chern—Simons—Dirac functional
1 1 1
L(a.¢) = 5 (a,xda) 2 + 5 (6. Da)ye + 5 (+Fagoa) |

for a pair of a spinor ¢ and a spin® connection A = Ay + a on a 3—manifold Y equipped
with a spin® structure. This is the basis of monopole Floer homology that we will discuss
in the remaining course.
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Chapter 2

The Seiberg—Witten Equations

We momentarily leave Floer homology behind and embark on a digression on Seiberg—Witten
theory. The Seiberg—Witten equations are a system of non-linear partial differential equations
defined on 4-dimensional manifolds that are equipped with a spin® structure. They take the
form

% =0 (@90 Dap=0 (2.0.1)

where ¢ is a spinor and A is a spin® connection. These equations originally arose in physics
and were introduced to mathematics by Witten [Wit94]. However, they did have a mathe-
matical precursor in the Yang-Mills equations

1
Ff= 5(FA +xF4) =0 (2.0.2)

for a connection A on a principal SUs bundle over a 4-manifold which also originate from
physics. These equations were studied with spectacular success by Donaldson [Don83,DK90].
The ultimate goal of this course is to prove a generalization of the following result:

Theorem 2.1 (Donaldson [Don83]). Let X be a closed, oriented, topological 4—manifold with
definite intersection form Qx. If X admits a smooth structure, then Qx is diagonalizable
over the integers.

The power of this result becomes apparent in the light of another major theorem of
Freedman.

Theorem 2.2 (Freedman [Fre82]). Every unimodular symmetric bilinear form over Z arises
as the intersection form Qx of a simply connected, oriented, topological 4—manifold X.
Moreover, all such X are classified up to orientation preserving homeomorphism by the
isometry class of Qx and the Kirby-Siebenmann invariant ks(X) € Zs.

A surprising offshoot of these results is the existence of an “exotic R*”, that is, a smooth
4-manifold that is homeomorphic but not diffeomorphic to R*. In other words, R* supports
smooth structures that are not diffeomorphic to the standard one. In contrast, it was known
that the smooth structure on R™ for n # 4 is unique up to diffeomorphism.

Theorem 2.3 (Taubes [Tau84]). There are uncountably many smooth J—manifolds that are
homeomorphic but not diffeomorphic to R*.

The Seiberg—Witten equations are not particularly self-explanatory and it is our first
to learn how to read them correctly. We assume some previous exposure to Riemannian
geometry, the theory Clifford algebras, spin(® structures, Dirac operators, etc. Our main
references are [LM89] and the first chapter of [KMO7]. The eternally unpublished book
draft [Sal99] is also recommended.

26



2.1 Spin® structures and spinor bundles.

The first ingredient needed to write down the Seiberg-Witten equations is a spin® structure.
These can be described in many different ways and we choose the one that is most convenient
for our present purposes (c.f [KM07,Sal99]). We fix the following notation and conventions:

» All manifolds are assumed to be smooth, oriented, and carry Riemannian metrics.
» All vector bundles implicitly carry bundle metrics.

» M will denote an arbitrary manifold of dimension n.

» Y will always be 3—manifold, in later sections closed.

» X will always be a 4—manifold, later either closed or compact with 0X =Y.
Without further ado, here is our working definition:

Definition 2.4 (Spinor bundles and spin® structures).
Let M be an oriented Riemannian n-manifold with n = 2k or 2k + 1.

(a) A (complex) spinor bundle on M is a pair (5, p) where S is a Hermitian vector bundle
of rank 2* together with a bundle map p: 7*M — Endc(S) such that

p(a)® = —|a|*idg and p(a)* = —pla) (2.1.1)

for all @ € T*M. In addition, if n = 2k 4+ 1 is odd, we require that
pler) - ple,) = —iFidg (2.1.2)

for every oriented orthonormal basis ey,...,e, € TaM, x € M. The map p is called
Clifford multiplication and is usually dropped from the notation.

(b) An isomorphism of spinor bundle (S, p) and (S’ p’) is a unitary vector bundle isomor-

phism U: § = §' which is Clifford linear in the sense that U o pla) = p'(a) o U for
all a € T* M.

(¢) A spin® structure on M is an isomorphism class of spinor bundles. We write Spin®(M)
for the set of spin® structures.

We note that if ey, ..., e, € T}, is an orthonormal basis, then
ple)? = —ids and ple)p(e;) = —ple;)ple) (i # j). (2.1.3)

This follows from inserting e; and e; + e; into the first equation in (2.1.1).

Remark 2.5 (Relation to Clifford algebras). Those familiar with the theory of Clifford al-
gebras will realize that the first condition in (2.1.1) implies that p extends to a fiberwise
action of the complex Clifford algebra bundle ClI(M) on E. The dimension assumption
make the fibers E,, © € M, irreducible as a Cl(M),—modules, and (2.1.2) fixes one of
the two isomorphism classes of irreducible C1(M),—modules. The relevant details are dis-
cussed in [LM89, Ch. I.1-5]. For those unfamiliar with Clifford algebras, it suffices to know
that C1(M) is isomorphic as vector bundle to the complex exterior algebra

AEM = N*"T*"M ® C. (2.1.4)
We can extend Clifford multiplication to a map

p: At M — Endc(E) (2.1.5)
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by requiring for o, 8 € AEZM that

pla A B) = = (p(a)p(B) + (1)1 p(8)p(a)). (2.1.6)

2
The condition (2.1.2) for odd n = 2k + 1 then becomes p(volys) = —i*+1idg. In particular,
for n = 3 we get p(voly) = idg which agrees with the conventions in [KMO07, .] In even
dimensions n = 2k, a direct computation shows that p(volys)? = (—=1)¥idg. We will get
back to this shortly. The following will frequently be useful.

Lemma 2.6. Let (S,p) be a spinor bundle over M. If T € I'(Endc(S)) is Clifford linear,
then T¢p = f¢ for some f € C°(M,C).

Proof. Asnoted, the fiber S, over z € M is an irreducible module over the C-algebra C1(T; M).

A version of Schur’s lemma states that every Cl(7,' M )-linear endomorphism of S, is given
by multiplication with a complex number. O

Existence and classification of spin® strucutures. Assuming that one spin® structure
on M exists, the classification of all others is fairly easy.

Proposition 2.7 (Classification of spin strucutres). Let (S, p) be a spinor bundle on M and
L a Hermitian line bundle. Then (S ® L, p ®id) is also a spinor bundle. The construction
descends to free and transitive action of H*(M;Z) on the Spin®(M)

Spin®(M) x H*(M;Z) — Spin®(M), ([S,p],c) = [S® L, p @1id]
where L is a Hermitian line bundle with ¢1(L) = c.
Proof. We sketch the proof and refer to [KMO7, Prop. 1.1.1] for further details.
» The verification that (S ® L, p ® id) is a spinor bundle is trivial.

» Conversely, if (S, p) and (57, p’) are spinor bundles, one can show that
L ={T € Homc(S, ") |Tp(a) = p'(a)T for all a € T* M}
is a rank 1 sub-bundle of Hom¢ (S, S”), henceforth referred to as the difference line bundle.

> It is easy to see that (S, p) and (S’, p’) are isomorphic iff the difference line bundle L is
trivial.

» Moreover, the difference line bundle of (57, p’) and (S ® L, p®id) turns out to be L ® L*
which is canonically trivialized by the section corresponding to id; under the canonical
isomorphism End¢(L) 2 L ® L*.

» Lastly, it is well known that Hermitian line bundles form a group under the tensor product
which is isomorphic to H2(M;Z) via c;. O

The existence of spin® structures is more subtle. Here is the general result.

Proposition 2.8 (Existence of spin® structures, c.f. [LM89, Corollary D.5]). An oriented
Riemannian manifold M admits a spin® structure if and only if wo(M) € H?(M;Zs) is the
mod 2 reduction of a class in H*(X;Z).

Theorem 2.9 (Spin® structures in dimensions < 4). All oriented Riemannian manifolds of
dimension < 4 admit spin® structures.

Proof. » If n < 1or n=2and M is non-compact or M # ), we have H?(M;Zs) = 0 and
the condition on wy(M) in Proposition 2.8 is trivially satisfied.
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» For n =2 and M closed, the reduction map H?(X;Z) — H?(X;Zs) is surjective by the
Bockstein sequence (see [Hat02, Ch. 3E]).

» For n = 3 it is known that every oriented 3—manifold is parallelizable, that is, TM is
trivial so that wa(M) = 0. This interesting fact can be proved using obstruction theory
and the fact that M has the homotopy type of a CW complex of dimension < 3.

» For n = 4 the condition on wy(M) can be verified using the Bockstein sequence, the
universal coefficient theorem, the Wu formula, and some general facts about Abelian
groups (see [GS99, Proposition 5.7.4 and Remark 5.7.5]).

O

The chiral splitting in even dimensions. Now suppose that M has even dimen-
sion n = 2k. We have already noted that p(volys)? = (—1)*ids. In order to deal with
the sign on the right hand side, it is convenient to introduce the chirality operator

an = p(i* volyr) = i*pler) - plen). (2.1.7)
Again by direct computations one can easily verify the following properties:
Lemma 2.10. For n = 2k even, the chirality operator ays satisfies
3, =ids  and o = ay. (2.1.8)
Moreover, for all a € T*M we have
appla) = —pla)apy. (2.1.9)
As a consequence of (2.1.8), we get a decomposition of S into +1 eigenbundles of aps
S=8t®S~, S*%=ker(ay Fids) = (ids +a)S (2.1.10)
and (2.1.9) shows that Clifford multiplication with 0 # a € T} M gives an isomorphism
pa): SF = SF. (2.1.11)

In particular, ST and S~ have the same rank 2¥~!. Note that the isomorphisms in (2.1.11)
are only defined in a single fiber. In fact, the bundles ST and S~ are generally not iso-
morphic. Generally, if w € AF'M is a form of even degree, then p(w)ST c St while
for w € A2IM we have p(w)S* C SF.

Spin¢ strucutues via principal bundles. Another common description of spin® struc-
ture uses principal Spin, bundles. As indicated in Remark 2.5, the Clifford algebra Cl,
of R™ has a unique irreducible complex representation (up to isomorphism) for which the
obvious analogue of (2.1.2) is satisfied. The dimension of any such representation A,, can be
computed as 2¥ where n = 2k or 2k+1. Inside Cl,, we find the multiplicative subgroup Spin?,
which is generated by products z(v - w) with v,w € R™ and z € C with |[v| = |w| = |z| = 1.
The group Spin;, has an obvious representation on A, and a more subtle one on R". We
denote these representations by

o: Spin;, — End¢(A,) and «: Spin;, — SO,,. (2.1.12)
Definition 2.11. A principal spin® structure on M as a pair (P, ) consisting of
e a principal Spin{—bundle P, and

e an isomorphism 7: P x, R™ & T*M that preserves metrics and orientations.
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An isomorphism of principal spin® structures (P,7) and (P’,7’) is a Spin{—equivariant dif-

feomorphism ¢: P — P’ such that 7/ o (p Xq idgn) = 7.

From a principal spin® structure (P, 7) we obtain a spinor bundle in the sense of Defi-
nition 2.4 by S = P x, A, with Clifford multiplication induced by the Cl,,—action on A,,.
Isomorphic choices of (P,7) and A,, give isomorphic results for (.S, p).

Conversely, given a spinor bundle (S, p) we can construct a principal Spin{,—bundle P
as the set of pairs (u,v) consisting of isomorphisms u: R™ =N TXM and v: A, = Sz
with € X, preserving all orientations and inner products, such that the following diagram
commutes:

R*"® A, —2 A,

u®vl’£ %Jv

TiM @ S, —2— S,.

A right action of Spin, on P is given by (u,v)a = (uoa(a),voo(a)) and there is a canonical
topology that makes P a principal Spin, bundle over M. Moreover, we have canonical
isomorphisms

~

T: PXqR" = T*M, [, v;a] = u(a), (2.1.13)
©: Pxy A, =8, [u,v; @] = v(). (2.1.14)

Again, changing (S, p) up to isomorphism gives isomorphic (P, 7). Everything is set up
such that the two constructions are mutually inverse up to isomorphism. We can thus
equivalently think of spin® structures as isomorphism classes of spinor bundles or principal
spin® structures.

Models in dimensions 3 and 4. First, suppose that (S5, p) is a spinor bundle over
a 3—manifold Y. In this case, S has complex rank 2. Given an oriented orthonormal
basis e, €2, e3 € T;Y at apoint y € Y one can find an orthonormal basis of the corresponding
fiber .S such that Clifford multiplication is represented by the matrices p(e;) = o; where

1 0 0 —1 0 ¢
g1 = (0 ’L> 5 09 = (1 0 > 5 09 = (Z O) . (2.1.15)

Note that these form of basis for the real vector space su, of trace-free, skew-adjoint complex
2-by-2 matrices; this is the Lie algebra of the special unitary group SUs.

Now let (S, p) be a spinor bundle over a 4-manifold X. Then S has rank 4 while S*
each have rank 2. If eg,e1,e2,e3 € T X is an oriented orthonormal basis, we can find an
orthonormal basis for S such that

_ 0 —1I N 0 oy .
pleg) = (IQ 0 ) and p(e;) = (cri O) (1=1,2,3). (2.1.16)
where Io is the 2-by-2 identity matrix. Again, these matrices are trace-free.

The determinant line bundle. Let s be a spin® structure on M represented by a spinor
bundle (S, p). There is a canonical line bundle associated to this data which is known as the
determinant line bundle and denoted by det(S). Since we are only interested in dimensions 3
and 4, we can get away with the following ad hoc definition:

AZS, n=3

2.1.17
AZST, n=4 ( )

det(S) = {
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In general, the most common construction of det(.S) involves the principal spin® structure
derived from (5, p) and the group homomorphism

§:Spiné — Uy, 6(z-vy---vg) = 2°. (2.1.18)
If P, is the principal Spin;,~bundle derived from (S5, E), we can define
det(S) = P, x5 C. (2.1.19)

The reason for the name is that there is another group homomorphism A: U,, — Spin§,, such

that the composition U, 2 Sping,, LN U, is the complex determinant map.

Proposition 2.12. (i) Every almost complex manifold (M, J) has a canonical spin® struc-
ture 55 and det(s;) = AfCOPTM.

(ii) The first Chern class c1(s) = ci(det(s)) € H?*(M;Z) reduced mod 2 to the Stiefel-
Whitney class we(M) € H?(M;Zs).

(iii) For n =3 or 4 we have c¢1(s) = ¢1(S) and c¢1(s) = c1(ST), respectively.

2.2 The quadratic term

We are still in the process of learning to read the Seiberg—Witten equations on a 4-manifold X:

Fh =066 Dio=0.
At this point, we can understand two symbols p and ¢:
» p is the Clifford multiplication on some spinor bundle (S, p), and
» ¢ € '(ST) is a section of the positive spinor bundle.

We next tackle the combined expression p~!(¢¢*)o which is called the quadratic term in the
Seiberg—Witten equations. It helps to put this into a broader context.

Splitting complex endomorphism bundles. Let E be a complex vector bundle over M
of rank r. We can decompose the endomorphism bundle as

Endc(E) = Cidg @su(E) & isu(E) (2.2.1)

where su(E) (resp. isu(FE)) denotes the fiberwise trace-free and skew-adjoint (resp. self-
adjoint) endomorphisms. The projections onto the summands can be described explicitly as
follows. We first introduce the trace-less part of A € Endc(E)

1
A() =A—-- tI'([j(A) ldE (222)
T
whose name is justified by trc(Ag) = 0 which follows from trcidg = r. We can then write

1 1 1
A=~ tre(A)idp + 5(Ao — 45) + 5 (Ao + 45). (2.2.3)

eCidg esu(E) cisu(E)

31

Lecture 9, 6.6.23




From spinors to endomorphisms. Now let (5, p) be a spinor bundle over M. Given
spinors ¢, 9 € I'(S) we can form an endomorphism

Yo" € D(Endc(S)),  ¢o* (k) = (¢, k) ¢.

Our convention is that Hermitian scalar products are complex linear in the second entry
and conjugate linear in the first.

Lemma 2.13. Let (S, p) be a spinor bundle over M. The map
I'(S) x [(S) — ['(Endc(S)), (¢, ¢) — o~
1s complez linear in ¢ and complex anti-linear in . Moreover, we have

(hg™)" = g™ and  trc(¢o”) = (),¢).
In particular, ¢p¢* is self-adjoint for every ¢ € T'(S).

Proof. The linearity properties are obvious. The trace can be computed as

tre(y’) =Y (50, 60" (s:)) = Y ((si,0) 51, 6) = (16, 0) .

7 7

where s; is a local frame of S. The adjoint is identified as follows:

From endomorphisms to forms. We can now parse the expression (¢p¢*)g € su(S) and
it remains to understand how to apply p~! to (¢¢*)o. To that end, we have the following
general statement:

Proposition 2.14. Let (S, p) be a spinor bundle over a manifold M.
(i) The map p: AEM — Endc(S) is surjective and gives isomorphisms
p: At M — Endce(S)  for n even, and
p: ASFM — Ende(S)  forn =2k +1 odd.

k(k+1)
—=2

(ii) For w € AEM we have p(w)* = (—1) p(@).

Proof. The surjectivity of p as well as the injectivity for n even follow from the isomor-
phism AfM == CI(M) and the classification of Clifford algebras and their irreducible modules
(c.f. [LM89, Chs. 1.4&5]).

The formula in (ii) can be proved pointwise using an orthonormal basis ey, ..., e, € To M.
For ey =e;, A--- N e, we find

pler)” = plei, A+ Nei)"
= (p(ei,) - plei))”
= (=1)*ples,) - plei,)
(—D)F(=1)*ED2p(e) - plei,)
(71)k(k+1)/2p(61)

Lastly, for n = 2k + 1 we know that p(e;)p(xe;) = p(vol) = i**+1 and p(e;)? = (—1)FF=1/2,
It follows that for w € AL, M

p(xw) = i™P) p(w) (2.2.4)
for some integer m(k,p) determined by k and p. This together with the classification theo-
rems for Clifford algebras give the remaining isomorphism in (i). O
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For n = 3 we can draw the following conclusion:

Corollary 2.15. If (S, p) is a spinor bundle over a —manifold Y, then Clifford multiplica-
tion gives rise to isomorphisms

p: T*Y S su(S) and p:iT*Y = isu(S). (2.2.5)

In particular, for every ¢ € I'(S) we obtain an imaginary valued 1-form
p~ (9" )0 € iQ (). (2.2.6)
Proof. Exercise. O

If n = 2k is even, the chiral splitting S = S* @ S~ gives another decomposition
Endc(S) 2 Endc(ST) @ Ende(S™) & Home(S1,S7) @ Home(S™, ST). (2.2.7)
For ¢ € T'(ST) we can consider ¢¢* as an element of End¢(S™) and by Lemma 2.13 we find

o1 idg+ = o™ — L idg+ € isu(Sy)
rk(S+) 8T 2k—1 57 *

(99" )o = 9" —

Lastly, for n = 4 the Hodge operator gives a self-adjoint map *: A2M — A2M with *? = 1.
This gives a splitting

NM =N M&AN M, ALM = ker(xFid)
into self-dual and anti-self-dual 2—forms.

Corollary 2.16. If (S, p) is a spinor bundle over a 4—manifold X, then Clifford multipli-
cation gives rise to isomorphisms

p: A3 X i>5u(Si) and p:iAiX =N isu(ST). (2.2.8)
In particular, for ¢ € T(ST) we obtain a self-dual imaginary valued 2—form
P~ (6%)o € i02 (M).

Proof. Exercise. O

2.3 Spin‘ connections and Dirac operators

Here are the Seiberg—Witten equations once more:

1
SEL =060 Die=o.

Having completely understood the quadratic term p~1(¢¢*)o, we now tackle the symbols
involving A. Most of these make sense in a more general context:

» A, A', F, and D4 are defined for arbitrary spin® manifolds.

> DX makes sense in all even dimensions.

> FXt is special to 4-manifolds (essentially, because n — 2 = 2 implies n = 4).
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2.3.1 Spin® connections

Let (S, p) be a spinor bundle on M. We denote connections on S by A and think of them
in terms of the covariant derivative VA: I'(S) — I'(T*M ® S). We implicitly require all
connections to be Hermitian, that is, we have

d($,9) = (VA,0) + (6, VAY) (6,9 €T(S)). (2.3.1)

Recall that the difference of two Hermitian connections is a 1-form with values in the vector
bundle u(S) of skew-adjoint endomorphisms of S.

Definition 2.17. A connection A on S is called a spin® connection (or Clifford connection)
if it is compatible with the Clifford multiplication in the sense that

VA(p(a)g) = p(a)VA + p(V “a)¢ (2.3.2)

for all ¢ € T'(S) and a € Q*(X). The superscript in V¢ indicates the Levi-Civita connec-
tion on T*M. We write A(S) for the set of spin® connections of S.

Lemma 2.18. A(S) is an affine space modeled on the real vector space iQ(M). More
precisely:

(i) For A € A(S) and a € iQ' (M) we obtain A+ a € A(S) defined by
VAT = VA +a® ¢. (2.3.3)
(i1) If we fix one spin® connection Ay € A(S), then we have A = Ag + a for a uniquely
determined a € iQ' (M).
Proof. In order to prove (i) we have to verify (2.3.2) for VAT, Let v € TX.

Vit p(a)g) = Vi (p(a)¢) + a(v)p(a)é
= p()Vid + p(VECa)d + a(v)p(e)d
= p( )V% + p(V“‘ )¢ + pla)a(v)d
= p(@)(Vi'é+a(v)e) + p(VE )¢
<a>vA+a¢+p<vLC )¢

(07

Now, given arbitrary Agp, A € A(S), we from the general theory of Hermitian connections
that A = Ay + a for a unique 1-form a € Q'(M;u(S)). The condition (2.3.2) implies
that a is pointwise Clifford linear and thus given by multiplication with a complex number
by Lemma 2.6. Since a is pointwise skew-adjoint, that complex number must be purely
imaginary. It follows that @ = a ® idg with a € iQ!(M). O

Remark 2.19. We have allowed ourselves a small abuse of notation. Strictly speaking, one
should write A = Ag+a®idg to emphasize the u(S)-valued nature of the 1-form measuring
the difference between A and Ag.

The following is an easy consequence of (2.3.2).

Lemma 2.20. Ifn = dim(M) = 2k is even, then V4 preserves the splitting S = ST @ S~
and thus induces connections on S*.

Recall from (2.1.19) and (2.1.17) that (S, p) has an associated determinant line bun-
dle det(S) which takes the following form in dimensions 3 and 4:

AZS, n=3

det(S) = {AQSJF h— 4

This explains the symbol A? in the Seiberg-Witten equations.
Definition 2.21. Given A € A(S) we write A’ for the induced connection on det(.5).
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2.3.2 Curvature

Let us momentarily think of I'(S) and I'(T*M ® S) as the spaces of 0— and 1-forms on M
with values in S. Combining A € A(S) with the Levi-Civita connection on T*M we can

extent V4 to maps
dt: QF(M; S) — QL (M S) (2.3.4)

where QF(M; S) = T(A*T*M ® S). This gives a sequence

Q0(M; 8) L 0l 8) L 02 () (2.3.5)

which resembles the de Rham complex. However, we will typically have (d4)? # 0. The
failure of (2.3.5) to be a complex is measured by the curvature of A which is a 2—form

Fa € Q*(M;u(9)) (2.3.6)
which is determined by the equation
((d*)?¢) (v, w) = Fa(v,w)$ € T(S) (2.3.7)

where ¢ € I'(S) and v,w € I'(T'M).
The interaction of curvature and the affine structure of A(S) is easily understood.
If A= Ag+a with Ay € A(S) fixed and a € iQ(M), standard arguments with connections
show that
Fa = Fa, +da®idg € Q*(M;u(S)). (2.3.8)

One can also compare the induced connections on det(S). Since the endomorphisms bun-
dles of line bundles are canonically trivialized by the identity map, we have a canonical
isomorphism

u(det(S)) 2 M x u; 2 M xiR. (2.3.9)

In particular, we can consider the curvature forms of A* and Af as imaginary valued 2-forms
via the resulting isomorphisms

Fae, Fay € Q(M;u(det(S))) = Q*(M;iR) = iQ*(M). (2.3.10)

Combining (2.3.8) with the explicit description of det(S) for n = 3 or 4, we arrive at the
following conclusion.

Lemma 2.22. Let n = dim(M) = 3 or 4. Using the identifications in (2.3.10) we have
Fae = Fyy + 2da € iQ*(M) (2.3.11)

The factor of 2 is caused by the second exterior powers in (2.1.17) which, in turn, appear
because S for n = 3 and ST for n = 4 have rank 2. There is a more general formula which
takes the form Fy¢ = F At + Cn da where ¢, is a constant depending on n, but the precise
value of ¢,, shall not concern outside dimensions 3 and 4.

Lastly, if dim(X) = 4, we can form the self-dual part of F4+ and note that

Ffo= o (Far +#Far) = Fi, +2d%a € iQ3(X) (2.3.12)

N

where d* = 1(d+ xd): Q1(X) — Q% (X).

Remembering Corollary 2.16, we find that p(FZt) is a self-adjoint endomorphism of S7.
At this point, we have finally managed to decode the equation F4: = p~1(¢$)o which couples
a spin® connection A(S) to a positive spinor ¢ € I'(ST).

~—
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2.3.3 Dirac operators

It remains to decipher the equation DZ(;S = 0. The last missing piece of the puzzle are the
Dirac operators associated to spin® connections. Again, these are defined for arbitrary spin®
manifolds.

Definition 2.23. Let (S, p) be a spinor bundle over M. Every spin® connection A € A(S)
has an associated (full) Dirac operator which is defined as the composition

A
D4:T(S) Y5 T(T*M ® S) & T(S). (2.3.13)
If n = dim(M) = 2k is even, D4 restricts to the chiral Dirac operators
D%:T(S%) — I(SF). (2.3.14)
We can also express D 4 in terms of a local frame ey, ..., e, for TM by the formula
Da(9)(x) = p(e))VE(x) (2:3.15)

i=1
where 2 = (e;, - - -) is the dual frame for T M; the same formula holds for DE ¢ with ¢ € T'(SF).

We can now read the Seiberg-Witten equations. In order to study them further, we will
need to know some properties of D 4.

Lemma 2.24. Let A € A(S) be a spin® connection.
(i) For ¢ € T'(S) and f € C*°(M;C) we have Da(f¢) = fDad + p(df)e.
(ii) If A= Ag + a with a € iQ* (M), then Da¢ = Da, + p(a)o.

(iii) For ¢,v € T'(S) we have (¢, Do)y — (Dad,¥) = d* <p(~)b¢,z/)>c where d* is the codif-
ferential.

Proof. The proofs of (i) and (ii) are straight forward from the definitions. For (iii) we use
(2.3.15) and compute

(6, Dav) — (Dag,t) = > (<¢,p(6?)vi¢> - <P(€?)V2¢7¢>) =

K3

A _ZeiLvé_ <p(~)b¢,w> = q* <p(.)b¢,w>. O

Corollary 2.25. The Dirac operator D 4 is a first order elliptic differential operator.

Proof. It is clear that D4 is a first order differential operator. Its principal symbol op, can
thus be computed using Lemma 2.24(i) as

o, (df)6 = i(D(f6) — FD(8)) = in(df)é. (2.3.16)
where f € C°(M;C) and ¢ € I'(S). We conclude that op, = ip: T*M — Endc(S). The
ellipticity of D4 follows, since pu(a) is invertible for 0 # a € T*M. O

Corollary 2.26. If M is closed, then D, is (formally) self-adjoint with respect to the
L? inner product on T'(S). If n = dim(M) = 2k is even, then (D})* = D}.

Proof. According to Lemma 2.24(iii) we have

/(DA¢,w)C—((b,DAz/))volM:---:/ @ (p(-Y,0)_voluy. (2.3.17)
D M C

The integral on the right hand side vanishes. More generally, for all a € Q'(M;C) we
have f y d*avolyr = 0. This proves the self-adjointness of D4 which immediately im-
plies (D})* = Dj. O
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It is a general fact that elliptic differential operators on closed manifolds are Fredholm
operators, which means that they have finite dimensional kernels and cokernels. The dif-
ference of dimensions is called the index. In the case of the full Dirac operators Dy, the
self-adjointness implies

ind(Dy4) = dimker(D4) — dim coker(Dy) =0
———
ker(D%)

However, for n = 2k even the chiral Dirac operator DX typically has non-zero index. Spe-
cializing to n = 4, the Atiyah—Singer index theorem gives the following topological formula
(c.f. [LM89, Theorems II1.13.8 and D.15]).

Theorem 2.27 (Atiyah—Singer). Let (S, p) be a spinor bundle over a closed, oriented -
manifold X. Then D7 : T(ST) — T'(S™) is a Fredholm operator with index

ind(D}) = = (F(S)[X] — o(X)). (2.3.18)

| =

2.4 The Seiberg—Witten equations on 4-manifolds

Let us now focus our attention to a 4—manifold X. In addition to the standing assumptions,
we take X to be closed and connected and fix a spin® structure s = [S, p] on X, whose
existence is guaranteed by Proposition 2.8. In our framework, the spin® structure is realized
by a spinor bundle (S, p). For brevity, we henceforth write

a(¢) = p~ (¢ )0 and  q(4,9) = p~ (Yo" )o. (24.1)

We set out to study the Seiberg—Witten equations! for pairs (A, ¢) consisting of a spin®
connection A € A(S) and a positive spinor ¢ € T'(S™)

sFh=a(¢)  Dio=o. (2.4.2)

We refer to %FX,, = p~Y(p¢*)o as the monopole equation, and to ngqb = 0 as the Dirac
equation. The pair (A, ¢) is called a (Seiberg—Witten) configuration. Solutions (A, ¢) of
(2.4.2) are called monopoles.

2.4.1 The monopole maps

As topologists, we like to think of spaces of solutions to an equations as zero sets of maps.
This leads us to consider the Seiberg—Witten map (or monopole map)
T AS) xT(8T) — zQi(X) @eT(S7)

5(4,¢) = (3FL — a(9), Di¢). (2.4.3)

By fixing a spin® connection Ay € A(S) for reference, we can use the affine structure of A(S)
to convert § into a map of vector spaces

o iQH(X) @ T(5*) — iQ2(X) @)F(S) (2.4.4)

Fola,8) = (dTa—q(¢) + 3Fy, DT ¢+ p(a)g) = F(4o + a, ¢).

where we have used the abbreviations Fy = Fq¢ and D = D4, and Lemmas 2.22 and 2.24(ii)
to rewrite Fia,4q)t and Da,yq. We call §g as the based monopole map at Ag € A(S).

1The factor % in the monopole equation was originally missing in the previous lectures. It has been added
to stay compatible with the conventions in [KMO7].
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Whether one works with § or §q is largely a matter of taste. The benefit of working
with §p is the linear structure of the source, which comes at the price of having to make
a non-canonical choice of Ag. We usually prefer to work with Fp, since it makes analytical
features more transparent.

For brevity, we denote the sources and targets of § and §y by

C(X,s):=A(S) xI'(51)
iQ2(X)®T(S™) = D(X,s) (2.4.5)
>
Co(X,s) =i (X)o(st) %

The description of Fo(a, ¢) makes it clear that Fo can be written as a sum §o = L + @ of a
linear operator L and a quadratic map Q. More precisely,

Sola,6) = (d*a, D*6) + (LS — a(9). pla)o). (2.46)
=:L(a,¢) =:Q(a,$)

Some important structural features of §y are apparent:

(1) The source and target of Fo are the sections of mized vector bundles iT*X & S+
and iAiX @ S~ which each have a real and a complex summand.

2) L is an R-linear first order differential operator.

3) The second component DV of L(a, ¢) is C-linear and elliptic.

5

(2)
3)
(4) The first component d* of L(a, ¢) is not elliptic! We’ll get back to this point.
(5) The second component of Q(a, ¢) is bilinear in (a, ¢).

(6)

6) The first component of Q(a, @) is affine quadratic in ¢, that is, it is the sum of a constant

term %FJ‘ and a quadratic term satisfying —q(A¢) = —|\|?q(9).

Since § is clearly non-linear, the zero set §, ' (0) is has no reason to be a linear space.
However, § is clearly a smooth map in a suitable sense and we might hope to exhibit § ! (q)
as a type of manifold, at least if ¢ € D is a regular value of sorts. If we were really lucky,
we could derive some non-trivial information from Fo(g) which does not depend on the
particular choice of ¢ — much like the (mod 2) degree of a smooth map f: S™ — S™ can be
computed by counting points in f~1(q) for any regular value ¢ € S™.

Unfortunately, the infinite dimensional nature of the situation makes this a bit cumber-
some. The problem is that spaces of smooth sections with their C'*° topology are Fréchet
spaces, a class of topological vector spaces that is strictly larger than Banach spaces, for
which most of the analysis known from the finite dimensional context breaks down. For
instance, the inverse function theorem (invertible derivative implies local diffeomorphism)
is no longer available in its usual form, neither is the regular value theorem, nor are the
existence and uniqueness theorem for ordinary differential equations.

However, this does not make analysis Fréchet spaces entirely impossible. There are
weaker versions of the inverse function theorem in Fréchet spaces which can be used to prove
interesting things such as the Nash-Moser embedding theorem. Hamilton’s article [Ham82]
is a good reference for these things. But it turns out that there is another way out for us.

2.4.2 A glimpse at the functional analytic setup

A common way out of the problems is to work with L? Sobolev spaces, a class of Hilbert
spaces which Interacts particularly well with elliptic operators.
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Sobolev spaces. To keep things simple, we take M to be closed and oriented. If £ — M
is any real or complex vector bundle equipped with a bundle metric, then we have a real
L?—inner product

wmozﬁﬁmwwhmM (6. € T(E))

where the real part is obvious irrelevant in the real case. In the complex case, we write
(¢,0)c = [, (¢, ¢) volp for the Hermitian inner product. The L? norm is defined by

wﬁzwwz@mef

Note the use of different brackets to distinguish L? and point-wise inner products and norms.
If V is any connection on F, we define the Sobolev norms

k
lolz = S [I9%6]|. (2.4.7)
1=0

The completion of I'(E) with respect to || ||, is the Sobolev space Li(E). The Sobolev
spaces are Banach spaces, in fact, they are Hilbert spaces. It is well known from the
theory of partial differential equations, that they are particularly well-suited to study elliptic
differential operators.

Sobolev completion. Now let (S, p) be a spinor bundle over a closed, oriented 4-manifold X
representing s € Spin (X). We fix a (smooth) spin® connection Ay € A(S) and an inte-
ger k > 3. Recall that Co(X,s) and D(X,s) are spaces of sections of vector bundles. We
consider their Sobolev completions

c(X,s) = L2(iT* X & ST) (248)
DM (X,s) = L3(iAN2X @ S7)

Proposition 2.28. For k > 3, the based monopole map extends to a continuous map
So: ¢ (X, 5) » DW) (X, 5). (2.4.9)
This is a smooth map of Hilbert spaces. The derivative at (a, ) € Cékﬂ)(X, s) s given by
dFo(a,¢): € (X,5) - DV (X, )
dFo(a, 9)(b,¥) = (470, D) + (= a(¢,¥) — q(,9), p(a) + p(b)¢)

Proof. The continuous extension is provided by the mapping properties of differential oper-
ators on Sobolev spaces and the Sobolev multiplication theorem. By continuity, it suffices
to compute dF(a, ¢)(b,v) for smooth configurations. Recall that Fo = L + Q. The linear
part L does not cause any trouble and we get

do(a, 0)(b, ) = F|,_,Fo(a +tb, ¢ + t)) = L(b,v) + dQ(a, §)(b, ) (2.4.11)
For the quadratic part, we find
dQ(a,8)(0,v) = G|, (36 — a(¢+ 1,6 + ty), pla+tb)(¢ + tv)))

Note that dFo(a,d) = L + dQ(a, ¢) is a linear first order differential operator with the
same principal symbol as L (since dQ(a, ¢) has order zero).

(2.4.10)
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Hilbert manifolds and Fredholm maps. Passing to L? Sobolev completions makes
puts us into an analytic setting that is a close to the finite dimensional situation as possible.
We briefly review the definitions and theorems that are most relevant to Seiberg—Witten
theory.

Definition 2.29 (Hilbert manifolds). A Hilbert manifold M is a second countable Hausdorff
space which is locally homeomorphic to open subsets of a separable Hilbert space.

Since all separable Hilbert spaces of infinite dimensions are isomorphic, the definition
is unambigious. Moreover, the basic theorem of calculus work in Hilbert spaces and we
can define smooth structures and smooth maps as in the finite dimensional setting. As in
finite dimensions, we assume that all Hilbert manifolds implicitly carry a smooth structure.
Tangent spaces and tangent bundles can be defined either in terms of charts or using (germs
of) smooth curves. Each tangent spaces is isomorphic to the model Hilbert space, but not
canonically so.

Definition 2.30 (Fredholm maps). A smooth map F: M — N between Hilbert manifolds
is called a Fredholm map if its derivative

dF(p): TyM — T]:(;,)N (2.4.12)

is a Fredholm operator for each p € M, that is, dF(p) has closed range and finite dimensional
kernel and cokernel.

Critical points and regular values are defined just as in finite dimensions. We have the
following version of the regular value theorem.

Theorem 2.31 (Regular value theorem). Let F: M — N be a smooth map between con-
nected Hilbert manifolds. If ¢ € N is a regqular value, then F~'(q) is a smooth Hilbert
submanifold of M. Its tangent spaces are canonically identified as

T,F~H(q) ZkerdF(p), peF '(q).
If F is a Fredholm map, then F~1(q) has finite dimension
dim F~*(¢) = indg dF(p). (2.4.13)

For Fredholm maps, there is also a version of Sard’s theorem. Recall that a Baire set is
a set that can be written as the countable intersection of dense open subsets. It is known
that every Hilbert manifold has the Baire property that every Baire set is dense.

Theorem 2.32 (Sard-Smale theorem). Let F: M — N be a Fredholm map between Hilbert
manifolds. Then the set of reqular values is a Baire set and, in particular, dense in N .

2.4.3 The gauge group action

The Seiberg—Witten equations have a large symmetry group. This is feature, not a bug, and
will eventually lead us back to a T—equivariant topology.

The gauge group. For the moment, we consider a spinor bundle (S, p) over a general
n—manifold M again. The natural symmetry group of (S, p) is the multiplicative sub-group

Uy(S)={U: S — S|U is unitary and Clifford linear} C I'(Endc(S)). (2.4.14)

As it turns out, U,(S) is independent of (S, p). Indeed, we know from Lemma 2.6 that
every Clifford linear U € Endc¢(S) is given by multiplication with a complex valued func-
tion u: M — C, and if U is also unitary, we must have u: M — T. We can therefore
identify U,(S) with the group

G(M)=C>(M,T). (2.4.15)
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We refer to G(M) as the gauge group of M. The point-wise multiplication and inversion are
continuous in the C* topology which makes G(X) a Fréchet Lie group with Lie algebra

LieG(X) = Q°(M;iR). (2.4.16)

The gauge group G(M) has canonical actions on I'(S) (and I'(S*) for n even) by fiberwise
scalar multiplication, and also on A(S) by conjugating covariant derivatives with the action
on I'(S) (see Exercise 8.1). The action of u € G(M) on A € A(S) can be understood rather
explicitly in terms of the affine structure of A(S) as

uA = A —utdu € A(S). (2.4.17)

Here we think of G(M) as a subset of QY(M;C) to form du € Q'(M;C) and u~! indicates
point-wise inversion in T. To justify (2.4.17), we have to argue that u~'du € iQ' (M) which
follows from the computation

utdu = u=1ldu = ud(u™') = —uu"?du = —u"'du. (2.4.18)
For later reference, we note that a similar calculation shows that u~'du is always closed:
d(u™tdu) = d(u™) Adu = —u"2du A du = 0. (2.4.19)
Lastly, we let G(M) act on forms w € Q*(M; C) of mixed degree via
u-w=w—u ‘du. (2.4.20)

Note that the action is trivial on QF(M;C) for k # 1.
We will need to understand the action of G(M) on A(S) x I'(S) in some more detail.

Lemma 2.33. Let (S, p) be a spinor bundle over M.

(i) The G(M)-action on I'(S) is free away from 0 € T'(S) which is a fived point. The
action is C-linear and unitary with respect to the Hermitian L? inner product.

(i) The G(M)-action on A(S) has constant stabilizers
G(M)(a,4) = G(M)

where GS(M) C G(M) is the subgroup of locally constant maps M — T. In particular,
if M is connected, then G(M)a,4) = T.

Proof. For (ii) note that u: M — T is locally constant iff du = 0 iff u='du = 0. If M is
connected, then any such u is constant. (i) is obvious. O

The following terminology is commonly used in the literature on Seiberg—Witten theory
(and, more generally, gauge theory).

Definition 2.34 (Reducible/irreducible). A configuration (A4, ¢) € A(S) x I'(S) is called
irreducible if ¢ # 0. Configurations of the form (A, 0) are called reducible.

As an immediate consequence of Lemma 2.33, we get:

Corollary 2.35. The diagonal G(M) action on A(S) x T'(S) is free away from the reducible
configurations (A,0) each of which has stabilizer G¢(M).

Remark 2.36. For technical reasons, it is also necessary to introduce Sobolev completions
of the gauge group G(M). By the Sobolev embedding and multiplication theorems, for
2(k+1) > n the Sobolev space L7, (M, C) consists of continuous functions and is a Banach
algebra with respect to pointwise multiplication. We define

G*H () = {u € L2, (M, ©) | u(w)] = 1¥a € M)

and note that this is a Hilbert Lie group which acts smoothly on L7 (AfM) and L3 (S).
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The monopole maps and the gauge group action. In the 4-dimensional setting, the
gauge groups acts on the sources and targets of the monopole maps.

Lemma 2.37. Let (S, p) be a spinor bundle over a J—manifold X.

(i) The monopole maps §: C(X,s) — D(X,s) is G(X)-equivariant.

(ii) The preimages ' (n,0) with n € iQ2 (X) are G(X)—invariant.
The same statements hold for Fo: Co(X,s) — D(X,s) and Fy ' (n,0) and its Sobolev com-
pletions Cék—H)(X,ﬁ) — DW)(X, 5) with the action of G*+2)(X).

Proof. We focus on §, since the arguments for §o are analogous. We first note that (ii)
follows from (i) and the observation that (n,0) € D(X,s) is G(X)-fixed. For (i) we have to
show that

F(ud, up) = uF(A,¢) = (5Far — q(6), uDad) (2.4.21)
We first note that
(ug)(ug)” = uu(¢p”) = ¢¢* (2.4.22)
which implies ¢(u¢) = q(¢). Next, recall that d* = P*d where Pt = 1(id +*). Now (2.4.18)
gives

d*(u"tdu) = %(* +id)d(u " du) = 0. (2.4.23)
From (2.4.17) and (2.3.12) we get
Er, =Fq —2d"(u 'du) = F, (2.4.24)
and thus
F(uA, up) = (3Fac — q(4), Dua(ug)). (2.4.25)

Finally, using Lemma 2.24 we get
Dya(u) = uDyad + p(du)p = u(Dag — p(u™"du)e) + p(du)p = uD ¢ O
Loosely following [KM07, Def. 1.3.1], we define
N, (X,s) =5 421,0)/G(X) C C(X,s)/G(X) =: B(X,s) (2.4.26)

and refer to N, (X,s) as the monopole moduli space with perturbation n € iQ% (X). The
following theorem summarizes the most important properties of these spaces.

Theorem 2.38 (c.f. [KMO07, Theorem 1.4.4]). Let X be a closed 4-manifold with by (X) > 1.
There is a dense set of forms n € iQ2(X) for which N,(X,s) is a compact, orientable
manifold without boundary of dimension

dim N, (X, s) = (b1(X) — b (X) — 1) + 2indc (DY)
1, (2.4.27)
= 1 (A(SMX] - 20(X) — 30(X))

We will not prove the entire result, but only indicate how it comes together.

Coulomb gauge fixing. As mentioned earlier, the linear part of the Seiberg—Witten
equations is not elliptic. This can be remedied with the help of the gauge group. Since
the arguments are not specific to dimension 4, we consider a general manifold M which we
assume to be closed.

Definition 2.39. Let (S, p) be a spinor bundle over M and Ay € A(S). We say that
A=Ay +a € A(S) is in Coulomb gauge with respect to Ag if it satisfies the Coulomb
condition d*a = 0.

42



Lemma 2.40. Let (S, p) be a spinor bundle over a closed manifold M and Ay € A(S) a
fized spin® connection. For every A = Ao+ a € A(S) we can find v € G(M) such that

d*(a — v tdu) = 0. (2.4.28)
In other words, every spin® connection can be put into Coulomb gauge with respect to Ayg.
Proof. We try to find u of the form u = ef for some f € iQ°(M). We compute
utdu = e Fdel = e Teldf = df (2.4.29)
and note that the equation (2.4.28) becomes
Af =d"df =d*a. (2.4.30)

This is a special case of the Poisson equation which can be solved using the Hodge decom-
position. O

Clearly, if A is already in Coulomb gauge with respect to Ag, then ud = A — u~'du is
in Coulomb gauge if and only if u € G(M) satisfies d*(u='du) = 0. In this case, we call u
harmonic and define the harmonic gauge group as

G"(M) = {u e g(M)

d*(u'du) =0} . (2.4.31)

2.4.4 The Seiberg—Witten—Coulomb system

Now let (S, p) be a spinor bundle over a closed 4-manifold X again. We say that a con-
figuration (A, ¢) € C(X,s) is in Coulomb gauge with respect to Ag € A(S) if A = Ag+a
with d*a = 0, that is, if A is in Coulomb gauge. According to Lemma 2.40, we can find
a gauge transformation of the form u = ef such that (uA,u¢) is in Coulomb gauge. Since
the Seiberg—Witten equations are gauge invariant by Lemma 2.37, every gauge equivalence
class of monopoles has representatives which solve the Seiberg—Witten—Coulomb system

dta—q(¢)+3FF=0 Dap=0 d'a=0. (2.4.32)

where the first equation is just the monopole equation %FL = ¢(¢) rewritten in terms of a.
Adding the Coulomb condition d*a = 0 effectively reduces the symmetry of the equations
from the infinite dimensional gauge group G(X) to the finite dimensional harmonic gauge
group G"(X). In addition, it also takes care of the failure of d* to be elliptic.

Lemma 2.41. The operator d* +d*: Q(X) — Q°(X) & Q2 (X) is elliptic. If X is closed,
then d* + d* is Fredholm with index

indg (d* +d*) = by (X) — b (X) — bo(X). (2.4.33)
Proof. (1) The symbol of d* + d* is readily computed as
Ogrrqr (§)a=—Ea+ PH(ENa) = PT(ENa) - (a,€) (2.4.34)

Since A'X = T*X and A°X & A3 X both have rank 4, it suffices that og. g+ () is
injective for £ # 0.

Suppose that a, & € T X are both non-zero with {(a, £) = 0. We may assume that |a| = [{| =1
and extend a, ¢ to an orthonormal basis of T X. Then P* (£ Aa) is part of an orthonor-
mal basis of Af_T:X and, in particular, non-zero. In particular, we o4« g+ (§)a # 0.
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(2) The kernel of d* + d* can be determined explicitly. We have
(d*+dNa=0 & d'a=0,da=0 < da=0,da=0 (2.4.35)
The first equivalence is obvious. For the second, note that d*a = 0 trivially implies
0 =2d*d"a = d*(da + *da) = d*da + *d ¥* da = d*da. (2.4.36)
Since M is closed, d* is the L? adjoint of d and we get
0 = (a,d"da)o = ||dal|, - (2.4.37)
Now the Hodge and de Rham theorems give
ker(d* +d%) = H'(X) = H'(X;R).
where H*(X) is the space of harmonic kforms.

(3) The cokernel of d* +d™ is isomorphic to the kernel of the adjoint (d* +d*)* = (d*)* +d.
We claim that
(@ +dT) =d" +d: Q2(X)® Q(X) = QYX). (2.4.38)

Obviously, we have d** = d and (d*)* = d* follows from the identity Now, for n € Q3 (X)
and a € Q1(X) we have

(dta,n) = (da,n) = (a,d*n), a€Q(X),ne Q% (X). (2.4.39)

If we add f € Q°(X) to the mix, we get (d* +d*)(n, f) = d*n + df and, since d?, the
summands are orthogonal and we get

d'n+df =0 < d'n=0,df =0. (2.4.40)
Lastly, for n € Qi(X) we have d*n = 0 iff dn = 0. Altogether, we find
coker(d* +dT) 2 H3 (X) & H(X) (2.4.41)

Where H2 (X) is space of self-dual harmonic 2-forms. Again, Hodge-de Rham theory
shows that H2 (X) has dimension b3 (X).
O

The L? orthogonal complement of the constant functions in Q°(X) consists of those
functions that integrate to zero on each component of X. Denote this space by Q9(X). The
Hodge decomposition gives another description:

Q5(X) = d*Q*(X). (2.4.42)

Now d* + d* naturally maps into QJ(X) & Q3 (X). Replacing Q°(X) with Qf(X) in the
codomain of d* +d* removes H°(X) from the kernel of the adjoint. The result is a Fredholm

operator
dy+dT: QNX) - QX)) Q2 (X), aw (d*a,da). (2.4.43)

whose index is given by
indg(d +d*) = b1 (X) — b3 (X). (2.4.44)

We now proceed as with the standard Seiberg—Witten equations and consider the map
So: iIHX) @ T(ST) = iQ(X) ® Q1(X) & T(S7)
Co(X,s) ::5(){,5) (2445)
Foa.9) = (d"a.d*a—q(¢) + 5 F5, Do + p(a)d).
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Here we choose iQ3(X) over iQ°(X) in order to give 3o a chance to have regular values.
Indeed, the derivative is given by

dFo(a, 9)(b 9) = (d"b, dFo(s, 9) (b, 0)). (2.4.46)
If we worked with iQ°(X), the first component could never be surjective.

Proposition 2.42. For every integer k > 3 the map %0 extends continuously to a smooth
Fredholm map
So: ¢ (X, 8) » DH) (X, 5). (2.4.47)

If ¢ = (f,n,0) € 5(X,s) is a reqular value, then %gl(q) is a smooth manifold of finite
dimension

dim §5 1 (q) = indg(df + d*) + 2indc (DY)

= by (X) = B (X) + (a1 (S?[X] = 0(X) (24045

= (e (1X] - 20(X) - 30(X)) + bo(X)

Proof. The continuous extension is obvious. Note that d%o(a,@ has the same principal
symbol as L(a, ¢) = (d*ap,d"a, D$) which is elliptic and therefore Fredholm. According to

Theorem 2.31, §, ' (¢) is a smooth manifold of dimension

dim F5 ' (¢) = indg (L) = indg(dj + d*) + 2indc (DY)
(2.4.49)

= 51(X) ~ b5 (X) + (@2(ST[X] ~ 0(X).

The last equality follows from Theorem 2.27 and Lemma 2.41. Rearranging the terms using

X(X) = B (X) b5 (X) = 201(X) + 200(X) 150
o(X) = by (X) = by (X)
gives the desired formula. O
Given n € L3 (iA%), we obtain a G"(X)-invariant subspace
N(X,5) = §5(0,2n,0) = {(a,¢) e CV(X,5) | Fola,0) = <0,n,0>} . (2451)

We want to compare these spaces with the moduli spaces N,(X,s) defined in (5.4.1) for

smooth 7. The first thing to note is that the apparent dependence on k is not really there.

Theorem 2.43 (Regularity). If n € iQ?% (X) is a smooth form, then ]\Nfék)(X, s) 4s indepen-

dent of k > 3 and consists of smooth configurations. In that case we simply write N,(X,s).

Proof (sketch). This essentially follows from the ellipticity of the operators d* +d* and DT

by a technique known as “elliptic bootstrapping”. The basic idea is to write the defining
equations for N,(X,s) as

(d* +d)a = (0,—3F +2n+q(9)) (2.4.52)

Dt ¢ = —p(a)é. (2.4.53)

The ellitptic regularity theorem says if u is a weak (distributional) solution of Pu = v

where P is a linear elliptic differential operator of order £ over a closed manifold and v € Li,
then w is an LﬁH section.
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We can use this to argue inductively that
(a,9) € Ly, = (a,¢) €L, Vk>3. (2.4.54)

Indeed, the Sobolev multiplication theorem gives p(a)¢p € L% 41 and elliptic regularity
for Dt implies ¢ € L2 4o- Another application of the Sobolev multipliation theorem
gives q(¢) € Li,, and elliptic regularity for d* + d* shows a € L3, ,. Repeating this
argument indefinitely we can conclude (a, ¢) € C*° using the Sobolev embedding theorem.

This shows that the inclusion NékJrl)(X,s) — Nék)(X,s) is a continuous bijection
for £k > 3. The continuity of the inverse follows from the Rellich lemma which states
that that the inclusion L7, < L}, is a compact map. O

While Theorem 2.43 is concerned with the regularity of elements of ]\an(X ,5), we next

address the regularity of Nn (X, s) as a space. This issue is often referred to as transversality
in this context.

Definition 2.44 (Regular perturbations). We say that n € iQ2 (X) is regular if (0,2n,0) is
a regular value of Fo: Cékﬂ)(X,s) — DW) (X, s) for all k > 3.

Recall that a Baire set is a set that can be written as the countable intersection of dense
open subsets and that every Fréchet space, such as iQF (X), has the Baire property that
every Baire set is dense.

Theorem 2.45 (Transversality). The set of regulgr n € i3 (X) is a Baire set and, in

particular, dense in iQ2 (X). If n is reqular, then N,(X,s) is a finite dimensional smooth
manifold on which G"(X) acts smoothly. The dimension is given by (2.4.49).

Proof (sketch). The manifold properties of NW(X, 5) and smoothness of the G" (X )-action are
immediate from the definitions and Proposition 2.42. The abundance of regular n € iQ3 (X)
essentially follows from the Sard-Smale theorem (Theorem 2.32), with the caveat that we
are looking for regular values that live in a subspace of infinite codimension. We outline the
proof given in [Sal99, Chs. 7.2 & 8.4].

(1) The first step is to show that zero is a regular value of the map
CI V(X 5) = iLRON(X) @ LE(S7), (a,0) = (d"a, DY 6+ pla)p)  (2.4.55)
for k > 3 where L7Q§(X) is the L} completion of Q3(X).
(2) The zero set Z of (2.4.55) is then a smooth Hilbert submanifold of Cék+1)(X,5) and
Z = LA X), (a,0)—da—q(¢) + 3Fy (2.4.56)

is easily shown to be a Fredholm map. The preimage of 2n € iLi(AiX ) coincides
with N,(,k)(X,ﬁ) and 27 is a regular value of (2.4.56) if and only if (0,2#,0) is a regular
value of the relevant completion of §o.

(3) The Sard-Smale Theorem 2.32 gives a Baire set of regular values in iL? (A2 X) for
each k > 3. The intersection in iL*(A% X) is contained in iQ% (X) by the Sobolev em-
bedding theorem and consists of regular elements (that is, regular values for all Sobolev
completions). Omne can further show that it is dense in the C*® topology and also
in iL3(A2X) for all k > 3. O

Lastly, we address the regularity of the orbit space Z\7,7(X ,6)/G"(X) and its relation
to N,(X,s). The latter is rather straight forward.
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Lemma 2.46. For regular ) € iQ3 (X) there is a canonical homeomorphism
N, (X,8)/G"(X) 55 N, (X,5) (2.4.57)

induced by the embedding %al((), 21,0) < Fo 1(2n,0) that sends (a,¢) to (A + ag, ).

The lemma exhibits N, (X,s) as the quotient of a finite dimensional smooth manifold
by a smooth G"(X)-action. If the action was free and proper, this would give N, (X,s)
a natural smooth manifold structure for which (2.4.57) is a diffeomorphism. Properness
follows from more general compactness theorems (c.f. [KMO07, Theorem 5.2.1]).

Theorem 2.47 (Properness). The G"(X)-action on ]\~/n(X, §) s proper.

However, we know from Lemma 2.33 that the action is only free away from the reducible
configurations (a,0) which have stabilizer G¢(X). As it turns out, it is possible to avoid
reducible configurations in reasonably many situations.

Lemma 2.48 (Avoiding reducibles). If b3 (X) > 1, then the set of regular n € iQ%(X) for

which Kfn(X,s) does not contain reducible configurations is dense in iQ%(X). In that case,
N,(X,s) is an orientable smooth manifold of dimension

dim N, (X, s) = dim N, (X, s) — dim G"(X)
1 (2.4.58)

= £ ((SM?1X] - 2(X) - 30(X).

Proof. (1) The reducible elements (a,0) € Nn(X ,5) are the solutions of the equation
1
2
Put differently, N, (X,s) contains reducible elements iff n = 1 F7 + $d"a.

d*a=0, —-Ff +dta=2n. (2.4.59)

(2) Hodge theory shows that the set of n for which N, (X,s) contains reducibles is an affine
subspace of codimension b3 (X).

(3) If b (X) > 1, then the complement is open and dense and its intersection with the set
of regular perturbations is a Baire set.
O

Remark 2.49 (Orientability). One can also show that Kfn(X ,5) is orientable for regular 7.
One can show that orientations correspond to orientations of the vector space H'(X)dH2 (X)
(c.f. [Sal99, Propisition 7.20]). Moreover, G"(X) acts by orientation preserving diffeomor-
phisms so that N, (X, s) is also orientable in case it is free of reducibles.

At this point, we should remind ourselves that we were hoping to find topological infor-
mation in the about the pair (X,s) in the spaces N, (X,s). A priori, these spaces depend
explicitly on the choice of n and implicitly on the Riemannian metric ¢ on X and the ref-
erence connection Ag. Let v = (g¢, ¢, At)1e[0,1) be a smooth path of Riemannian metrics g
together with perturbations n, € iQ2 (X, g;) and spin® connections on A; € A(S, p;). Note
that the notion of self-duality changes along the path of metric, and so does the Clifford
multiplication on S and thus the entire Seiberg—Witten map. We consider the parameterized
moduli space

W,(X,5) = { (a,6,1) € Co(X. 5) x [0,1]| Fo(a, ) = (0,21,0) }

U Mi(X,s) x {t} € Co(X,5) x [0,1]
te(0,1]

(2.4.60)

where N, (X, s) is the extended moduli space for the triple (g;, ¢, A¢). Similarly, let N (X,s) C B(X,s)
be the moduli space for the pair (g, 7:)
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Theorem 2.50 (Cobordism). There is a Baire set of paths v such that /VIV/W(X,E) is a
smooth G"(X)-manifold with boundary

OW,(X,8) = Ny (X, 8) IT No(X,5). (2.4.61)
The orbit space Wy(X,s) = ,WV(XJ)/Q"(X) is compact and for by (X) > 2 there is a
dense set of pairs v for which W.(X,s) is free of reducibles. In that case, the W, (X,s) is a
cobordism from No(X,s) to N1(X,s). Furthermore, once an orientation on H'(X)®H3 (X)

is fized, the cobordisms W, (X,s) and W,(X,s) have natural orientations.

2.4.5 Seiberg—Witten invariants of closed 4-manifolds

As before, let (X,s) be a closed spin® 4-manifold. In addition to the implicit orien-
tation and Riemannian metric on X, we also fix an orientation pux of the real vector
space H1(X) @ H2(X); this datum is usually called a homology orientation of X. We
also assume that b2i (X) > 2. Recall that

C*(X,5) = {(A,¢) €C(X,5)|® £0} and B*(X,s)=C*(X,s)/G(X) (2.4.62)

denote the spaces of irreducible Seiberg—Witten configurations and gauge equivalence classes
thereof. It follows from Theorems 2.45 and 2.50 that there is a well-defined homology class

[N, (X,s)] € H,(B*(X,s); Z) (2.4.63)

where n € Q3 (X) is any regular perturbation. In essence, this is the Seiberg-Witten
invariant of (X,s). However, the following definition is more common:

Definition 2.51 (Seiberg-Witten invariants). Let (X,s) be a closed spin® 4-manifold
with b3 (X) equipped with homology orientation. The Seiberg—Witten invariant of (X, s) is
the map

(X 5): B (B (X,8)iZ) > Z, m(g]X,5) = (€, [Ny(X,5)]) (2.4.64)
where ( , ) denotes the Kronecker pairing and 7 € i3 (X) is any regular perturbation.

We know at least one element in B*(X,s), namely 1 € H* (B*(X,s);Z). However,
for m(1]X,s) to be non-zero, we need the dimension

dim N, (X, s) = = (e1(ST)?[X] — 2x(X) — 30(X)) (2.4.65)

1
2
to be zero. This is known to be the case precisely when the spin© structure comes from an
almost complex structure on X. In that case, m(1]|X,s) is just the signed counts of points

in the compact, oriented 0-manifold N, (X,s). The higher cohomology of B*(X,s) can be
understood as follows.

Proposition 2.52. Let (X,s) be a closed, connected spin® j-manifold. Then there is a
homotopy equivalence
B*(X,s) ~ CP*> x Pic(X) (2.4.66)

where Pic(X) = HY(X;R)/H*(X;Z). In particular, there is an isomorphism
H*(B*(X,s);Z) = Z[u] @z A"H" (X, Z) (2.4.67)

where u € H?(CP>;7Z) is the first Chern class of the tautological line bundle.
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Proof. Fix Ay € A(S) and consider the subspace
S§*(X,s) ={(Ao+a,¢) € C(X,s)|d"a=0¢ # 0} C C*(X,s). (2.4.68)

Recall that S*(X,s) is preserved by the actions of G"(X) and that the action is free
by Lemma 2.33. According toLemma 2.40, the inclusion induces a homeomorphism

S*(X,s)/G"(X) = C*(X,s)/G(X) = B*(X,s). (2.4.69)
Next we fix a base point 2o € X to split G"(X) into a product
GMX) =T xGHX), GIX)={ueg"(X)]|u(z)=1}. (2.4.70)

One can show that every connected component of G(X) contains a unique element of G(X).
Since T = S! is an Eilenberg-Mac Lane space of type K(Z, 1), we have

GM(X) = mG(X) = HY (X Z). (2.4.71)
In particular, we have a an isomorphism of Lie groups
GMX)=T~HY(X;Z). (2.4.72)
From this we can identify the classifying space of G"(X) as
BG"(X) = BT x BHY(X; Z) = CP*> x Pic(X) (2.4.73)

by noting that Pic(X) is a classifying space for H!(X;Z).

Now, it is a curious fact of infinite dimensional topology that the inclusion I'(ST)\0 < T'(ST)
is a homotopy equivalence with respect to to the C°°—topology; in fact, this hold for ev-
ery separable infinite dimensional Fréchet space (see [And69], for example). In particular,
S*(X,s) is contractible. We would like to argue that S*(X,s) — B*(X,s) is a univer-
sal G"(X) -bundle, making B*(X,s) a classifying space for G"(X) which is unique up
to homotopy equivalence. While S*(X,s) is provably not a CW complex, the bundle
S*(X,s) — B*(X,s) is provably numerable and we can appeal to an analogous unique-
ness statement for numerable bundles. O

The class in H%(B*(X,s); Z) that corresponds to u € H?(CP>;Z) can be described more
explicitly as the first Chern class of the principal T = U;—bundle

S*(X,5)/GM(X) = S*(X,5)/G"(X) = B*(X, ). (2.4.74)

(1) The entirety of the invariants m(-|X,s) as s ranges over all the spin® structures on X is
a diffeomorphism invariant of triples (X, s, ux).

(2) The Seiberg—Witten invariants can be computed fairly explicitly for Kahler manifolds.
In particular, they are not always trivial. The computation goes back to Witten’s
original article [Wit94], see also [Mor96, Ch. 7] for a textbook account.

(3) The Seiberg-Witten invariants are quite fragile. If X = X # X, with b3 (X1), b5 (X2) > 1,
then the Seiberg—Witten invariants of X are known to vanish. In particular, taking the
connected sum with 527><S 2 always kills the Seiberg-Witten invariants. In contrast, the
connected sums with CP?2 retains non-triviality of Seiberg-Witten invariants.

(4) It is a long standing question whether the invariants m(u?| X, 5) can be non-zero for d > 0.
The simple type conjecture states that these invariants should vanish for all closed 4—
manifold with b (X) > 2.

In general, the invariants are notoriously hard to compute.
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2.4.6 Stretching the neck

Let X be a closed oriented 4-manifold and suppose that we are given a decomposition
X=X UX_ (2.4.75)
into compact codimension zero submanifolds X4 with common boundary
Y=0X,=X;NX_. (2.4.76)

Is it possible to recover the Seiberg—Witten invariants of X from similar invariants associated
to X4+ and Y? Recall that the Seiberg—Witten invariants of X are independent of the
Riemannian metric used to define them. This suggests an idea to separate the information
contained in the moduli spaces N, (X, s) into information solely related to X4 and Y. The
idea is to make X cylindrical near Y, to stretch the cylinder to infinite length, and to try
and keep track of the SW moduli spaces. Here the word cylinder needs to be interpreted in
the following geometric sense.

Definition 2.53. Let (Y, gy) be a Riemannian manifold and J C R an interval. The
product J x Y equipped with the cylindrical metric dt?+ gy is called a metric cylinder on' Y
of length L = sup J — inf J.

The neck stretching procedure. We orient Y as the boundary of X, and choose a
metric go on X which is cylindrical near Y in the sense that there is an orientation preserving,
isometric embedding

7: ([-3,3] x Y, dt* + gy) = (X, go) (2.4.77)

where gy is a fixed metric on Y. We write vY for the image of 7 and think of it as a
neck for Y. For the stretching procedure let x: [—3, 3] — [0, 1] be smooth function which is
identically one in a neighborhood of [—1, 1] and zero outside of [—2,2]. We obtain a cutoff
function on X with support in 7([-2,2] X Y') by

p: X = [0,1, plz)= {g<t)7 iefl:e.: m(ty) (2.4.78)

Using this, we construct a family of Riemannian metrics
gs=(1—p)g+pr((1+5)%dt* +g5), s>0. (2.4.79)

Geometrically, as the parameter s increases, the neck Y gets longer and longer. Indeed, the
central part 7([—1,1] X Y) of the neck with the metric g5 is isometric to the to the metric
cylinder [-1—s,14 ] x Y of length 2(s+1). However, note that the underlying manifold X
never changes.

The effect on Seiberg—Witten moduli spaces. We continue with the family of met-
rics (¢gs)s>0 on X. As in the proof of the cobordism theorem, we choose families of spin®
connections A; and perturbations 7y € zQi (X,9s) and consider the parameterized moduli
space
W,(X,5) = [ J{s} x No(X,5) C [0,00) x B(X,s) (2.4.80)
s>0

where v = (g5, As,Ms)s>0 and Ny(X, ) is the moduli space for the triple ;. As before, one
can show that suitable of choices of (Ag,7s) this is a finite dimensional smooth manifold
with boundary on which G"(X) acts smoothly. But this time there is only one boundary
component Ny(X,s) corresponding to the single boundary of [0,00). It turns out that the
limiting behavior of elements z; € Ns(X,s) as s — oo can be understood sufficiently well
to draw interesting conclusions.
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To get an idea of how this works, we think of X as a disjoint union of )o(i =X \Y
and Y. Note that we can rescale the left part of the central neck as

([-1,0) x Y, (1 + 8)%dt* +v) = ([-1,T) x Y, dt* + ). (2.4.81)

In other words, X° = (X,,gs) has a cylindrical end of the form [0,s) x Y. Similarly,
X3 = (X4, gs) has a cylindrical end of the form (—s,0] x Y.

At this point we lose the ambition to be precise and content ourselves with an heuristic
outline of what can eventually be made rigorous:

(1) First of all, it is conceivable that the families of Riemannian manifolds X5 have lim-

its X3° = (Xi, Joo) With infinite cylindrical ends of the form R XY where Ry = +[0, 00).

(2) Assuming that A, and 7, were chosen in a certain way, there are canonical limits AL
and nZ defined on X$°. That certain way means that Ay and 7, should derived from a
pair (Ag, 7o) which is which is translation invariant on 7((—2,2) x Y') in the hopefully
obvious sense (that is also explained below).

(3) One can show then that every sequence z, € Ny (X,s) with s, — oo as n — oo has
limits 2 € Noo (X3, 5).

(4) Moreover, there is a gauge invariant notion of energy for Seiberg—Witten configurations
on X° and every finite energy monopole has a configuration on Y as asymptotic limit
along the neck.

(5) Lastly, the limiting configurations zZ turn out to have finite energy and the same
asymptotic limit.

This suggests a strategy to define Seiberg—Witten invariants of X1 using moduli spaces
of finite energy monopoles on X3°. In doing so, one has to keep track of asymptotic limits.
This road eventually led to the idea of Floer homology groups. Motivated by the above, we
now focus on cylinders J x Y.

2.4.7 The Seiberg—Witten equations on cylinders

Let Y be an oriented Riemannian 3—manifold. We want to study the Seiberg—Witten equa-
tions on the cylinder Z =R x Y. We write ¢ for the R—coordinate and p: Z=R xY =Y
for the projection onto Y. The tangent and cotangent bundles of Z is canonically split as

TZ =R dker(dp) 2RO, ®p*TY and

. (2.4.82)
T*7Z = Rdt @ ker(ip,) X Rdt ® p*T"Y.

The splittings are orthogonal with respect to the cylindrical metric gz = dt? + p*gy and we
orient orient Z using the volume form

voly = dt A p* voly . (2.4.83)

To make sense of Seiberg—Witten equations on Z, we need a suitable spin® structure that
relates to the given one on Y. We start with a general remark about vector bundles over Z.

Bundles over the cylinder. Given any real or complex vector bundle E 5 Y, we let
E=RxEDLRxY =2 #(te)=(tnr(e)). (2.4.84)

Note that £ canonically isomorphic to the pullback p*E in the category of real or complex
vector bundles. Since R is contractible, all vector bundles of Z are isomorphic to a bundle

51

Lecture 14, 11.7.23




of this form. Concretely, if we write i;: ¥ — Z, zt(y) = (t,y) with fixed ¢t € R, then for any
vector bundle F' — Z we have F' = p*ij F' = th

We can conveniently think of section of E is smooth paths of sections of E which,
in turn, we can think of as “time-dependent” sections of E. More precisely, given a
map ¢: R — I'(S), we can form a section ¢ € F(E) by

¢:Z—E, d(t,y) = (t,6(t)(y)). (2.4.85)

Conversely, every section ®: Z — E can be written as ®(t,y) = (¢,p®(t,y)) and thus
determines a path § 5
b: R T(S), B(t)(y) = pd(t,y). (2.4.86)

Ignoring smoothness of sections and paths thereof, the assignments ¢ — <£ and & — & are
easily seen to be mutually inverse isomorphisms of vector spaces. The maps send continuous
sections of F to continuous path of continuous sections of E in the compact open topology
by the adjunction C(R,C(Y,E)) = C(R x Y, E). Since that latter is a homeomorphism,
we even get an isomorphism of tological vector spaces. With a little more work, the same
statements hold for smooth sections with the obvious notion of smooth paths in Fréchet
spaces.

Proposition 2.54 (Exponential adjunction for smooth sections, c.f. [KM97]). Let E — Y
be a real or complex vector bundles over a closed smooth manifold Y. Then the maps
=P

~N

rE
¢

> (R,T(E))

are mutually inverse isomorphisms of Fréchet spaces.

We henceforth identify sections of £ with constant paths in I'(E). Note that the latter
can also be characterized as those sections ¢ € I'(F ) that are translation invariant in the
sense that p®(t,y) is independent of ¢. This can also be expressed as

7@ =® €T'(E) where 7,9(t,y) = (t,p®(t+ s,y)). (2.4.87)
Every connection V on E determines a connection Von E p*E by pull-back. This relation
between V and V is often written informally as
A d

— 2.4.
V=24V (2.4.88)

Concretely, this means that with respect to the splitting 72 = R @ TZ in (2.4.82) the
covariant derivative of V acts on a section of E given by a path ¢ € C®°(R,T(E)) as

Vo, b = % and Vyd=V,p for ve I(TY). (2.4.89)
where (b 42 is the path derivative. The pullback connection V is also translation invariant
in the sense that

T_sV1s® =Vd, seR, (2.4.90)

and this condition characterizes pullback connections on E.

Differential forms on the cylinder. Every differential form on Z = R x Y can be
uniquely written as a sum o = §+ dt Ay with 9,8 = 0 and 0;Ly = 0. The latter condition
characterizes those forms on Z that can be written as a path of forms on Y. Indeed, the
splitting for 7*Z in (2.4.82) gives one for the exterior powers of its complexification

APZ 2 p*(ARY @ AR'Y) = ARY @ AR"'Y (2.4.91)

This gives a path interpretation of differential forms on Z.
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Corollary 2.55. Every w € QP(Z;C) can be uniquely written as
w=1n+dtNx. (2.4.92)

where n € C®°(R,QP(Y;C)) and x € C®(R,QP~1(Y;C)). For A € QP(Y;C) the pulled back
form p*\ € QP(Z; C) corresponds to the constant paths n = X and x = 0.

The de Rahm differential, the codifferential, and the Hodge operator on Z are related to
their analogues on Y by the following formulas whose proofs we leave as an exercise.

Lemma 2.56. Letw = f+dtAx € QP(Z) withn € C°(R,QP(Y;C)) and x € C>®(R,QP~1(Y;C)).

*zw = *ky x + (—1)Pdt A %y (2.4.93)
dyw = dyn + dt A (1) — dyx) (2.4.94)
s = (dyn — %) +dt A dx (2.4.95)

From (2.4.93) applied to w € Q?(X) we immediately see that
kZW =W & N =*yX. (2.4.96)

This means that self-dual 2—forms on Z correspond to paths of 1-forms on Y. Concretely,
we have a bijection

C=(R,QY(Y)) = Q2(Z), b wyb+dt Ab. (2.4.97)
Combining (2.4.93) and (2.4.94) for a = b+ édt € iQ'(Z) we find
d;a::%@H4*ydyb4-b-dy@y4-%th(*ydyb4-b-dycyeiQi(mn. (2.4.98)
So dja € iQ2 (Z) corresponds to the path 3 (b + *ydyb — dyc) in iQ'(Y).

Spin¢ structures on cylinders. There is a one-to-one correspondence between spin®
structure on Y and Z = R x Y. Recall that p: Z — Y is the projection onto Y. We also
consider the embeddings i;: Y — Z, y — (t,y) for t € R.

(1) If (Sz,pz) is a spinor bundle over Z, then we obtain a spinor bundle for Y via
Sy =isS5,  py(a)d = —pz(dt)pz(p"a)o. (2.4.99)
The sign ensures the orientation condition (2.1.2) in Definition 2.4.
(2) Conversely, if (Sy, py) is a spinor bundle for Y, we obtain one for Z by taking
Sf =28y and Sz;=S; @S, =5 @58 (2.4.100)
with Clifford multiplication given by the block matrices
pz(dt) = (1(()1 _Oid> and pz(p*a) = (pyo(a) pYO(a)> fora e T*Y. (2.4.101)
One can check that the first summand S}' is also the positive eigenspace of the chirality
operator ay = pz(i2voly).

The verifications that both constructions define spinor bundles and are mutually inverse up
to isomorphism are straight forward. As an aside, we point out that our conventions are the
same as those in [KMO07, §4.3 & §4.5], but one should be aware that different authors might
set up the correspondence differently.
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The quadratic terms on Y and Z. From now on we will assume that Z and Y carry
spinor bundles that are related as in (2) above. Applying Proposition 2.54 to S% = Sy we
get a path description of spinors:

I'(S%) = C>®(R,[(Sy)) (2.4.102)

In particular, given a path C>(R,I'(Sy)) we can construct an endomorphism of S} in two
ways. On the one hand, we have the path of endomorphisms ¢¢* of Sy which can be viewed
as a single endomorphism

$d* = ¢¢* € Ende(SE). (2.4.103)

On the other hand, Corollary 2.15 gives a path p{,l((;w*)o in iQ(Y)) which, in turn, deter-
mines an element of Q% (Z) via the isomorphism in (3.2.2). The latter is taken by pz to
a self-adjoint, trace-free endomorphism of S} (see Corollary 2.16). It should not be a big
surprise that both constructions are related.

Lemma 2.57. Let (Sz,pz) be a spinor bundle on Z = R x Y derived from a spinor bun-
dle (Sy,py) onY, and ¢ € R — T'(S) a path corresponding to ¢ € I'(S}). Then

07 (380 = 5 (Cev oy (667 )o) + A (07 (69 )o))- (2.4.104)

Proof. By construction, we have

pz(dt A (o5 (66")0)) = p2(dD)iy (03 (867)0)) = —(36")o (2.4.105)

where the minus sign is the action of pz(dt) on S . Similarly, we find
pz (v py (667 )o)) = —(60")o (2.4.106)
where the minus sign comes from our orientation conventions for Clifford multiplication in
odd dimensions, which yields py (*ya) = —py (a) for all a € Q}(Y). O

Spin® connections and Dirac operators on cylinders. Next, let us fix a spin® con-
nection By € A(Sy) for reference and write By for the induced connection on Sy 2 p*Sy-.
The sum with itself gives a translation invariant spin® connection

Ao = By ® By € A(S2). (2.4.107)

We take this Ag as a base point for A(Sz) and write any other spin® connection on Sz in
the form )
A= Ao +a= Ao + b+ cdt. (24108)

where a € iQ!(Z) corresponds to paths b € C°°(R,iQ(Y)) and ¢ € C*(R,iQ°(Y)) = iC>(Z).
Following [KMO07, Def. 4.4.1], we note that the connection

A= Ag+be A(Sz) (2.4.109)
given by the first two summands can be interpreted as a path of connections
B=By+be COO(R,A(S)/» (2.4.110)

which is, in fact, independent of the choice of By. In general, A does not determine A, since
the information contained in ¢ cannot be recovered from A. This discrepancy between spin®
connections on Sz and paths thereof on Sy can be fixed using the gauge group action.

Definition 2.58 (Temporal gauge). A spin® connection A € A(S%) is in temporal gauge if
it can be written as A = Ay + b for some By € A(S) and b € C*(R,iQ}(Y)).

54



Lemma 2.59 (Temporal gauge fixing).

(i) For every A € A(Sz) there is a gauge transformation of the form u = '/ € G(Z) such
that uA is in temporal gauge.

(ii) Let A € A(Sz) be in temporal gauge and v € G(Z). Then uA = A —u~tdu is also in
temporal gauge if and only if Opu = 0, that is, u(t,y) = up(y) for some ug € G(Y).

Proof. (i) Write A as in (3.2.4). For u = ¢/ we have
wldu = idf = i(8,f dt + df) (2.4.111)
and thus
wA=A— (utdu) ®@id = Ag +i(b— df) ®id +i(c — O.f) dt @ id. (2.4.112)

Define u = e/ with f € C>°(Z) given by

flty) = /O c(s,y) ds. (2.4.113)

Then 0;f = ¢ so that ©*A is in temporal gauge.
(ii) For arbitrary u € G(Z) and A € A(Sz) in temporal gauge, we find
wA=A— (uldu) ®id —(u10u) @id. (2.4.114)
Since v~ 'du € T'(p*T*Y), the connection u*A is in temporal gauge iff 9;u = 0. O

Combining the maps C*°(R, A(Sy)) — A(Sz) and T'(S}) = C*°(R,'(Sy)) with Lemma 3.2,
we arrive at the following conclusion:

Corollary 2.60. The map C*(R,C(Y)) — C(Z) induces a homeomorphism
C™(R,C(Y)/G(Y)) =50(2)/6(2) = B(Z). (2.4.115)

Remark 2.61. While conceptually convenient, the temporal gauge condition is not perfect.
Unlike the Coulomb condition on closed manifolds, it does not reduce the Seiberg—Witten
equations to an ellitpic system. The temporal gauge condition is also generally incompatible
with the Coulomb condition d%a = 0 on the cylinder. However, there are tricks around this
that will be discussed next semester.

Back to a general connection A = A+ édt. We recall from (2.4.89) that vBo = % +VBo,
Using this and the definition of pz gives

D}é = (¢+ Dpo+co) = (6+ Do+ p(b)d + c). (2.4.116)
We can also write this as

d
D} = prias Dp +ec. (2.4.117)

Lastly, we note that we have an isomorphism of determinant line bundles
det(sz) = A2(S}) = AZ(8y) = det(sy) (2.4.118)
and that the curvature of A is related to that of By by
Far =p*Fgy = Fgy. (2.4.119)
From this we can deduce that

SFae = $Fa +dz(b+cdt) = (Fpi + dyb) +dt A (b— dyc). (2.4.120)
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The Seiberg—Witten equations as a gradient flow equation. Now let (4,®) € C(Z)
be a Seiberg-Witten configuration. As in the previous section, we write A = Ag + b+ edt
and ® = ¢ with smooth paths b, ¢, and ¢ in iQY(Y), i € The Seiberg-Witten equations
for A= Ag + b+ édt take the form

Dj<I>:0 ¢ =—(Dpo+ cod)
3Fh =07 (@9")o =0 b= —(*y dyb—dc+py'(¢9) + *v 5 Fpy)

If A happens to be in temporal gauge, then ¢ = 0 and the equations simplify to

Di®=0 ¢ =—(Do+ p(b)o)
3F4 =07 (@9%) =0 b=—(*y dyb+ py'(69) + *y 5 Fpy)

Note that the equations on the right hand side are formally a negative flow equation in the
based configuration space Cy(Y). Th generator is the Seiberg—Witten vector field

* Sl * 1 t
X:Co(Y) = ColY), X(b,o) = ( YdYb*qub fbj)b); vaF Bo) (2.4.121)

in terms of which the equations can be written as

(b,¢) + X(b,¢) = 0. (2.4.122)

Moreover, it turns out that X(b, ¢) can be considered as the gradient of a smooth function
L:C(Y) =R, (2.4.123)

called the Chern—Simons—Dirac functional (CSD), with respect to the (real) L? inner prod-

uct on Co(Y'). The CSD functional is defined as

L(b,¢) = %(oz Dpg)o + 5 (b, #ydyblo+ 5 (b xy Figy)o (2.4.124)
2

(¢, D)o + 3(b, *ydyb)o + (6, p(b)¢)o + 5 (b, *y Fpe )o
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Part 11

Monopole Floer Homology and
Seiberg—Witten—Floer
homotopy types
(WiSe 2023-2024)
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Chapter 3

The Seiberg—Witten equations
on cylinders revisited

3.1 Recollections from last semester

Notational conventions. Let’s begin by reviewing with some notational ground rules
from last semester:

» All manifolds are implicitly assumed to be smooth, oriented, and equipped with a Rie-
mannian metric.

» All vector bundles are implicitly equipped with bundle metrics.

v

M stands for any n—manifold as above (possibly non-compact and/or with non-empty
boundary)

X is reserved for 4—dimensional manifolds which are compact by default.
Y is reserved for closed 3—manifolds.
T is the unit circle group.

Spin® structures are represented by spinor bundles (S, p) (see Section 2.1)

vV v v v'vY

A(S) is the space of spin® connections

Floer homology and Conley index theory in finite dimensions. We first studied
how a Morse—Smale pair (f,€) on a closed manifold M gives rise to a chain complex, called
Floer complex, which computes the homology H, (M) by studying the flow ¢ on M generated
by the equation &+ £(z) = 0. A particularly important aspect was a compactness result for
spaces of “broken {—trajectories”:

Theorem (c.f. Theorem 1.7). Let (f,§) be a Morse-Smale pair and p,q € Crit(f). The
moduli spaces M (p,q) have compactifications given by

p(p)—p(q)
M(p,q)=M(p,q)u | U M@o.pr)x - x Mp,_1,p)  (3.1.1)

r=2  DP=P0o,P1;---,Pr=¢

with a suitable topology. The space M (p,q) has the structure of a smooth (u(p) — u(q) — 1)~
manifold with corners.
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We then introduced the concept of isolated invariant sets S C X for ¢ and noticed that
we can construct a Floer complex CF (S, ¢) by simply restricting to the critical points in S.
However, we realized that CF(S, ¢) does not compute the homology of S, but rather of the
Conley index of S with respect to ¢. The latter was defined in terms of index pairs (N, E)
for S as the based homotopy type C(S, ¢) = [N/E].

We then added actions by a compact Lie group G to the mix and discussed equivariant
generalizations. We realized that Conley index theory generalizes easily by “putting a G-
everywhere”, but noted that the story for Floer homology was less straight forward. On
the one hand, there are technical problems related to the failure of transversality in the
equivariant context. On the other hand, there is the philosophical question what “equivariant
homology” should be. We opted for the notion of Borel homology which is defined for a G—
space X as

HE(X) = H.(EG xg X), (3.1.2)

where EG is a universal G—space. The space X, = EG xXg X is called the Borel con-
struction and is the total space of a fiber bundle pg: Xpg — BG over the classifying
space BG = EG/G. We ended this discussion by indicating possible Morse theoretic descrip-
tions H (M) for smooth G—manifolds M and emphasized the role of the circle group T = U;.
We will come back to this soon.

The Seiberg—Witten equations on 4—manifolds. We then switched subjects and dis-
cussed the spin® structures and the Seiberg—Witten equations

LPh=p 0600 Dav=0 (3.1.3)

on a spin® 4-manifold X with spinor bundle (S, p) representing a spin® structure s. Here A
is a spin® connection and ¢ a spinor, that is, a section of S. Once we had learned how to
read the equations properly, we mostly focused the case when X is closed.

We introduced the configuration spaces

C(X,s) = A(S) xT'(S) and Co(X,s) =i (X)@T(S) (3.1.4)

where A(X) is the space of spin® connections which is an affine space over iQ!(X) and the

affine structure gives a homeomorphism Cy(X,s) = C(X,s) sending (a,9) to (Ao + a, @)

where Ag is any fixed spin® connection. Moreover, there was an action by the gauge group

G(X) =C>(X,T) where u: X — T acts on (4, ¢) as u(A, ¢) = (A—u"1du, ¢) and on (a, ¢)
as u(a, ) = (a — u~tdu, ¢).

Solutions to the Seiberg—Witten equations are the zero sets of the Seiberg—Witten map

F: A(S) x T(ST) =i (X)aT(S7)

§(A, ¢) = (3FL — ale), Dig). (3.1.5)

which is G(X)—equivariant.
In the case of a closed 4-manifold, the main trick was to enlarge the Seiberg—Witten
equations to the Seiberg—Witten—Coulomb system

dfa—q(¢)+LFf =0 Dap=0 d'a=0 (3.1.6)
whose solutions form the zero set of the map
So: X)) ®T(ST) = iQ(X) ® Q2(X) @ T(S7)
Co(X,5) —D(X,) (3.1.7)
Fola,0) = (d"a,d"a — q(¢) + 3 F§, Do + p(a)o).
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which has is equivariant with respect to the harmonic gauge group
G"(X)={ueg(X)|d (utdu) =0} 2T x H'(X;Z). (3.1.8)

In particular, if X is connected with b;(X) = 0, then G"(X) = T which explains our interest
in circle actions. The main insight was that the regular level sets of §0 are smooth, finite
dimensional G"(X)-manifolds whose orbits spaces are compact and, at least for suitable
regular values, represent homology classes in

H.(B*(X,s)), B"(X,s)=C"(X,5)/G(X) (3.1.9)

where C*(X,5) = {(A4, ¢) € C(X,s)| ¢ # 0} is the space of irreducible configurations. Out of
these, we obtained the Seiberg—Witten invariants of X, s as the map

m(-|X,s): H*(B*(X,s);Z) — Z. (3.1.10)

which evaluates a cohomology class on the homology classes obtained above.
We then went into a brief discussion about cutting the manifold X into two pieces X = XUy X5

along a hypersurface Y C X. The idea was to assume that the metric on X is cylindrical

near Y, to stretch the length of the cylinder to infinite, and try to keep track of the Seiberg—
Witten moduli spaces. The main problem is that the pieces X; and X, are not closed,
which makes the analysis or the Seiberg—Witten equations considerably more complicated.
Nevertheless, there was hope to be able to define relative Seiberg—Witten invariants of X

and X, which allow to recover those of X. The relative invariants take values in certain
monopole Floer homology groups associated to the common boundary Y. The latter are
constructed using the Seiberg—Witten equations on the infinite cylinder R x Y.

3.2 The Seiberg—Witten equations on cylinders revis-
ited

We have already started discussing the Seiberg-Witten equations on cylinders in Section 2.4.7.
Here’s a review of what we’ve learned so far. Let Y be a connected Riemannian 3—manifold
with spinor bundle (Sy, py') and Z = RxY the infinite cylinder with metric g7 = dt*>+p*gY
where we write ¢ for the R—coordinate and p: Z =R x Y — Y for the projection onto Y.

(1) If E — Y is any vector bundle on Y, then sections of E=RxE=p*E — Z can be
viewed as paths of sections on Y. Every connection V on E determines a connection
on E which can be informally written as V = % + V.

(2) Every w € QP(Z;C) can be uniquely written as
w=ri+dtAy. (3.2.1)
where n € C*°(R, QP(Y;C)) and x € C®(R,QP~1(Y;C)).

(3) Self-dual 2—forms on Z correspond to paths of 1-forms on Y via the bijection

C®R,ONY)) = Q2(Z), b xyb+dtAb. (3.2.2)
(4) If (Sy, py) is a spinor bundle for Y, then S; = §y @ §y is a spinor bundle on Z with
Clifford multiplication

pz(dt) = (121 _Oid> and pz(p*a) = <py0(a) pyo(a)> foraeT*Y. (3.2.3)
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We fix a spin® connection By € A(Sy) and let 49 = EO &) EO. Then every spin®
connection A € A(Sz) can be uniquely written as

A= Ayg+a=Ay+b+edt (3.2.4)

where a € iQ!(Z) corresponds to paths b € C°°(R,iQ(Y)) and ¢c € C*(R,iQ°(Y)) = iC>(Z).
We say that A is in temporal gauge if ¢ = 0.

(5) The Seiberg-Witten equations for (A, ¢) € C(Z) take the form
DE® =0 b+ (Dpd+ cg) =0
LES — 0 (99%)9 =0 b+ (*y dyb—de+ py'(¢0) + #y 3 Fp:) =0
If A happens to be in temporal gauge, the equations simplify to

Di® =0 ¢+ (D¢ + p(b)p) =0
iEt —p, (22%)g =0 b+ (*y dyb+ py' (¢0) + #y 3 Fp:) =0

Lecture 2, 17.10.23

The Chern—Simons—Dirac functional. Note that the equations on the right hand side
are formally a negative flow equation in the based configuration space Co(Y"). Th generator
is the Seiberg—Witten vector field

sydyb+ pyt (¢d)o + *Y1F3t>
X:Co(Y)—=Co(Y), X(b,o)= \ 2750 3.2.5
in terms of which the equations can be written as
(b, ) + X (b, ) = 0. (3.2.6)

Moreover, it turns out that X' (b, ¢) can be considered as the gradient of a smooth function
L:Co(Y) =R, (3.2.7)

called the Chern—Simons—Dirac functional (CSD), with respect to the (real) L? inner prod-
uct on Co(Y'). The CSD functional is defined as

L(b,¢) =

(¢, D)o + 5 (b, *ydyb)o + 5 (b, *y Fpt)o
(¢, D)o + & (b, xydyb)o + 5(¢, p(b)d)o + 5 (b, *y Fpt )o

Lemma 3.1. We have VL(b, ¢) = X (b, ¢).

1
2
1 (3.2.8)
2

Proof. The derivative of £ (¢, p(b)$)o in the direction of (c, ) can be computed as
L) _ Lo+t pb+te) (¢ + 1)), = L(0p(c)d), + £ (¢, p(0)8), + 5 (¥ p(D)9),,
= (p"1(9¢")0,¢), + (p(D)$, ),

Here we have used that p(b)* = p(b) and the identity 3(¢,p(c)¢)o = (p~(¢¢*)o, ¢)o which
was discussed in the exercises. The computation shows that (¢, p(b)¢)o admits an L? gra-
dient given by (p*1(¢¢*)0, p(b)(z)). The other summands of £ can be treated similarly. The
computations are straight forward and produce the remaining terms in X. O

Temporal gauge fixing. We may or may not have already discussed the following lemma
which allows to restrict our attention to configurations in temporal gauge.

Lemma 3.2 (Temporal gauge fixing).
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(i) For every A € A(Sz) there is a gauge transformation of the form u = '/ € G(Z) such
that uA is in temporal gauge.

(ii) Let A € A(Sz) be in temporal gauge and u € G(Z). Then uA = A —u~'du is also in
temporal gauge if and only if Opu = 0, that is, u(t,y) = ug(y) for some ug € G(Y).
Proof. (i) Write A = Ay + b+ édt as in (3.2.4). For u = '/ we have
utdgu =idf =i(0.f dt +dy f) (3.2.9)

and thus
wWA=A—utdu=Ag+i(b—dyf)+ilc—0.f)dt. (3.2.10)
Define u = e/ with f € C>°(Z) given by

t
f(t,y) = / c(s,y) ds. (3.2.11)
0
Then 0, f = ¢ so that u* A is in temporal gauge.
(ii) For arbitrary u € G(Z) and A € A(Sz) in temporal gauge, we find
uwA=A—utdyu—u . (3.2.12)
Since u~'dyu € il (p*T*Y), the connection u*A is in temporal gauge iff 9;u = 0. O
Combining the maps C*°(R, A(Sy)) — A(Sz) and T'(S}) = C*°(R,I'(Sy)) with Lemma 3.2,
we arrive at the following conclusion:
Corollary 3.3. The map C*(R,C(Y)) — C(Z) induces a homeomorphism

C>=(R,C(Y)/G(Y)) —> C(2)/6(Z) = B(Z). (3.2.13)

Remark 3.4. While conceptually convenient, the temporal gauge condition is not perfect.
Unlike the Coulomb condition on closed manifolds, it does not reduce the Seiberg—Witten
equations to an ellitpic system. The temporal gauge condition is also generally incompatible
with the Coulomb condition d%a = 0 on the cylinder. We will have to find tricks to work
around this.

Gauge invariance of the Chern—Simons—Dirac functional. Let us see how the CSD
functional behaves under gauge transformations.

Lemma 3.5. For (b,¢) € Co(Y) and v € G(Y') we have
L(u(b, §)) = L(b, 1) = 3 (u" du, Fp )o. (3.2.14)

Proof. A straight forward computation using D(u¢) = uD¢ + p(du)¢ show that the sum
(6, D¢)o + % (b, %y dyb)o + 3 (¢, p(b)¢)o is fully gauge invariant. The remaining summand
3 (b, %y Fp)o changes as indicated. O

Using that Fp: and u~'du are de Rham representatives of 27ic;(Sy) and the class

[u] € HY(Y;Z) obtained by pulling back the generator of H!(T;Z), we can also write the
change of L as

L(u(b, ) — L(b, ) = 21 ([u] U c1(Sy), [Y]) € 27*Z. (3.2.15)

We can draw the following conclusions:

(a) L is invariant under the full gauge group if and only if ¢;(Sy) = 0.

(b) L is always invariant under the subgroup of constant gauge transformations G¢(Y) = T.
(c) £ descends to a well-defined map Co(Y)/G(Y) — R/2n%Z = St

In summary, the Seiberg—Witten equations on Z are equivalent to the negative gradient flow
equation

T+VL(x)=2+X(x)=0 (3.2.16)
on the infinite dimensional space Cy(Y) for the T—invariant CSD functional £: Co(Y) — R.

62



Towards monopole Floer homology. Now if X is a compact 4-manifold with bound-
ary Y, we can attach a cylindrical end and study the Seiberg—Witten equations on Y’

X® =XUyRy xY. (3.2.17)

As mentioned before, there is a notion of ‘energy’ for monopoles and — after choosing suitable
perturbations — one can show that finite energy monopoles on X have asymptotic limits
in Co(Y) on the cylindrical end, well-defined up to gauge, which are critical points of L.
While all of this is admittedly rather sketchy, it hopefully gives a plausible explanation
why it might be fruitful to try and define something like “T—equivariant Floer homology”
based on the equation & + V.L(x) = 0. This brings us back to the question how to define
“T—equivariant Floer homology” in finite dimensional setting.
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Chapter 4

Morse theory for circle actions

We review a Morse theoretic description of the T—equivariant Borel homology due to Kro-
nheimer and Mrowka [KMO07, Ch. 2] which will serve as a blueprint for the subsequent
construction of monopole Floer homology. Following [KMO07, Ch. 2.5, p. 31], we consider
the following situation:

» P is a closed T-manifold.

» Q = PT is the fixed point set.

» B = P/T is the orbit space.

» We suppose that the T-action is semi-free in the sense that T acts freely on P\ PT.

The goal is to obtain a Morse theoretic description of the Borel homology H (P) using
a T-invariant Morse-Smale pair (f,£). Let us think about the two extreme cases first:

(1) If T acts freely on P, that is, if @ = (), then the P/T is a smooth manifold and (f,¢) de-
scends to a Morse-Smale pair (f, ). We know from Lemma 1.38 that H}(P) = H,(P/T)
and the right hand side can be computed from the Morse complex of (f,&) by Theo-
rem 1.11.

(2) If T acts trivially on P, that is, if P = @, then (f,&) is just a Morse-Smale pair in the
ordinary sense. Since T acts trivially on @ = PT, we know from Lemma 1.37 that

HI(Q) = HJ(Q x CP™) = H,(Q) ®z H.(CP™) (4.0.1)
and we can at least compute H,(Q) directly using the Morse complex of (f,£).

The intuitive idea is to mix Morse theory on the fixed point set ) and on the orbit
space (P \ Q)/T, which is always a smooth manifold, but not compact unless @ = ). This
is done by passing to an associated manifold with boundary P on which T acts freely and
to set up a notion of Morse homology for manifolds with boundary.

4.1 Morse complexes for manifolds with boundary

Let B be a Riemannian n—manifold with non-empty boundary and v the outward unit
normal field along OB. There is a standard approach to compute H,(B) and H,(B,9B) by
Morse theoretic means, in when one considers Morse functions f: B — R which are constant
on 0B and achieve their maximum or minimum on 0B, respectively. This is not what we
will do! Instead, we will work with certain Morse functions on B which also restrict to Morse
functions on 9B (c.f. [KMO07, Ch. 2.4]).
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We form the double B of B as

B=(BIB)/~ (4.1.1)

where every boundary point in the first copy of B is identified with its other copy in the
second factor. A choice of collar for 9B determines a (reasonably canonical) smooth structure
on B such that the two embeddings of B are smooth. We consider B as a codimensions 0
submanifold using the first summand. The boundary 9B then becomes the fixed point set
of the smooth involution _ _

i:B—>B (4.1.2)

that interchanges the two factors. Note that Bis always a closed smooth manifold.

Definition 4.1. Let B be a compact smooth manifold with boundary and B its double.
We consider pairs (f,g) consisting of an i—invariant Morse function f: B — R and an i—
invariant Riemannian metric g on B. Let (f,9) be the restriction to B and £ = V9 f the
gradient of f with respect to g. We call (f, &) a vertical Morse pair.

This definition allows f to have critical points on 0B and we have to be careful The
possible critical points of f on OB are then in one-to-one correspondence with the i-invariant
critical points of f.

Lemma 4.2. The vector field £ = VI f is everywhere tangent to 0B. Moreover, the restric-
tion fO = flop: 0 — R is a Morse function with Crit(f%) = Crit(f) N OB and £2 = &|op is
its gradient with respect to glag.

Proof. Let v be the unit outward normal field along 0B and v its canonical lift to B. Then
140V = —v and thus

(&,v) = df(v) = df (D) = d(F 0 i)(v) = df(i.7) = —df (v) = 0. (4.1.3)

Thus ¢ is tangent to OB, which implies £2 considered as a vector field on 9B is the gradient
of f9 with respect to to g|gp so that

Crit(f?) = Crit(f) N dB. (4.1.4)

A similar computation shows that the Hessian H, f(v,w) at a critical point p of f on 0B
vanishes for w € T,0B. So in terms of the splitting 7,5 = Rv & T,,0B, we can write

Hyf = (pré”’ v) o 0 ) (4.1.5)

which shows that f? is a Morse function. O
Based on the lemma, we can partition the set of critical points as follows:

Definition 4.3. We can decompose Crit(f) into three subsets:

¢ ={peCrit(f)|p e B\ 9B}
¢ = {p e Crit(f)|p € 0B, Hy(v,v) > 0} (4.1.6)
" ={p e Crit(f)|p € 0B, Hy(v,v) < 0}.

Points in ¢® and ¢* are called boundary-stable and boundary-unstable, respectively. For
brevity, we henceforth write

¢ =Crit(f) =c®Uc®Uc® and ¢ = Crit(f%) = ¢® U™ (4.1.7)

65

‘Lecture 3, 24.10.23




From here onward, we shift our focus to the gradient vector field £ = VI f. After all,
we learned last semester (see p. 8) that the classical Floer complexes of Morse—Smale pairs
really only depend on the downward gradient flow generated by the equation & + &(x) = 0,
while the function f merely provides some control and guidance. We should expect the same
in the new situation. Recall that we have

¢ = Crit(f) = Z(§) = {p € M|{(p) = 0} (4.1.8)
and for a stationary point p € Z(£) we saw in an exercise that
Hy(v,w) = (v, Dy (w)), . (4.1.9)

where D,¢: T,B — T, B is the linearization of  at p defined in (1.1.19). The latter is a
self-adjoint isomorphism and the Morse index p(p) is the number of negative eigenvalues
of D, counted with multiplicity.

Corollary 4.4. Let (f,£) be a vertical Morse pair.

(i) The equation & + &(x) = 0 generates a flow on B, that is, all maximal integral curves
are defined on all of R.

(ii) The flow preserves OB and restricts to the flow generated by i + £9(x) = 0 on OB.
(iii) All flow trajectories v: R — B have asymptotic limits v(00) = limy_,+, ¥(t) € ¢.

This means that we can define stable and unstable manifolds and moduli spaces of tra-
jectories as before, but we have to pay special attention to the interaction of flow trajectories
with the boundary. The first observation is that we can partition flow trajectories as follows:
» Some trajectories vy stay entirely within OB and necessarily have limits v(+00) € ¢?.

» Others stay entirely within the interior B \ B and necessarily have limits

v(—o0) € c®Uc* and v(oc0) € c®Uc’. (4.1.10)

Definition 4.5. Let (f,£) be a vertical Morse pair. For p,q € ¢ = Z(§) = Crit(f) let

= index of p with respect to f (or equivalently &)

unstable manifold of p with respect to &

=
togg
|

_

stable manifold of ¢ with respect to &
M (p,q) = U, N S,, moduli space of parameterized trajectories from p to ¢
q

]\Zl'(p7 ) = M(p,q)/R, moduli space of unparameterized trajectories

For p,q € ¢? = ¢ N OB, we have analogues defined using (f?,zi?) instead:
©(p), U2, S2, M°(p,q)=U?nS2, and M?(p,q) =M?(p,q)/R.

We make some observations about the relation of the two sets of data for p € ¢?, which
follow from Lemma 4.2 and the description of the Hessians in its proof:

Theorem 4.6 (Stable manifold theorem, vertical case). Let (f,£) be a vertical Morse pair
on an n—manifold with boundary B.

(i) If p € ¢°, then U, and S, are smooth submanifolds of B \ 0B of dimensions p(p)
and n — p(q), respectively.

(ii) If p € *, then p(p) = p°(p) and
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» U, = U;? is a smooth submanifold of OB of dimension u(p).

» S, is a smooth submanifold of B of dimension n— u(p) with (possibly empty) bound-
ary 05, = Sz?'

(iii) Similarly, if p € ¢*, then p(p) = u°(p) + 1 and

» U, is a smooth submanifold of B of dimension u(p) with (possibly empty) bound-
ary OU, = U?.

> S, = Sg is a smooth submanifold of OB of dimension n — u(p).

U, =U7 (4.1.11)

This leaves us with a bit of a conundrum, since for p € ¢ and ¢ € ¢* we have U, C 0B
and S, C 0B, and submanifolds of B can never intersect transversely in B. However, in
that case we have

M(p,q) =UpynU, =UJNUJ = M°(p,q) C OB (4.1.12)
can never be transverse in B. Nevertheless, they can be transverse in 0B, and we have
M(p,q) = M°(p,q) C OB (4.1.13)

This suggests the following vertical version of the Smale condition in Definition 1.4.

Definition 4.7 (c.f. [KMO07, Def. 2.4.2]). A vertical Morse pair (f, &) is called regular or a
vertical Morse—Smale pair, if for all p, ¢ € ¢ we have

S, MU, indB ifpec’ andqe ",
pf¥e 1 spEC ARt (4.1.14)
S, U, inB otherwise.
Pairs p € ¢® and g € ¢* as above are called boundary-obstructed.
The following is clear from the definition:

Lemma 4.8. Let (f,£) be a vertical Morse—Smale pair. If p,q € ¢, then M(p, q) is a smooth
manifold of dimension

dim M(p, q) — w(p) —p(q) +1, pec’ qnd q € ¢ (boundary-obstructed) (4.1.15)
w(p) — p(q), otherwise.
If p,q € 2, then M?(p,q) is a smooth manifold of dimension
p(p) —u(g) +1, pec® and g € ¢ (boundary-obstructed)
dim M?(p,q) = < u(p) — (@) — 1, pec and g € ¢ (4.1.16)

w(p) — u(q), else (i.e. if p,q € ¢ orp,q € c*).

Proof. The vertical Smale condition guarantees that all moduli spaces are manifolds. In
the boundary obstructed case we have M(p,q) = M?(p,q). In all other cases, the formula
for dim M (p, ¢) follows, since U, has dimension pu(p) and S, has codimension u(g) in B.
For p, q € ¢ we have dim M?(p, q) = u?(p) — 11?(g). In the boundary obstructed case when
p € ¢® and q € ¢*, we have u?(p) = u(p) and 1?(q) = p(q) — 1, which implies the dimension
formula in that case. The other cases are similar. O

We also have the following finiteness theorem for 0-dimensional moduli spaces:

Proposition 4.9. Let (f,£) be a vertical Morse—Smale pair.
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(i) If p,q € ¢ and dim M (p,q) = 1, then J\Z(p7 q) is a finite set.
(i) If p,q € @ and dim M?(p, q) = 1, then Ma(p, q) is a finite set.

Proof. This follows from Proposition 1.6, the corresponding finiteness result in the horizontal
case, applied to 2 and f. O

We now have all ingredients to build Floer-style chain complexes. At this point, we ask
two questions:

(Q1) What can we define by counting points in 0—dimensional moduli spaces?
(Q2) How does that help us?
Again, we work mod 2 to avoid the discussion of orientations.

Definition 4.10. Let (f,£) be a vertical Morse—Smale pair on B. We define

n(p,q) = #2 M(p,q) € Zs
(p,q) = #2M?(p, q) € Zs

whenever the moduli spaces are O—dimensional and n(p, q) = 0 = 7(p, ¢) otherwise.

For a € {0, s,u} we let C* be the Zy-vector space generated by ¢* and write C}* for the
subspace generated by the points p € ¢* with u(p) = k. The point counts n(p, ¢) and 7(p, q)
give rise to linear maps

(4.1.17)

03:C* = C%  a(p)="_n(p.q) (g (4.1.18)
0g:C* =% ap)=">_ nlp.q) () (4.1.19)

for all combinations «, 8 € {0, s,u} that make sense. Taking gradings into account, we have
defined eight maps:

8%: C2 — C°_, 92 =85 C — C5_,
8°: CO — C3_, gu =dv: O — O,
o O — CO_, 03 =85 CF — O

au: O — Cs_, - O,

Out of these linear maps we will eventually obtain Floer complexes computing the ho-
mology sequence of the pair (B,d). A few observations are in order:

» There are no maps C° — C° and C° — C", because nothing can flow from ¢® into the
interior or from the interior into c¢“.

» The coincidences 93 = 93, 95 = 9%, and 0¥ = 9* hold, because M(p,q) = M?(p,q) in
those cases.

» There are two maps 9%, 9%: C* — C*, because the moduli spaces M (p,q) and M?(p, q)
are not the same in that case.

» Most of the maps Bg‘ and 5§ decrease the index by 1, as expected. However, the
maps 95 = 03 and 9* behave unexpectedly.

» The peculiar behavior of 0; is not surprising, as the map counts precisely those trajec-
tories that violate the ordinary Smale condition.
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As a first step, we recognize the classical Floer complex of the pair (f2,£?). Indeed, we find

Cr(f2,€°%) = Ci @ Cityy =: Oy,
and the usual Floer differential is given by

0: Ck — Ck—la 0 <p> = Zﬁ(p’ Q) <Q>

q

(5 o
a(@z 6)

As a consequence of Theorem 1.11, we get:

which can be rewritten as

Lemma 4.11. We have 90 =0 and H,(C,0) = H,(0B).

(4.1.20)

(4.1.21)

(4.1.22)

Now that we have managed to compute H,(OB) using the data (f,&) on B, it remains
to find H,(B) and H,.(B,9B). This turns out to be rather annoying, but possible. Before

moving on, let us recall that how have proved 99 = 0 in Proposition 1.9:

» We studied 2-dimensional moduli spaces M (p, ¢) and noticed that sequences of trajecto-

ries therein may split into what we called broken trajectories in the limit.

» We noticed that the quotients M (p, q) have compactifications M (p, ¢) obtained by adding
broken trajectories which are compact 1-dimensional manifolds with boundary (see The-

orem 1.7).

» We noticed that the matrix entries of 99 count points in dM (p, q).

Alternatively, we could have proved 90 = 0 by relating (f?,£2) to a cell (or handle)
decomposition of 0B and arguing that the Floer differential agrees with the cellular differ-
ential. The key to this approach is to exhaust B by sub-level sets of {f? < a}, a € R,
and studying the effect of passing critical levels. It is instructive, to play this through for f
and B. For simplicity, we assume that f is injective on ¢ so that each critical level contains
exactly one critical point. By drawing 2-dimensional pictures, we can get an idea how the
topology of the sub-level sets changes when crossing critical levels. With some effort the

following table can be made precise:

type and index | effect on B | effect on 0B
vt 0—cell —
v 0—cell 0—cell
w1 1—cell
cf 1—cell 1—cell
cff — 0—cell
cq k—cell —
o k—cell k—cell
c — (k —1)—cell
0y (n —1)—cell
< _q (n—1)—cell | (n—1)—cell
oy — (n — 2)—cell
o n—cell
u — (n —1)—cell
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This suggests the following;:

> C,=CiaCY 1 should support a Floer-style differential d such that (C, 0) is isomorphic
to a cellular chain complex which computes H,(0B) This we already know.

> C) = Cp @ C}, should support a Floer-style differential d such that (C, 5) is isomorphic
to a cellular chain complex which computes H,(9B)

» There should also be a chain map C' — C inducing the map H.(0B) — H.(B).
We begin by writing down the chain complexes that will eventually do the job.

Definition 4.12 (c.f. [KM07, 2.4.4 & 22.2.1]). Let (f,) be a vertical Morse-Smale pair
on B. In addition to (C', ) (“C—bar”), we consider the graded Zy—vector spaces C' (“C-to”)
and C (“C—from”) given by

Cr=C2®C; and Cp=0CPaCH (4.1.23)

together with the following diagram of linear maps

ék+1 L Gy : Cy ! Cy,

lé lé Jé lé (4.1.24)

defined by the matrices

~ ag ag < 63 - 6: 57;
0= (—35‘1 g —&i&?) 9= (ag ds —aga;> ;o 0= (33 65) (4.1.25)

(0 —oy /1 0 (8 oy
i=(1 Zok): i=(o &) =(5 7).

Here’s the punchline:

Theorem 4.13 (c.f. [KMO07, 2.4.5 & 22.2.1]). We have 9 = 0 and 99 = 0 and the di-
agram (4.1.24) commutes.' Furthermore, there are isomorphisms that make the following
diagram commute:

Hyir(C,0) —2— H(C,0) —= Hy(C,d) —L— H(C,d)

|

Hk+1(B,8B> E— H/c(aB) E— Hk(B) — Hk(B,aB).

1R
1R

o o

Proof (sketch). The proof has three steps:

(1) Proving the identities 5?2 =0, % =0, etc.

(2) Proving that of H.(C) and H,(C) and the maps i, j., p« are independent of (f,¢).
(3) Identifying the homology groups and maps.

As in the standard case in Proposition 1.9, the identities in (1) can be proved by study-
ing compactifications of 1-dimensional unparameterized moduli spaces M(p, ¢). The main
difference is that trajectories can break more than once:

IThe left square only commutes, since we are working mod 2. For integer coefficients, we have dp = —pé
while 7 and j are honest chain maps.
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Lemma 4.14 (cf. [KMO07, 2.4.3]). Let p,q € ¢° be interior stationary points of € with u(p) = k
and u(q) =k — 2. Then M(p, q) has a compactification M (p,q) obtained by adding broken
trajectories from p to q. Every strictly broken trajectory in M(p,q) has either two or three
components and takes form

(71772) € M(p,’l") X M(Tv Q) (4127)
with r € ¢© with u(r) =k —1 or
(71772a 73) S M(pa Tl) X M(TL TQ) X M(TQ, Q> (4128)

with r1 € ¢ and 12 € ¢ is a boundary-obstructed pair. Furthermore, the number of strictly
broken trajectories in M(p,q) is finite and even.

The independence of (f,€) in (2) not a trivial task, but it can be proved by adapting
the arguments for the standard case (see [Jos17, Thm. 7.9.3]). Once (2) is established, one
can make special choices for (f,£) such that the complexes C and C behave like standard
Morse complexes with dB is horizontal and the function takes a maximum or minimum,
respectively. O

4.2 The blow-up construction for semi-free T—actions

We now go back to semi-free circle actions. Recall the setup from the beginning of this
chapter:

P is a closed T-manifold with semi-free action (i.e. T acts freely on P\ Q)
g is a T—invariant Riemannian metric on P.

Q = PT is the fixed point set; we assume Q # 0

B = P/T is the orbit space.

q: P — B is the orbit map

>
>
>
>
>
> Q = ¢(Q) is the image of the fixed points

The goal is to describe the Borel homology of P using T—equivariant Morse pairs (f, ).
The strategy is to pass to a manifold with boundary on which T acts freely so that HT
reduces to the ordinary homology of the quotient.

’ Disclaimer: This section was written hastily and is therefore a little terse. ‘

We proceed a several step.

(1) Let N € D(N) C S(N) be the normal bundle of Q C P. Since the T action is semi-free,
it induces a complex structure on N. In particular, @ has even codimension in P, say 2k.

(2) The exponential map for § gives a T—equivariant tube embedding

7 (N,Q) = (P,Q) (4.2.1)

The complement P\ @ is non-compact with one (topologically) cylindrical end which
we can parameterize by

70: (0,€) Xx S(N) = P\ Q, 7o(t,v) = 7(tv). (4.2.2)
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(3) The oriented blow-up: We define the oriented blow-up of P along @ as

N|—=

P? = ([0,€) x S(N)) Uz, (P\ Q). (4.2.3)

This is a compact manifold with boundary 0P? = S(N) and the T action on P\ Q
extends canonically to a free T—action on P?.

The blow-down maps: The orbit space B = P?/T is a smooth manifold with
boundary 0B 2 P(N), the projectivization of N. We have a commutative diagram of
T-pairs

(P?,0P7) —— (P,Q)

1% L1

(B?,0B°) —— (B, Q)
where the orbit map ¢°: OP° — B corresponds to S(N) — P(N), and 7: 0B° — Q
corresponds to the bundle projection P(N) — Q.

Blowing up gradients: Let f : P — R be a T-invariant smooth function and §~ =V f
its gradient with respect to g.

» According to [KMO7, 2.5.2], the restriction of Eto P \ @ extends to a smooth T—
invariant vector field £ on P? which is everywhere tangent to 0P?.

> g" further descends to a smooth vector field €7 on B? which is everywhere tangent
to 0B°

From here on, the idea is to do non-equivariant Floer theory for €7 on B?, assuming
the usual types of regularity conditions, and to related the results back to H. (P).

The flow of £7: As noted in [KMO07, p. 34], £7 is not a gradient in any natural way.
However, it behaves like one:

The equation & + £7(x) = 0 generates a complete flow on B°.

All trajectories have asymptotic limits in the set ¢ = Z(£7) C B¢ of stationary points.

>
>
» For p € c the linearization D,¢{: T, B — T}, B? has only real eigenvalues.
» The index p(p) is the number of negative eigenvalues.

>

We say that p € ¢ is non-degenerate if D,£7 is an isomorphism.

» The vertical stable manifold theorem Theorem 4.6 holds for all non-degenerate p € c.

The flow of £7: It helps to take a closer look at the blown-up vector field £ along the
boundary. Recall from (4) that 9B = P(N).

» A point p € 9B correspond to (¢,C¢) € P(N) with ¢ € Q and ¢ € S(N,;) and we
have a splitting
T,B° =T,0B° R~ T,Q & (¢)" ® R (4.2.4)

where <¢>J‘ C N, is the complex orthogonal complement with respect to the Hermi-
tian metric on N, given by h(v,w) = §(v, w) — ig(v, iw)

» The metric on P and the T—invariance of 5 give a T-equivariant (Vé)q: ,P —1T,P
which preserves N, and thus gives a linear operator

Ly = (VE€)y|n,: Ny — Ny (4.2.5)
» Projecting further onto (¢)™ gives an operator

Lyt Ny = (8)7 ) Lg(¥) = Lgv — (6, Ly}, (4.2.6)
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» Using the splitting (4.2.4) the vector field €7 on OB can then be described as
£(p) = (€(9), Ly$, 0) € ,Q @ (9)” B R. (4.27)

> 1f {(p) = 0, then L, = D,{ is self-adjoint and Ly¢ = Ly — (¢, Ly$) ; ¢- In particular,
we find ~
§(q) =0 and

. . x (4.2.8)
@ € Ny is an eigenvector of D&

¢(p)=0 <« {

» Lastly, the solutions of & + £7(z) = 0 are the images of solutions of Z 4 £7 (&) = 0
and writing & = (¢, ¢) using the identification OP? = S(N) we get

q+&(q) =0
(@*V)$ + Lgd = 0.

[Update (7.11.23): This part was added later.]

i+E(7) =0 (4.2.9)

Equivariant Morse—Smale gradients: To proceed, we make stronger assumptions
on the function f on P.
> fis a T-Morse function (i.e. its Hessian is non-degenerate normal to critical orbits)
> ﬂQ is a Morse function in the ordinary sense
~+ As a consequence, ¢ = Z(£9) is finite and all stationary point are non-degenerate.
» We require the vertical Smale condition from Definition 4.7 to hold for £°.
» For ¢ € @ with Z(¢) = 0 we require that L,: N, — N, has a complex basis of
eigenvectors ¢1(q), ..., ¢r(q) with eigenvalues
A1(q) < A2(q) < -+ < Ag(q)- (4.2.10)
[Update (7.11.23): This conditions was previously stated incorrectly.]

In that case, we call £ regular.

[Note: All these assumptions can be arranged by careful choices of f and g.]

Floer complexes for regular £7: Assuming that {7 is regular, we can apply the

theory from Section 4.1 to obtain Floer complexes C', C, and C which compute the
homology sequence of the pair (B?,9B?).

[Note: Tt no problem that £7 does not arise as the gradient of a Morse function. The
only thing that matters is that the structure of moduli spaces of trajectories is the same.
And this is the case here.]

Comparing the indices: Assuming that £ is regular with f as in (7), it is a natural
question how the indices of stationary points of £7 are related to f.

» Interior stationary points of €7 correspond to critical T—orbits of f in P \ @ and the
index of the with respect to £7 agrees with the index of the Hessian of f normal to
the critical orbit.

» According to (63) and (7), we see that the stationary points on the boundary have
the form p = (q, [¢:(q)]) and the index is given by

(p) = {MQ(Q)-i-Qi—Z, if Xi(q) >0 (4.2.11)

pl(q) +2i—1, if Ai(g) <0

where ?(q) is the index of ¢ as a critical point of f|o (cf. [KM07, Lem.2.5.5]).
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At interior stationary points of £7, the index with respect to to £ — that is, the num-
ber of negative eigenvalues of D,£? — agrees with the number of negative eigenvalues
of Dsé = Hj f restricted to the normal bundle of the corresponding crtivial orib

[Update (7.11.23): This part was added later.]

(9) Relation to Borel homology: The next task is to relate the complexes C’, C,and C
to the Borel homology sequence of the pair (P, Q).

(10) Identifying H*(C') The homology of the complex C' can be identified as follows:

HI(P,Q) «+=— HX(P°,0P°) —— H.(B?,0B7) % H,(O).
The first isomorphism follows from excision, the second from the freeness of the action,
and the last one is part of Theorem 4.13.
(11) Identifying H,.(C): We know from (10) that H.(C) = H,(0B°). Recall from (4)
that B° =% is a CP*~'bundle and as such isomorphic to P(N) — Q. Using the
Leray—Hirsch theorem (LH), one can construct a commutative diagram

HI(0P7) ——— H.(0B") —m H,(CPF1) @ H,(Q)

Tr*l J{incl* xid

HI(Q) —— H.(CP™ x Q) —— H.(CP®) ® H.(Q).
The vertical map on the right hand side is an isomorphism in degrees < 2k — 2, so that
Heop2(C) = Hegp 2(0B%) = HZgy »(Q). (4.2.12)

We can therefore consider H,(C) as an approximation to H! (Q), the Borel homology
of the fixed points.

(12) Comnnectivity of (P, P \ Q): The identification of H,(C) requires a detour. As noted
in (1), @ has codimension 2k in P. Tt follows that the pair (P, P\ Q) is non-equivariantly
(2k — 1)—connected, that is, the map

an isomorphism for i < 2k — 1

P\ Q) = m(P) s { (4.2.13)

surjective fori=2k—1

This follows from transversality.

(13) Connectivity of Borel constructions: Recall that P,y = ET x1 P is a fiber bundle
over BT with model fiber P, and similarly for P\ Q. Using (10) and the homotopy
sequences of these fiber bundles, one can show that the pair (Ppur, (P \ Q)nr) is also
(2k — 1)—connected. It follows that

H(P,P\ Q) = H;(Pur,(P\ Q)yr) =0, fori<2k—1. (4.2.14)

(14) Identifying H,(C): Lastly, using (13) we can relate H,(C) to H (P) again in a range:

o

HEop o(P) ¢— HZp 5(P\Q) = H .y 5(P?) = Heoo(B%) & Heoy—o(C).

(13)
(4.2.15)
Again, we view H,(C) as an approximation to H_ (P).
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(15)

(16)

Stabilizing to raise the codimension: There is a trick to increase the codimension
of the fixed point set. Following [KMO7, p. 42], we let

P,y=PxC" and f(r) = f+ Zui|zi\2 (4.2.16)
i=1

with real 0 < p11 < po < ... and pg > maxpec A (p).

» We can form BE’T) and 5%) as before.

» Although BETT) is non-compact for r > 0, the vector field fz’k) generates a complete
flow which is sufficiently regular and has finitely many critical points.

» One can define complexes C’(T), C‘(T.), and Cv’(r) which compute H!(P,Q), HX(Q),
and H[(P), the latter two in the increased range * < 2(r +k — 1).

» Lastly, one can argue that there are chain inclusions C'(T) — C’(T+1) and similarly for
the other flavors.

» One can thus form limit complexes C’(OO), C_'(OO), and C(m) which compute the Borel
homology sequence of the pair (P, Q).

The module structure: Recall that H*(BT) = H*(CP>) 2 Zs[u] acts on all Borel
homology groups via the ordinary cap product. The action of v can be realized by chain
maps on the complexes C'(T), C'(T), and C’(T), at least in suitable ranges of degrees. The
details can be looked up in [LM18, Ch. 2.7].

(0]
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Chapter 5

Monopole Floer homology

Throughout this chapter, we fix the following data:

» Y is a closed, connected, oriented, Riemannian 3—manifold

» (S, p) is a spinor bundle for Y representing a spin® structure t € Spin®(Y")
» By € A(S) is a fixed spin® connection on S

» yo €Y is a base point

5.1 Outline of the construction

As mentioned, the Floer complexes for semi—free T—actions serve as a blueprint for the
construction of monopole Floer homology. The naive idea is that the Seiberg—Witten vector

field . )
e I
D¢ + p(b)o
shares sufficiently many properties with T-equivariant Morse-Smale gradients after choosing

sufficient perturbations and passing to a gauge subquotient. Let us try to make this a little
more precise.

X: Co(Y) — Co(Y), X(b, (b) = (

The CSD functional. Recall that the configuration spaces are given by
Co(Y) = A(S) xT(S) and C(Y)=iQY(Y)®T(S) (5.1.2)
and are identified via (b,v) — (Bg + b,%). We have already seen that the CSD functional
L:C—R, L(by)= % (d, xdb) + % (¥, Dyt)) (5.1.3)
descends to a (generally circle valued) function
L:BY)=CY)/G(Y)=Co(Y)/G(Y) = R/d()Z. (5.1.4)
where 2(t)Z = 272 (H'(Y,Z) Uy (t),[Y]) C 272Z. Since the G(Y)-action does not have

constant stabilizers, the orbit space B(Y') cannot be a smooth manifold in any natural way.
So we cannot work on B(Y") directly.
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Adding a base point. Let yg € Y be a base point. We consider the following subgroups
of the gauge group:

Gh(y) = {ueg(y)|d (u'du) =0} (“harmonic gauge group”) (5.1.5)
G.(Y)={ueG(Y)|ulyy) =1} (“based gauge group”) (5.1.6)
GhY)=G"(Y)NG.(Y) ( “based harmonic gauge group”) (5.1.7)
GH(Y) = exp(iQ5(Y)) (“unnamed gauge group”) (5.1.8)
Lemma 5.1. The choice of a base point yy € Y gives rise to product splittings
GY)=TxG,(Y)=TxGMY) x GL(Y) (5.1.9)

where T denotes the constant gauge transformation. Moreover, we have GM(Y) = HY (Y ;7).

We learned last semester that G, (Y") acts freely on Co(Y). Using suitable Sobolev com-
pletions, one can make sense of the orbit space

B(Y)=Cy(Y)/G.(Y) (5.1.10)

as an infinite dimensional smooth manifold with a residual action of G(Y)/G.(Y) = T with
orbit space B(Y) = B/T. Furthermore, the CSD functional descends to a T—invariant map

L:B— R/OM)Z. (5.1.11)

Moreover, the L? gradient

* -1 x1 t
X =VL:Co(Y) = Co(Y), X(bo)= ( dbﬂbgﬁ(fi)&;; 2FBo> (5.1.12)

descends to a T-invariant vector field X on B(Y).

The basic strategy. The construction then proceeds as follows:

(1) Perturb the CSD functional to L4 = £+ q using suitable functions q: Co(Y") — R which,
among other things, admit L? gradients that are G(Y )-invariant.

(2) As in the finite dimensional situation, form a blown-up configuration space g"(Y) on

which T acts freely and consider B°(Y) = B°(Y))/T. This will be an infinite dimensional
smooth manifold.

(3) Note that the gradient X; = VLq on Cy(Y) descends to a T-invariant vector field /'?q
on B(Y') and gives rise to a vector field Xy on B7(Y) as in the finite dimensional case.

(4) Consider the negative flow equation & + Xy (z) = 0 for paths z: R — B7(Y)).

(5) Argue that for suitable choices of q the moduli spaces of trajectories share sufficiently
many properties with those of equivariant Morse—-Smale gradients for semi-free T—actions
in finite dimensions.

(6) Use this to build chain complexes CM, (Y), CM,(Y), CM.,(Y).
(7) Prove that the homology groups ﬁl\\/I*(Y), HM.,.(Y), and ﬁl\//I*(Y) depend only on (Y, t).

(8) Throughout all of this, keep track of the relation to the Seiberg—Witten equations on
the infinite cylinder R x Y.
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The obstacles. There are several problems with the strategy outlined above.

(1) First of all, after Sobolev completions the “vector field” Xy is not actually a vector field
in any strict sense.

(2) The flow equation #+ A&y = 0 nevertheless makes sense, but it does not actually generate
a flow in any strict sense.

(3) Ideally, we would want trajectories z: R — B7(Y) to have stationary points of Xy as
asymptotic limits. This is not at all clear!

(4) Next on the wish list are stable and unstable manifolds. Their existence can be guar-
anteed by careful choice of q. But it will turn out that they are necessarily infinite
dimensional. So there is no reasonable notion of Morse index! This makes gradings a
somewhat complicated story.

(5) The way out will be a relative index u(x,y) which corresponds to the difference u(z)—pu(y)
in the finite dimensional theory. Eventually, it will be possible to obtain smooth, finite
dimensional moduli spaces of trajectories. This issue is commonly referred to as achiev-
ing transversality.

(6) Next come compactness. With transversality in place, compactness of the moduli
space of broken trajectories most be proved.

(7) And then there is gluing which refers to the question which broken trajectories can
actually be realized as limits of unbroken trajectories.

5.2 Blown-up configuration spaces

Recall that for a closed spin® 3—-manifold Y with a base point yo € ¥ we have found that
B(Y)=C(Y)/G.(Y) (5.2.1)

carries a semi-free T—action whose fixed points are the G, (Y )—orbits of reducible configura-
tions (A,0) € C(Y). The idea is to mimic the Morse theoretic constructions from Chapter 4

for the CSD functional and its L? gradient. We could try to construct the blow-up B° (Y)
directly, but this his two drawbacks:

» First, this would require an a priori discussion of a smooth structure on E(Y)

» Second, the orbit space g(Y) typically does not have a linear structure.

From a technical perspective, it is more convenient to work with C(Y) and the full gauge
group G(Y), although this blurs the analogy with Section 4.2 a little. The discussion below
closely follows [KMO07, Chs. 6 & 9.

5.2.1 The oc—model for 3—manifolds

While the G(Y)—action on C(Y) is not semi-free, it only fails to be free on reducible configu-
rations (A, 0) which are stabilized by the constant gauge transformation (see Lemma 2.33).
We define the blown-up configuration space as

Co(Y) = A(Sy) x Ry x S(I'(Sy))

={(4,s,¢) € A(Sy) x RxT'(Sy)|s >0, ¢l =1} (5.2.2)

where S(T'(S)) the unit sphere with respect to the L?-norm. The corresponding blow-down
map is given by

7:CO(Y) = C(Y), w(4,s,¢)=(A4,sp). (5.2.3)
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This is a bijection over the irreducible locus C*(Y") and
71 (A,0) = {(A4,0)} x S(T'(S)) = S(T'(S)). (5.2.4)
The gauge group G(Y) acts on C?(Y") by
u(A,s,¢) = (A —utdu, s, ug) (5.2.5)

The action is free, because u # 0, and the blow-down map is G(Y )—equivariant.

5.2.2 The oc—model for 4—manifolds

Now let X be a compact spin® 4—manifold, possibly with boundary. The same discussion as
above applies and gives a blown-up configuration space and blow down map

C7(X) = A(Sx) x Ry x S(T(SE)), m:C7(X) — C(X) (5.2.6)

where S(I'(S%,)) is the L?—unit sphere. We want to have a blown-up version of the monopole
map

§:C(X) =i (X) & T(Sy), §(A.0) = (3F1 — px' (¢0")o, D}). (5.2.7)
For that purpose, we think of § as a section of the trivial bundle
V(X) =C(X) x (i (X)@T(Sy)) (5.2.8)

and consider the pull-back V7(X) = 7*V(X) over C?(X) (which is again just a trivial
bundle). We define the blown-up monopole map as

F7:C7(X) = VI(X), F7(As,0) = (3F4 — s°px (907 )o, DA0) (5.2.9)
and note that it is G(Y')—equivariant with respect to the obvious G(Y')-action on V7 (X).

Moreover, we have

F(A,s0) =0, ifs#£0

5.2.10
F(A4,00=0 and D}¢=0, ifs=0. ( )

37(4,5,0) =0 & {

The blow-down map sends the locus » = 0 to the reducible locus of C(X). The equation
D}¢ = 0in F7(A,0,4) = 0 should be thought of as including normal information to the
reducible locus that is invisible to the equation F(A4,0) = 0.

Restriction maps and unique continuation. The use of the L?-norms in the construc-
tion of the blown-up configuration causes some trouble with restrictions:

» Similarly, if Z = I xY and ¢ € S(I'(Sz)), then for ¢ € I it might happen that
¢y = ¢|{t}><Y =0.

» If X’ C X is an interior domain and ¢ € S(I'(Sx)), then it is possible that ¢|x/ = 0.

As a consequence, there are only partially defined restriction maps

{(Av Sv¢)|¢t 7&0} _>CU(Y)7 (A7$7¢) = (AvsH(thLQ(Y)7¢t/H¢tHL2(Y)) (5211)
{(A757¢)|¢|X’ #0} _>CU(X/)’ (A787¢) = (A78H¢||L2(X/)a¢/||¢||L2(X’)) (5212)
The first point is particularly awkward, since general elements of C?(I x Y) will not give
rise to paths in C?(Y"). However, for solutions 77 = (A4, s, ¢) of F7(7?) = 0 this trick still

works. This is guaranteed by the following ‘unique continuation theorem’ for spin® Dirac
operators.
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Theorem 5.2 (Unique continuation, cf. [KMO07, Prop. 7.1.2 & 7.1.4]).
(i) Suppose that (A, ¢) € C(IxY) satisfies D¢ = 0. If ¢y = 0 for somet € I, then ¢ = 0.

(ii) Suppose that (A, ¢) € C(X) satisfies D¢ = 0. If ¢ vanishes on an open subset of X,
then ¢ = 0.

In particular, for v7 = (A, s,¢) € C7(I x Y)) with §7(77) = 0 we obtain a smooth path
¥ I = Co(Y). (5.2.13)

As before, we can recover 47 from 47 if and only if A is in temporal gauge.

The blown-up Seiberg—Witten equations as a flow. We now focus exclusively on

the case of a compact cylinder Z = I x Y. Suppose that v7 = (4,s,¢) € C?(Z) satisfies
¢r # 0 for all t € I. Then the corresponding path is given by

37(t) = (A(t), s | 6tll L2y » 82/ Il 2 vy ) =2 (B(1),7(8), (2))- (5.2.14)

We would like to view the equation F7(77) = 0 as a flow equation for the path.

Lemma 5.3. Suppose that v° € C?(Z) is in temporal gauge. Then F° (%) = 0 if and only
if v7 corresponds to a path ¥° = (B = Bg+ b,r, 1) in C°(Y) satisfies

b=—xdb—r*p~ (V)0 — %3 Fp;
r=—ANB,r,¢)r (5.2.15)
¥ =—Dpt+ AB,r, )¢
where A(B,r,1) = (1, D)) is defined using the real L* inner product on T'(Sy).
Note that (5.2.15) can be written of the form & 4+ X7 (z) = 0 with
X7:CO(Y) = iQ (V)@ R@T(S),

B xdb + 2~ (Yih)o + *5 Fpy (5.2.16)
X7 (B,r, 1) = A(B,r, ) r :
DBw - A(Bﬂ"ﬂ/))ﬂ’

Informally, we can consider this as a vector field on C?(Y"). Indeed, for (B,r,v) € C7(Y') we
have canonical isomorphisms

TA(Sy) =2iQ'(Y), TR, =R, (5.2.17)
and the finite dimensional intuition T,,S™ = (p)" C R"*1 suggest that
TyS(L(Sy)) = ()" = {K € '(Sy) | (¥, 5) = 0} (5.2.18)
We thus define ‘tangent spaces’
Tprp)Co(Y) =i (V) B R ()" CiQ (V) BRS(S) (5.2.19)
and assemble them into a ‘tangent bundle’
TCO(Y) CCo(Y) x (iQ'(Y) @ Ra I(9)). (5.2.20)
Now, the last component of X7 (B, r, ) satisfies

<’¢)7D3w - A(Bvrvw)w> = <’¢)7DB’(/) - <7/}aDBq/}> 7/’>
= (¢, Dpyp) — (¢, D) Y[ = 0 (5.2.21)

=1
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and we can therefore view it as a ‘vector field’
X7:CO(Y) = TCO(Y). (5.2.22)
Moreover, if we think of C?(Y’) as an infinite dimensional manifolds with boundary
aC’(Y)={(B,r,¢) € C°(Y) |r =0}, (5.2.23)

then X7 is tangent to the boundary. Keeping on with the spirit of pretending, we might
just as well compute the ‘derivative’ of the blow-down map

T TCO(Y) = TC(Y) = C(Y) x (iQ'(Y) x I'(Sy)). (5.2.24)

Since 7 is given by restricting the product of the identity on A(X) and the scalar product
map R x I'(Sy) — I'(Sy) to Ry x S(I'(Sy)), we get

TBrp)C7(Y) 2 (bys,x) = (b, s, k)= (b, s+ 7%) € T(pryp)C(Y) (5.2.25)

We can also view the L2 gradient X = V£ of the functional £: C(Y) — R as a vector
field on C(Y"). From this we see that

. L wdb o u)o 4 #L P ) .
me A7 (B ) = (<w,DBw> rib (Dt — . Dgyy) ) = T BTV (52.26)

In particular, X corresponds to X over the irreducible locus C*(Y') where 7 is a ‘diffeomor-
phism’. As for the stationary points of X? and X', we find:
Corollary 5.4. For (B,r,v¢) € C°(Y) we have

X(B,rY) =0, r#0

. . (5.2.27)
X(B,0) and ¢ is an eigenvector of Dg, s =0.

X°(B,r,) =0 < {

In the case v = 0, the eigenvalue is A(B,0, ¢)

This should be compared with (4.2.8) in the finite dimensional toy case. The main
difference is that Dpg is a self-

Remark 5.5. Lastly, we can pretend that G(Y) is an infinite dimensional Lie group and that
its action on the various spaces if sufficiently well behaved so that the quotient

Bo(Y) =Co(Y)/G(Y) (5.2.28)

is an infinite dimensional smooth manifold. The vector field X° would then descend to a
vector field
X7 B°(Y) = TB°(Y). (5.2.29)

Moreover, B(Y) = C(Y)/G.(Y) would be a semi-free T-manifold and the construction would
factor through B?(Y) = C?(Y)/G.(Y), realizing the X7 as the blow-up of the gradient of
the T-invariant CSD functional on B(Y) in full analogy with Section 4.2.

5.2.3 The 7—model for cylinders

For a cylinder Z = I x Y there is another way to write the flow equations
T4+ X(x)=0, z:I—-C(Y) (5.2.30)

in terms of a 4-dimensional configuration space. This is the so-called 7-model for the
blown-up configuration space on Z:

C7(2) = {(A,s,qb) ‘w 5() > 0, 6(8) | 2y = 1} CA(Z) x C=(I) x T(S})  (5.2.31)
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This comes with a similar blow-down map also denoted by
7:C(Z) = C(Z), (A,s,0)— (A, sp) (5.2.32)
which is equivariant with respect to the G(Z) action on C™(Z) defined by
u(A, s,0) = (A —u du, s, ug). (5.2.33)
We begin with a few observations on the relation of C™(Z) and C?(Z).
» A path I — C?(Y) uniquely determined elements of C?(Z) and C7(Z) in temporal gauge.

» Unlike as for C7(Z), every element v = (A, s, ¢) € C™(X) determines a path§: I — C?(Y)
in the obvious way, and + is determined by # if and only if it is in temporal gauge.

» The definition of C™(Z) does not require Z to be compact.
There is also a 7—version of a blown-up Seiberg—Witten map:
F:C7(Z) =i (2) s C®(I,R) & T(Sy)
1Pt — 25 (ho*
5 (s0) = | s+ (Dho. i ) L)f(y) . (5:2.34)
D6 — (D%, p(dt) " 6) 12y
Lemma 5.6 (cf. [KMO07, p. 119 f]). (i) Lety: I — C°(Y) be a smooth path and~™ € C"(Z)
(and v7 € C°(X) if I is compact) the corresponding element in temporal gauge. Then
Y4+ X°(y)=0 & F(y)=0 & F()=0 (& F°(n7)=0). (5.2.35)
(i1) If I is compact, then there is a one-to-one correspondence between the solutions of F™ = 0
and F° = 0.

Proof. (i) follows from a direct computation based on the considerations in Section 2.4.7.
As for (ii), note that §7(A,s,¢) = 0 implies that s is either identically identically zero or
everywhere positive. In the latter case, one can show that

§(4,5,0)=0 < 3J(A4s0)=0 < FUA P12z ,50/ |50 12(7) =0. (5.2.36)

In the case s = 0, suppose that F7(A4,0,¢) = 0 and fix some ¢y € I. Let sg: I — R be the
unique solution of the initial value problem

$0 + (D%, pz(dt)_1¢>L2(Y) s0=0, so(to) =1. (5.2.37)

Then sg is everywhere positive and a quick computation shows that Dj_"(sogb) =0. In
addition, F7(A,0,¢) = 0 implies §(A,0) = 0 and thus §7(4,0, 500/ [[s0@| 12() = 0
by (5.2.10). O

Remark 5.7. (i) The map F™ can be viewed as a section of a vector bundle V™ — C7(Z)
with fibers

Videg = 1(0,m0) €iQ1(Z) ® CP(I,R) @ T(Sy) |Vt : (p(t), ¢(t)) =0} . (5.2.38)
(ii) For technical reasons, it is convenient to introduce the larger space
C7(2) = {(A,5,0) € A(Z) x C=(D) x T(SE) |Vt [9(0) | oyy = 1} (5:2:39)

where the function is allowed to take arbitrary values. Reversing the sign on functions
gives an involution

1:CT(Z2) = CT(2), (A,s,0) (A, —s,0) (5.2.40)
The space C™(Z) can be viewed either as a subspace of C™(Z) or as the orbit space of

the involution ¢. The blow-down map and the map §” can be extended to éT(Z) by
the same formulas.
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5.3 Sobolev completions

It’s time to get a little more serious about the infinite dimensional analytic setup. We have
already touched upon Sobolev spaces in Section 2.4.2 in the context of vector bundles over
closed manifolds.

(1)

Let E — M be a real or complex vector bundle over a smooth n—manifold M. We are
mostly interested in the following cases:
» Spinor bundles or bundles of forms over a closed 3—manifold Y.

» Spinor bundles or bundles of forms over a compact 4-manifold X, possibly with
boundary

» Bundles over a 4-dimensional cylinder Z = I x Y pulled back from Y
Let Ty(E) be the set of smooth sections of E with compact support in the interior of M.

A choice of metrics and connections gives rise to Sobolev norms ||-||;» on I'g(E)
k

Il = ( /M (I8 + [Vop + -+ IV'“¢|p)dug-) T pzLEz0  (331)

which obviously depend on the choices.

Let L7 (E) be the completion of I'g(E) with respect to H”L{ By construction, these
Sobolev spaces of sections are Banach spaces and for p = 2 they are Hilbert spaces.

» If M is compact, then L} (E) is independent of the chosen metrics and connections.

» If M is not compact, then L} (E) generally depends on these choices!

In the non-compact setting, there are canonically defined local Sobelev spaces LY, . .(E)
which can be described as the completion of I'( E) with respect to the semi-norms given
by ¢ — ||ﬁn¢||L£ where k,: M — [0, 1] is a sequence of smooth functions with compact

supports such that K,, = k, (1) is a compact exhaustion of M.

» If M is compact, then L}, (E) = L} (E).

» If M is not compact, then the inclusion L} (E) C Ly, (E) is strict and the right
hand side is not a Banach space.

If Z =1xY is a cylinder over a closed manifold and E is the pull-back of a bun-
dle F — Y, we make the convention that Sobolev spaces L (E) are defined using a
cylindrical metric on E and a connection on E pulled back from one on F. Then the
compactness of Y ensures that L} (E) is canonically defined, even if I is not compact.

5.3.1 Sobolev completions of configuration spaces

In what follows, let M be a Riemannian spin® n—manifold with spinor bundle S; and k£ > 0
be an integer.

(1)

We define Sobolev spaces of connections as
Ar(Sar) = Ao+ L(T* M) and  Agoc(Sar) = Ao + L 1o (iT* M) (5.3.2)

where Ay is a fixed smooth spin® connection. The space Ay 10c(Sar) is always indepen-
dent of Ay (and all other choices), where is Ay (Sns) might depend on the choice of Ay
if M is non-compact.
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(2) From this we get Sobolev configuration spaces

M) x L3 (S dd
Cu(a) = { D i Jf)’ "o (5.3.3)
A (M) x L7 (Sy;), neven
and Cg 1oc(M) defined analogously.
(3) Similarly, if M is compact, we have blown-up versions
C7 (M) = Ap(M) x Ry x S(LE(S$)) (5.3.4)
where S still refers to the L?—unit sphere.
(4) For a cylinder Z =1 x Y of the usual type, we define
CE12) = {(4,6) € AulS2) x YR < RSP [ 1000y =1 v0e T}

Ci(Z) = {(A, s,¢) € CL(Z) | s > 0 almost everywhere}

There are also L? | . versions which become relevant if I is not compact.

(5) Now let 2(k + 1) > n. We have a continuous embedding and multiplication maps
Li,, = C% and LY, xL?— L} 0<j<k+1 (5.3.6)
and similarly for the L%IOC versions. Using this, we define Sobolev gauge groups

Grr1(M) = {u € L{,(M;C) | |u| = 1 pointwise} and

5.3.7
Grt+1,10c(M) = {u € L%HJOC(M; C) ’ lul =1 pointwise} . ( )

where the group operation is point-wise multiplication.

For the moment, we focus on the compact case. The actions of G(M) and G(Z) on C(M),
C?(M) and C"(Z) extend to continuous actions of the (k + 1)-completed gauge groups on
the k—completed configuration spaces. We define the orbit spaces

By, (M) = Cy(M)/Gr1(M)

Bi (M) = Cy(M)/Gry1(M) (5.3.8)
and

Bi.(%) = (fz}:(Z)/ng(Z) 50

Proposition 5.8 (cf. [KMO07, Ch. 9]). Let M be a compact spin® n—manifold and 2(k+1) > n.

(i) Gra1(M) is a Hilbert Lie Group.

(i1) Cx(M) is a smooth Hilbert manifold on which Gii1(M) acts smoothly. The orbit space
By (M) is Hausdorff.

(i11) CZ(M) is a smooth Hilbert manifold with boundary on which Giy1(M) acts smoothly
and freely. The orbit space Bf (M) is a smooth Hilbert manifold.

() If Z =1 xY is a compact cylinder and 2(k 4 1) > 4, then C(Z) is a smooth Hilbert
manifold on which Giy1(Z) acts smoothly and freely. The orbit space Bf (M)
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With this analytic setup in place, we can now make sense of the bundles T'Cy(M)
and TCJ (M) and give a precise meaning to our ad hoc considerations before passing to
the completions.

(1) For C(M) we consider the trivial bundles
Tj = Cu(M) x L2GT*M & S57))  (j = 0) (5.3.10)
and for Cf (M) the sub-bundles
TP CCP(M) x (LA(T*M) @R & LE(S5)) (5> 0) (5.3.11)
whose fibers over v = (4, s, ¢) are
7, = {(br9) € L2GT" M) @R @ LE(S4]) | (6, 6) 12 = 0} (5.3.12)
We then have canonical identifications

TCy(M)="Ti and TCI(M)=T{. (5.3.13)

(2) In the case of a 3-manifold, the ‘vector fields’ X = V£ and X° extend to smooth
sections

X:C(Y) = Ther and X7:CL(Y) = T2, (5.3.14)

and cannot be factored through th actual tangent bundles 7;(0) C 775?1 The reason
is that the formulas for X(°) involve differential operators of order 1 which map L?
continuously into L7 ; but not into L?. In that sense, X is not a vector field and the

same discussion applies to the blown-up version X°.

(3) Lastly, we note that X and X° are equivariant with respect to the obvious Ggy1(Y)
actions and the latter descends to a smooth section

X7 BUY) = Ty = Ti1 /G (V). (5.3.15)

5.4 Invariants of closed 4-manifolds revisited

Let X be a closed, connected spin® 4-manifold with b3 (X) > 2. In Section 2.4.5 we defined
the classical Seiberg—Witten invariants by studying the moduli spaces

N(X) = §1(20,0)/Gu1(X) € Bu(X) = Cu(X)/Grn (5.4.1)

of solutions to the Seiberg—Witten equations with perturbation n € fo_ (X). We proved that
for suitable 1 the space N(X) is a closed smooth manifold consisting entirely of irreducible
solutions, thus representing a homology class

IN(X)]s € Ho(BL(X); Zs) = H,(CP® x Pic(X); Zs), (5.4.2)

which is independent of 7, the Sobolev order k, and the chosen metric on X. Recall that
the homotopy type of B was identified in Proposition 2.52 as

Bi(X) ~ CP™ x Pic(X) (5.4.3)

where Pic(X) = H'(X;R)/HY(X;Z).
We can recast this story using the blown-up monopole map

F7(A,5,0) = (3F4 — s*px' (90" )o, DA ). (5.4.4)
and similarly defined moduli spaces
M(X) = (37)"(21,0)/Gr41 C BI(X) (5.4.5)

The same ideas that were used to study N(X) gives the following result:
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Theorem 5.9 (cf. [KMO07, Ch. 27]). Let X be a closed, connected spin® 4—manifold.

(i) There is a dense set of perturbations n such that M(X) is a compact manifold with
(possibly empty) boundary of dimension

dim M(X) = = (¢} (5%)[X] — 2x(X) + 30(X)). (5.4.6)

1 =

(i) Ifbg (X) > 1, then there is a dense set of perturbations n as in (i) such that OM (X) = ().

(ii3) If b3 (X) > 2 and Mo(X) and M1(X) are defined using different Riemannian metrics
on X and perturbations as in (i), then My(X) and M1(X) are cobordant in BJ(X).

The relation to the classical approach is given as follows:

(1) The blow-down map B(X) — Bi(X) is a diffeomorphism over B;(X) and 0By (X) is
the preimage of the reducible locus. In particular, if b5 (X) > 1 the for n as in (ii), 7
maps M (X) diffeomorphically onto N(X)

(2) The homotopy type of BY(X) can be identified as
B (X) <”Tl BY(X)\ 9B (X) I Bi(X) =~ CP™ x Pic(X) (5.4.7)
In particular, we have a an isomorphism
H. (B} (X); Zg) — H.(B(X)) (5-4.8)
which sends [M(X)] to [N(X)].

5.5 Perturbations of the CSD functional

Let Y be a closed, connected spin® 3—manifold. Just as we had to perturb the Seiberg—Witten
equations on closed 4-manifolds to obtain meaningful invariants, we should expect the same
necessity on the infinite cylinder R x Y. Since the Seiberg—Witten equations on R x Y are
formally the negative gradient flow equations of the CSD functional

L:C(Y) R, L(Bo+b ) =%, Dpv) + 5 (b db) + & (b +Fpy ) (55.1)
=B

one might hope to be able to realize the necessary perturbations on R x Y as perturbations
of L of the form
Ly=L+f:CY)—=R (5.5.2)

where f: C(Y) — R is some function. This turns out to be possible, but finding a suitable
class of such functions is a longer story (told in [KMO07, Chs. 10&11]). We limit the discussion
to a brief outline decorated with some motivation.

irst of all, f shou e —1nvariant so that it as the same invariance properties
1) Fi f all, f should be G(Y )i i hat it £ has th i i i
as L.

(2) Just as £, the function f should have a formal L? gradient which can be viewed as a
smooth section

q=Vf:C(Y) = Te—1, k>3 (5.5.3)
(3) Given f an in (1) and (2), we get a perturbation of the Seiberg—Witten vector field
Xy=X+q=VLs: C(Y) = Tacs (5.5.4)

which is really the main character of the story. This is usually reflected in terminology:
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» q = Vfis called a perturbation.

» [ is called a perturbation potential.

(4) The blow-up procedure gives a smooth section q7: CZ(Y) — T2, and thus a perturba-
tion

X=X +q7:C(Y) > T, (5.5.5)

(5) The goal is that for sufficiently many q the equation 4+ Xy = 0 in B7(Y") is sufficiently
well-behaved in the sense that one can mimic the construction of the Floer complexes
in vertical Morse theory.

(6) Further regularity conditions on q are necessary to carry to guarantee desirable proper-
ties of the flow equation & + X7 (z) = 0 on B?(Y). Narrowing down precise conditions
eventually leads to the definition of tame perturbations in [KMO7, Def. 10.5.1]. For

example, f(B,y) = \|1/)||2 is such a tame perturbation.

(7) The existence of sufficiently many g should follow from the Sard—Smale theorem. This
would require a sufficiently large Banach space of tame perturbations. The construction
of such spaces is carried out in [KMO07, Ch. 11].

5.6 Non-degeneracy of critical points
We now consider a perturbation q as above and the corresponding ‘vector fields’

X0 CO(Y) > T2, and X7:BI(Y)— T2, (5.6.1)
Recall that X7 is supposed to behave like the gradient of a vertical Morse function. In
particular, its stationary points should be non-degenerate in a suitable sense.

5.6.1 Finite dimensional intuition

The non-equivariant case. We begin by recasting the classical notion of non-degeneracy
of critical points.

Lemma 5.10. Let f: P — R be a smooth function on a closed Riemannian manifold P
and & =V f. The following conditions are equivalent:

(i) f is a Morse function.

(it) Hyf: T,P x T,P — R is non-degenerate whenever df (p) = 0.
(i1i) Dy&: T,P — T, P is an isomorphism whenever £(p) = 0.

(iv) &: P — TP is transverse to the zero section.

Proof. The equivalence of the first three conditions follows from the definition of Morse func-
tions and the formula H, f(v,w) = (v, D,&(w)) that we proved in an exercise last semester.
The equivalence of (iii) and (iv) follows from unraveling the definition of transversality. [

The equivariant case. Suppose that a Lie group G acts smoothly on a manifold P.

(1) If G acts properly, then the orbits Gz C P for x € P are smoothly embedded submani-
folds diffeomorphic to G/G, where G, is the stabilizer of x.

(2) If G acts properly and freely, then the orbit space B = P/G is a smooth manifold with
a unique smooth structure such that the orbit map ¢q: P — B is a submersion.
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From now on we assume that G acts properly and freely on P.
(3) Combining (1) and (2) shows that all orbits Gz are diffeomorphic to G and the fibers
of the sub-bundle J = ker(dq) can be canonically identified as
Jo = ker(dg,) = T,G, <22 T.G (5.6.2)

where L, : G — P is given by g — gz.
(4) The tangent space at y = ¢(z) € B can be identified as
T,B 2 T,P/J, = T,P/T,Gx. (5.6.3)

More globally, there is a short exact sequence of vector bundles over P
0—J—TP Y% ¢*TB - 0. (5.6.4)

(5) The G action on P lifts to a free and proper action on T'P which leaves J invariant
(more precisely, we have g,J, = Jy,) and we can identify the tangent bundle of B as

TB = (TP/J)/G (5.6.5)

where the inner quotient is one of vector spaces while the outer means the passage to
G—-orbits.

(6) If P carries a G—invariant Riemannian metric, we get a G—invariant orthogonal splitting
TP=J®oK, K=J" (5.6.6)
and an identification TB = K/G.

(7) Alternatively, suppose that there is a smooth submanifold S C P such that for each x € S
there is a splitting

T.P=J,T,S. (5.6.7)

In other words, S is transverse to all G—orbits that pass through it. Such a submanifold

is called a (local) slice for the action. In that case we have Ty, B = TS for all x € S.

(8) If we drop the assumption that G acts freely, the tangent spaces to the orbits still from
a set
J=\JJ.CcTP, J,=T.Gx. (5.6.8)
zEP
However, this is generally not a sub-bundle, since the dimension of J, depends on the
stabilizer. The same applies to the orthogonal complements K, taken with respect to a
G—-invariant metric on P.

With this understood, we obtain the following equivariant analogue of Lemma 5.10

Lemma 5.11. Let f: P — R be a G—invariant smooth function and & = V f its gradient
with respect to a G—invariant metric. Then the following are equivalent:

(i) f is a G-Morse function.
(i1) Hyf: Ky X K; — R is non-degenerate whenever df (x) =0
(iii) Dz&: K, — K, is an isomorphism whenever £(x) = 0.

(iv) &: P — TP is transverse to the subset J = |J
in the sense that whenever {(x) = 0 we have

Tw0)TP (= 2T, P & TyT,P) = EToP + 2, Ty P + J,. (5.6.9)

wep Jz along the zero section z: P — TP

If G acts freely, then either condition is equivalent the induced map f: B — R being a Morse
Sfunction.
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5.6.2 The gauge theoretic setting
Now let us come back to the perturbed Seiberg—Witten ‘vector fields’

Xg=VL:Cu(Y) = Trey and XJ:CL(Y) = T2, (5.6.10)

with perturbation q = V f with potential f: Cx(Y) — R. Both vector fields will play a role.
We use the following notational convention (cf. [KMO07]):

» Stationary points of f‘;’ are denoted by a, b, etc.

» Stationary points of fq are denoted by «, 3, etc.

The goal of this section is to define a reasonable notion of non-degeneracy for stationary
points which can be achieved by carefully choosing q.

Defining non-degeneracy. Recall that Gi1(Y) is a Hilbert Lie group. In the light of
Lemma 5.11, we should be interested in the tangent spaces to Gp41(Y') orbits. To begin
with, we have an identification

&~ d
TiGr+1(Y) < iLi 1 (Y;R), & %hzoeti. (5.6.11)
Consequently, we can compute the differentials of the maps

L G (Y) = CO(Y),  urs uy, (5.6.12)

for example in the case of v = (B, %) € Cx(Y) and £ € iL} (Y, R) as

dLy[,(€) = §|,_oe" (B.¥) = F],_ (B — td€, ') = (—dé, £¥). (5.6.13)
and similarly for v = (B, r,¢) € CJ(Y)
dLg|,(€) = -+ = (—d&,0,£9). (5.6.14)

The tangent spaces to the orbits are thus

Ty = {(—d&,€0) | € €L} (ViR)} = TyGri1y CTRC(Y) v = (B,9) € Ci(Y)
jlg;'y = {(_dé.a Oa§¢) |£ € ZL%-&-I(YJR)} = T,ng+1’y C T’Yclg(y) Y= (Bﬂ"ﬂﬂ) € CI?(Y)

Similarly, we can define jk(:f) for lower Sobolev orders 0 < j < k. With this understood,
Lemma 5.11 suggests the following definition.

Definition 5.12. A stationary point a of )?Cf Cl(Y) — T, is called non-degenerate if

éﬁ;’ is transverse to J¢_; at a. An analogous definition applies to stationary points « of X.

Characterizing non-degeneracy. We can also mimic the formulation in Lemma 5.11(iii)
of non-degeneracy in terms of linearizations. Thinking of the ‘vector field’” X as a map

Xy: CL(Y) = L2, (iT*Y @ Sy) (5.6.15)
we have a canonical notion of derivative

D Xy: Li(iTY © Sy) — L2_,(iT*Y @& Sy), 7€ Cr(Y). (5.6.16)

=Tk~ =Tk—1,~
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Since questions of non-degeneracy are concerned with directions complementary to the tan-
gent spaces of orbits, we consider the fiberwise L?—orthogonal splittings

Ti=Jek; (0<j<k) (5.6.17)

where K; is defined as the fiberwise L?-orthogonal complement. By restricting and L? pro-
jecting D, Xy we obtain a linear operator

D, X,
Hessq ~: Ky <= Toy —— To1,0 — Kk—1,4 (5.6.18)

which is an ad hoc version of the Hessian of L.

This construction has a blown-up analogue, but this comes with an extra twist that
lies in the definition of complementary sub-bundles to J7. Instead of taking orthogonal
complements, one proceeds as follows:

» Let K7 be the restriction of K; to C;(Y). This is a sub-bundle of the restriction 7;".

» The blow-down map w: CJ(Y) — Ci(Y) is a diffeomorphism over C;(Y) and induces
maps7r*:7;"—>7;- for 0<j<k.

» Define KF over C;(Y) be requiring .7 = K.

» According to [KMO07, 9.3.5] K7 extends to a bundle over C7(X) such that there is a
splitting 77 = J7 @ K7. This splitting, however, is not orthogonal with respect to to
any natural scalar product!

With this in place, a similar construction as above gives operators
Hess? . KI o Dt o Kg 5.6.19
088q,y Mky T Thy k=17 7 Mk—1,4 (5.6.19)

where DA,?? 7 is defined by viewing C7(Y) as a Hilbert submanifold of the affine Hilbert
manifold By + L2 (i*TY @R Sy ). Unraveling the transversality condition in Theorem 5.15
gives the following:

Lemma 5.13 (cf. [KMO07, 12.4.1]). A stationary point a of X is non-degenerate if and only
if the operator
Hessg o2 K7, — K{_1 4 (5.6.20)

1s surjective. An analogous statement holds for X and Hessg,q -

We record an important property of the operators Hessg , without proof.
Proposition 5.14 (cf. [KMO07, 12.3.1]). Hessq, is a self-adjoint Fredholm operator.
Achieving non-degeneracy. The next step is to show that )?Cf is non-degenerate for
sufficiently many g. Recall from p. 40 that a countable intersection of dense, open subsets

of a given space is called a Baire set! and that Baire sets in separable Banach spaces are
dense.

Theorem 5.15 (cf. [KMO07, 12.1.2]). Let P be a large Banach space of tame perturbations.

Then the perturbations q € P for which all stationary points of X° are non-degenerate form
a Baire set.

The proof is based on the following lemma

! Baire sets are called residual in [KMO7].
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Lemma 5.16 (cf. [KMO07, 12.5.1]). Let £, F, and P be separable Banach spaces, S C F a
closed submanifold, and
F:ExP—F (5.6.21)

a smooth map. For fited p € P write F,, = F(-,p): € — §. Suppose that the following
conditions are satisfied:

(a) F is transverse to S.
(b) For all (e,p) € F~Y(S) the following composite is a Fredholm operator:

quot

1.6 Dl o SN T EITS,  f = Fip,e). (5.6.22)

Then the set of p € P for which F), is transverse to S is a Baire set.
Proof. The proof follows a common strategy (cf. [Nicll, Ch. 1.2]). The main steps are:
» Condition (a) ensures that F~1(S) is a Banach submanifold.
» Condition (b) ensures that the composition
Q:FUS)—exP XL p (5.6.23)
is a Fredholm map.
» The Sard-Smale theorem (Theorem 2.32) gives a Baire set of regular values of Q.
» If p € P is a regular value of @, then F}, is transverse to S. O
Proof of Theorem 5.15 (sketch). The proof has two parts:
(1) Irreducible case: points of the form (B,r, ) with r # 0
(2) Reducible case: points of the form (B, 0, ).
The argument in the irreducible case goes as follows:

(1.1) The goal is to show that there is a Baire set of g € P such that all irreducible zeros
of X7 are non-degenerate.

(1.2) An irreducible configuration (B,r,1) is a non-degenerate zero of /\7&7 if and only

if (B,rv) is a non-degenerate zero of fq. So we can work with )?q on the irreducible
locus Ci(Y).

(1.3) We consider the ‘parameterized zero sets’
Zt = {(a,q) ‘ Xy(a) = 0} CCHY)x P (5.6.24)
We want to show that these are Banach manifolds.

(1.4) Recall that we have an L?-orthogonal splitting 7; = J; @ K; where J; consists of
the tangent spaces of Gpi1(Y)-orbits. Write ¢ € P as an L? gradient q = Vf.
Then /\?q = V(L + f) and, since £ and f are invariant under the identity component
of Gp+1(Y), it follows that /'?q is orthogonal to J* for all q € P.

(1.5) The restriction K of K; to C;(Y) is a Hilbert vector bundle and, in particular, a
Hilbert manifold. By the above we can assemble all )?q into a smooth map

0:C(Y)xP—=Ki_1, gla,q) =X(a) (5.6.25)

and we have Z* = g~ 1(0). Moreover, g is transverse to the zero section:
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» The transversality condition for («,q) € AR equivalent to the surjectivity of
KiaXP=Ki a0 ((b,9),h) = Hessqa(b,¥) + b(c). (5.6.26)

» Since Hessg o is a self-adjoint Fredholm operator by Proposition 5.14, its cokernel
and kernel agree and are both finite dimensional.

» Is thus suffices to produce for every 0 # v € ker Hessq, and element h € P
with (v, b(a)) 2 # 0.
» Writing h = Vh for some h: C(Y) — R this is equivalent to dh|(v) # 0.
» Lastly, the definition of ‘large Banach spaces of perturbations’ is made to ensure
this property.
(1.6) It follows that Z* is a Banach manifold and, and so is Z* = Z*/G11(Y).
(1.7) We want to apply Lemma 5.16 to this situation:

» We have just verified the transversality condition (a) for g and the zero section
of K _,.

» The condition (b) turns out be equivalent to the Fredholm property of Hessg q.

» The conclusion is that the set of q € P for which /'Fq, considered as a section of K7,
is transverse to the zero section. Let us write P* for this set.

» But this is equivalent to all irreducible zeros of /’?q being non-degenerate.

It remains to treat the reducible case which is considerably more involved. Lecture 10, 19.12.2:

(2.1) Non-degeneracy for reducible zeros (B, 0,) of /’?cf can be characterized as follows:

> Let 7?6‘1 = Ap x L3(iT*Y’) be the ‘L3 tangent bundle’ of Ax(Sy).
» The action of G.11(Y) on Ax(Sy) gives a fiberwise L-orthogonal splitting 774 = Jr*d@Ke
where ered is tangent to the orbits.

» The 1-form component of the /'Fq = V(L+f) gives defines a section féed : A (Sy) — Tred.

» For fixed B € A(Sy) the linearization of the spinor component of .)Pq at (B,0)
gives rise to a linear operator Dpq: L?(Sy) — Li_,(Sy) which is a compact
perturbation of the Dirac operator Dp.

According to [KMO07, 12.2.5], a reducible zero a = (B, 0,%) of fé’ is non-degenerate if
and only if the following hold:

(a) B is a non-degenerate zero of é’?;Cd
(b) v is a eigenvector of Dp 4 for a simple eigenvalue A # 0 (i.e. the A-eigenspace is

1-dimensional).

(2.2) A similar argument as in the irreducible case gives a Baire set P"¢? for which all zeros
of ered are non-degenerate.

(2.3) A more elaborate argument shows that achieving condition (b) at all zeros of f;ed
requires countably further conditions, indexed by n € N, say, each of which is satisfied
for q in a certain Baire set P,,.

Altogether, we see that for q in the intersection of the Baire sets P~, Ppred and P, for
all n € N all zeros of X7 are non-degenerate. Since the intersection of countably many Baire
sets is again a Baire sets, we are done. [
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5.7 Energy and compactness

Energy on compact 4-manifolds. Let X be a compact spin® 4—manifold with bound-
ary Y = 0X and spinor bundle Sx.

(1) Recall that the induced spin® structure on Y is represented by the spinor bundle
Sy = Stlv, py(b) = px () px(b), beTY (5.7.1)

where v# is the metric dual of the outward unit normal vector field. In what follows,
let A be a spin® connection on Sx and B the induced connection on Sy.

(2) The Dirac operators on Sx and Sy are related by the formula

D(@ly) = (px (0#) " Dig — V26|, + G oly, o€ T(Sx) (572)

where H is the mean curvature of Y in X. A general discussion of the concept can be
found in [Jos17, Ch. 5.2] and a proof of the formula is given in [KMO07, Lemma 4.5.1].
For the present purposes, it suffices to know that the mean curvature vanishes in the
case that X is cylindrical near Y.

(3) The key to compactness results in Seiberg—Witten theory is the Weitzenbock formula

Do = (V' VA6 + %px(F;) + Zrb (5.7.3)

where s is the scalar curvature of X. The proof is a direct computation (cf. [Josl7,
Thm. 4.4.2]). Note that (5.7.3) involves two terms in the Seiberg—Witten equations
on X, namely Ds¢ and %FXt.

(4) Following [KMO07, Def. 4.5.4] we define the notions of analytic and topological energy of
a configuration (4, ¢) € C(X) as

5‘6‘“(A,¢>):1 |Fae|? + |VA¢>\2+1 (|¢|2+s/2)2—i 5 (5.7.4)
H
EXP(A, ¢) = i/XFAt/\FAt —/Y<¢|Y7DB(¢|Y)>+/Y§|¢|2. (5.7.5)

It is straight forward to check that both these quantities are invariant under the action
of G(X). Note that if X is closed, then the boundary terms in (5.7.5) vanish and
EP(A, ¢) is constant with value —7%c}(Sx)[X] which is a topological invariant of the
spin€ structure.

(5) Using the formulas in (2) and (3) above, one can establish the main energy identity
EM(A, ¢) = E*P(A, ) + [I5(A, D)2 (x) (5.7.6)

where F(A, ¢) = (3F}, — px' (#6*)o, Dag) is the usual Seiberg-Witten map.

Energy and compactness on compact cylinders. Now let Y be a closed spin® 3—
manifold and Z = [t1,t2] X Y a compact spin® cylinder. As usual, given a configura-
tion v = (4, ¢) € C(Z) we write §: [t1,t2] — C(Y") for the corresponding path in C(Y).

(6) In the cylinder case, the topological energy takes the more intuitive form

EP(7) = 2(L(7(t1)) — L(7(t2)))- (5.7.7)

In words, the topological energy measures twice the change of £ along the cylinder.
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(7) If v € C(Z) is in temporal gauge, then the analytic energy can be expressed as

£(y) = /

In the light of the equivalence of the equations F(y) = 0 and ¥ + VL(¥) = 0, the
main energy identity boils down to the observation that solutions of the latter (formal)
downward gradient flow equations are characterized by the equality

HOI 2y + IVLEW)IT 2y (5.7.8)

2£G(0)) = £6(82) = [ [HO gy, + IVEGE B dt. (579

(8) The point of the discussion in (6) and (7) is an a posteriori justification for the admittedly
out-of-the-blue definitions of £*" and £*P in (4). In hindsight, we could have started
with the more intuitive identity (5.7.9) for 4 and noted that the two sides of the equations
can be expressed in terms of y as in (4).

(9) The expression of £*" in (4) has three main advantages over that in (7):

» It is defined for all configurations in C(Z) and not only those in temporal gauge.

» The resulting function £2*: C(Z) — R is invariant under the full gauge group G(Z)
whereas the right hand side in (7) is only invariant under G(Y).

» The definition in (4) works for arbitrary compact 4-manifolds.

For the record, we note that the G(Z)-invariant formula in (4) for an arbitrary config-
uration v = (A4, ¢) € C(Z) with A = A+ cdt can be rewritten as

EM(v) = /:

with L? norms understood everywhere.

A~ de| + [d0) - cd|| + 1vLGOIP @ (5.7.10)

The following two theorems indicate the usefulness of the notions of energy.

Theorem 5.17 (Finiteness theorem, compact cylinder case, cf. [KMO07, 5.1.1(i)]). Let Y
be a closed, oriented, connected Riemannian S3—manifold and Z = [t1,t2] X Y a compact
cylinder with base Y. For every C € R there are only finitely many spin® structures on 'Y
(and hence on Z) such that the equation F(v) = 0 has solutions v € C(Z) with E*P(y) < C.

Proof. Assuming that F(v) = 0 and £*P(y) < C, the main energy identity gives £2%(y) < C
which, among other things gives an upper bound
1
/ |Face|> < C+ —/ s =" (5.7.11)
z 16 Jz

The right hand side is constant as long as the metric on Y is fixed. This, in turn, gives
upper bounds
/ FAt A w S C/ ||UJ||L2(Y) 5 RS QQ(Z). (5.7.12)
z
Since F4t/2mi represents ¢1(Sz) and de Rham cohomology with compact supports in the

interior of Z computes H*(Z,0Z;R), the above bounds leave only finitely many possibilities
for ¢1(Sz) and thus for spin® structures on Y. O

Theorem 5.18 (Compactness theorem for compact cylinders, cf. [KMO07, 5.1.8]). Let Z = [t1,t2] XY
be a compact spin® cylinder with Y closed and connected. Suppose that the following is given:

> 7, € C(Z) is a sequence of smooth solutions of F(v,) = 0.
> E°P(y,) = 2(L(An(t1)) — L(Fn(t2)) < C for some C € R uniformly in n.

Then there exists a sequence of smooth gauge transformations u, € G(Z) such that u,y,
has a subsequence that converges uniformly in the C* topology in C(Z') for every compact
sub-cylinder Z' = [t},t5] x Y with t; <] <th < ts.
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Energy and perturbations. Let Y and Z = [t1,2] X Y be as above. The previous com-
pactness theorem only deals with the unperturbed flow equation & + VL(x) = 0 in C(Y).
Unfortunately, the unperturbed equations generally suffer from non-degeneracies that pro-
hibit a direct adaptation of the Floer homology construction, making perturbations strictly
necessary.

(10) Let q: C(Y) — L?>(iT*Y & Sy) be a continuous map. From this we get a map
§:C(Z2) —» L*(iN2Z @ Sy) (5.7.13)
defined as follows:

» For v = (A, ¢) € C(Z) consider the continuous path ¥: [t1,t2] = C(Y).
» Compose with q to get a continuous path qo¥: [t1,ts] — L2(iT*Y & Sy ).

» The path interpretations of Q3 (Z) and I'(S}) discussed in Section 2.4.7 gives rise to
a continuous map

CO([tr, t2], L*(iT*Y @ Sy)) = L*(iA3.Z & Sy). (5.7.14)
Define q(y) as the image of q o ¥.

(11) If q is a tame perturbation in the sense of [KMO07, 10.5.1], then the construction in (9)
determines a smooth maps

§: Ck(2) = LIS Z & S;)  (Vk > 2) (5.7.15)
Combined with the inclusion L? < L? | we obtain a perturbed monopole map

Fa=F+aq:Cu(2) > L;_1(iN2Z & Sy) (5.7.16)
and for v € C(Z) in temporal gauge we have

Fa()=0 & F+X(5) =0 (5.7.17)

where X, = VL +q. | Lecture 11, 9.1.24

(12) Now let g = V f be a tame perturbation with potential f: C(Y) — R. If we write L; = L+f,
we get Xy = VLy. Given v = (A,¢) € C(Z), we can simply take the formulas in (6)
and (9), replace £ with L7, and define

ta
&) = /t

£ () = 2(Ls(3(t)) — L1 (3(t2)))-

2 2 : 2
At) = dye|| + |[o(t) = ed|| + 1L, G@)I at

(13) The relation of 3", £:°P, and F, is not as straight forward as in the unperturbed case.
However, it is true that () = 0 implies £¢" () = £ (7) and that E4" () controls the
L? norms of Fy: and VA¢ (cf. [KMO7, 10.6.1]). This is enough to prove the following
refined compactness theorem:

Theorem 5.19 (Compactness for compact cylinder with perturbations, cf. [KMO07, 5.1.8]).
Let Z = [t1,t2] X Y be a compact spin® cylinder with Y closed and connected. Suppose that
the following is given:

> q is a tame perturbation with potential f (i.e. q=Vf).

> v, € Ci(Z) is a sequence of solutions of Fq(vn) =0 for some k > 3.
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> &P (1) = 2(L5(An(t1)) — L (Fn(t2)) < C for some C € R uniformly in n.

Then there exist gauge transformations u,, € Gi+1(Z) such that u,v, has a subsequence that
converges uniformly in Cri1(Z") for every compact sub-cylinder Z' C Z.

The proof also gives a regularity result.

Proposition 5.20 (cf. [KMO07, 10.7.2&3]). Let q be a tame perturbation and v € Cr(Z) a
solution of §q(v) = 0. Then there exist a gauge transformation u € Gy1(Z) such that:

(i) The restriction of uy to any compact sub-cylinder Z' in the interior of Z is contained
m Ck+1(Z/) — Ck(Z)
(ii) uy determines an L? . path (t1,ta) — Cip(Y).

1,loc

As an application, we obtain a compactness result for the zero sets of the vector field fq = VL+q.

Compactness and blowing up. We are not quite done yet, since we are still lacking a
compactness theorem that applies to the blown-up configurations spaces.

(1) We fix a tame perturbation q and write it as ¢ = Vf. Recall that applying the blow-up
construction Xy = VL + q produces a ‘vector field’

X7 CI(Y) = Ty (5.7.18)
A smooth path 37 : [t1,t5] — C7(Y") gives rise to an element in the 7-blow-up of C(Z)
YT €CT(Z) ={(A,s,¢) € Ax(Sz) x LE(R) x Lj.(S%)|s >0} . (5.7.19)
The perturbation q gives rise to a perturbed 7-version of the Seiberg—Witten map
31=3+d:Ce(2) = L;_,(iNZ&R & Sy) (5.7.20)

where q7 is defined using q° similarly as § was defined using q (cf. [KMO7, p. 158]).
With these definitions, we get

X)) =0 & Fr(v7)=0. (5.7.21)

Again, the point is that the equation Sg('yT) = 0 makes sense for arbitrary v” € CJ(Z)
and is invariant under Gy 1(Z), whereas the flow equation only applies to configurations
in temporal gauge.

(2) Given a smooth configuration 47 € C7(Z) write

» 57 for the corresponding path in C?(Y),
» v € Cr(Z) for the blow-down,
» 5 for the corresponding path in C7(Y).

In order to prove a compactness result for solutions of §g (™) = 0, we have to control
the function £ along % (aka the topological energy of ) and another function

Ag: CL(Y) = R, Aq(B,7,¢) = (¥, Dptp + 3" (B, 1)) (5.7.22)

where q' is the spinor component of q and

1
3 (B.r) = /0 D (B, sri6)(0, $)ds. (5.7.23)
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Theorem 5.21 (Compactness for blow-ups on compact cylinders with perturbation, cf. [KMO7,

10.9.2]). Let Z = [t1,t2] X Y be a compact spin® cylinder with Y. Suppose that the following
18 given:

> q is a tame perturbation with potential f (i.e. q=Vf).

> 7, € Ci(Z) is a sequence of solutions of §3(7;,) = 0 for some k > 3.

> &P (1) = 2(L5(An(t1)) — L (Fn(t2)) < C1 for some Cy € R uniformly in n.

> Aq(37(t1 +€) < Cy and Ag(§7(t2 —€)) > —C5 for some 0 < e < (ta —t1)/2 and Cy € R.

Then there exist gauge transformations u, € Gry1(Z) such that u,~y] has a subsequence
that converges uniformly in Cr11(Z') for every compact sub-cylinder Z' = [t},t5] x Y with
th+e<t) <th<ty—e.

An application of the compactness theorem.

Corollary 5.22 (cf. [KMO07, 10.7.4]). Let q be a tame perturbation. Then image in B(Y') of
the zero set of Xy is compact. In particular, it is finite if all zeroes of Xy are non-degenerate.

Proof. (1) Let o, € Ci(Y) with .)?q(an) =0.

(2) Let v, € Ck([—3, 3] xY) be the corresponding sequence of translation invariant solutions
of Fq(7m) =0onY on R x Y restricted to [—3,3] x Y.

(3) Since 4, (t) = a for all t, we have P (v,) = 0.

(4) Theorem 5.19 gives u, € Gry1([—1,1] x Y) such that u,7, has a subsequence that
converges in Ciy1([—1/2,1/2] x Y).

(5) Restricting to {0} x Y and passing to Bi(Y") gives a convergent subsequence of [a,]. O

5.8 Towards monopole Floer homology

Before we narrow in on the missing pieces for the definition of monopole Floer homology,
we take a look back to remind us what we already have. We begin with the diagram

CZ(Y) —T— Cr(Y)

ek

B (Y) —"— Bi(Y)
involving the various completed configuration spaces for Y.

(1) Let I be any interval. The ordinary Seiberg—Witten equations (before blow-ups, per-
turbations, and completions) for smooth configurations v € C(I X Y) in temporal gauge
can be expressed in the two equivalent ways

F)=0 & F+X(¥) =0 (5.8.1)

where ¥: I — C(Y) is the path interpretation of v. We refer to the left and right hand
sides as the 4d and 3d versions of the Seiberg—Witten equations on I x Y. The general
philosophy is this:

» The 3d equations give intuition for the constructions.

» The 4d equations are the objects of interest and the main tools for proofs.
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(2) Before moving on, let us recap the roles of perturbations, blow-ups, and completions:

» Perturbations give the necessarily regularity of (spaces of) solutions of the equations.
» The blow-up process is a means to deal with the gauge equivariance.

» The Sobolev completions provide Hilbert manifold structures that facilitate the infi-
nite dimensional analysis.

(3) The considerations about T—equivariant Morse theory and Floer homology suggest that
we should study the perturbed and blown-up versions of 3d equations

B4+ X0(@) =0, x:1—B(Y) (5.8.2)

for C! curves in the quotient space B°(Y') defined on intervals I C R. Monopole Floer
homology should arise from chain complexes with. ..

» ...chain groups generated by the zeros of X7 in B?(Y'), and

» ...differential counting solutions of & + X7 (x) = 0 asymptotic to zeros of Xy .

Moreover, the finite dimensional theory suggests that we should study solutions of (5.8.2)
with domain I = R along which the functions £ o 7 and A, defined in (5.7.22) are
bounded.

(4) Let us take a closer look at the the zero sets of the various vector fields:
» ZJ is the zero set of X7 in By (Y).
» ZJ is the zero set of X7 in C7(Y).
> Z~q is the zero set of é’?q in C,(Y).
From Theorem 5.15 and Corollary 5.22 we know:

» For generic q all zeros of X7 will be non-degenerate.

» Assuming this, 7(Z7) = q(Z,) is finite.
Remembering how zeros of ??Cf relate to those of /'E“ we can conclude:

> qu consists of finitely many gauge orbits.

» Each irreducible gauge orbit in gq contributes an irreducible zero of X7 and vice
versa. In particular, Z7 contains only finitely many irreducible zeros.

» Each reducible gauge orbit in Z~q7 say [B, 0], contributes countably many reducible
zeros in Zg correspond to the eigenvalues of the operator Dp 4 that appeared in the
proof of Theorem 5.15.

» To sum up, Z, has a finite irreducible part and a countably infinite reducible part

(5) Ome could try to make all of this precise using only smooth configurations in the lan-
guage of Fréchet manifolds. However, it is technically more convenient to use Sobolev
completions and to work ‘upstairs’ in C?(Y") in the affine space. From the 3d perspective,
this puts the equations the following equations on the map:

i+ X () =0, x:1-Cl(Y) (5.8.3)

Note that the natural habitat for these would be something like L7, (I,C(Y)), the
space of Liloc paths in C7 (Y), which requires some sense making that we have not and

will not do.
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(6) Time for a word of warning about the shortcomings of the path interpretation with
respect to blow-ups and Sobolev completions:

» As we have seen, temporal gauge configurations in C?(I x Y) do not have path
interpretations, in general. One way out was to use the 7-blow-up of C7(I x Y)
which has ‘underlying path’ and ‘associated temporal gauge configuration’ maps

CTIXY)— C(I,C°(Y)) = C"(IxY) (5.8.4)

whose composition restricts to the identity on temporal gauge configurations.

» Another shortcoming of the path interpretation is that it does not interact well with
Sobolev completions. While an elaboration on Fubini’s theorem provides continuous
extensions to L12OC completions

CorocI X Y) = Line(I1,C5 (V) = Cfpoc( X Y) (5.8.5)

Unfortunately, the images of the subspaces Cg,..(I x Y) and L2, .(I,CZ(Y)) under

r,loc
these maps are not easily characterized.

The bottom line is to take the philosophy in (1) seriously. It would be ill advised to base
the entire analysis on the 3d equations, since the natural habitat for the 4d equations
is much simpler and we are ultimately interested in the solutions to the 4d equations
anyway.

(7) Speaking of 4d equations, the remarks in (6) highlight the importance of the equivalence
Fiv) =0 & F7+X7(57) =0 (5.8.6)

for smooth v7 € C7(I x Y) in temporal gauge and its underlying path §°. The main
selling points of the 4d equations §3(77) = 0 are:

» They can be studied in the Sobolev completions Cf (I X Y") in which all derivatives
(in I and Y directions) are treated equally.

» They are Giy110c(I X Y') invariant.

» They are elliptic modulo the action of Giy110c(f X Y).

Among other things, ellipticity implies that all solutions of §j(77) are smooth (see
Theorem 5.23 below) so that the Sobolev completions are merely technical baggage.

5.9 Moduli spaces of trajectories

Theorem 5.23. Lety" € C] (I xY') be a solution of §3(v") = 0 for some k > 3 and some
tame perturbation q. Then there is a gauge transformation u € Giy110c(Z) such that uy™ is
smooth in the interior of I X Y.

Proof. If I is compact, we can argue similarly as for closed manifolds. Let 47 = (A, s, ¢)
and write A = Ag + a for some smooth reference connection Ag with a € L2(iT*Z). We
may assume that A is in Coulomb—Neumann gauge with respect to Ay, meaning that

da=0onZ and a(v)=0o0ndZ (5.9.1)

where v is the unit outward normal field. For if not, then we can find a gauge transformation
of the form u = e* where ¢ € L2 +1(Z;iR) is the unique a solution of the Neumann boundary
value problem with normalization

A¢E =d*a, dE(v) =a(v), /{0} y £E=0. (5.9.2)

99



Since the equation d*a together with F7(A,s,¢) = 0 is an elliptic system, a bootstrapping
argument similar to the closed case shows that every Coulomb—Neumann solution in the
interior of I x Z.

If I is non-compact, we can cover it with countably many intervals I,,, n € Z such that
non-consecutive intervals are disjoint (i.e. I,, NI, 12) consecutive intervals intersect such that
the right end of I,, lies in the interior of I,,; and the left end of I,, 1 lies in the iterior of I,.
For each n write v, € Li (I, xY) for the restriction of v and choose w,, = eén as above such
that w,y, is smooth on the interior of I, x Y. The difference &, 11 —&,, is necessarily smooth
on the interior of (I,+1 N I,) x Y. From here on, one can patch together to functions &,
using a smooth partition of unity for I subordinate the open cover given by the interiors of
the I,, to obtain £ € iL3 |, (I x Z) such that e/ is smooth on the interior of I. O
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Appendix A

Background Material

A.1 Riemannian geometry

Let M be an oriented Riemannian n—manifold.

The Levi—Civita connection. We write V for the Levi-Civita connection on T'M, its
dual T* M, and tensor products involving the two. Recall that the dual connection on 7" M
and T™*M = (TM)®" @ (T*M)®? is determined by the Leibniz rules

Vx(a))=(Vxa)Y)+ a(VxY) and (A.1.1)
VST)=(VS)@T + S (VD). (A.1.2)
where a € Q}(X) and S, T are sections of tensor bundles. If ey, ..., e, is an oriented local
orthonormal frame for TM, we write e!,...,e™ for the dual coframe for T*M determined

by €’(e;) = &} and abbreviate the Levi-Civita connection as V; = V., .

Exterior calculus. We think of A*T*M as the bundle of alternating multilinear maps
on TM. The wedge product or exterior multiplication

A: APT*M @ NUT*M — APTIT*M (A.1.3)
is defined using the convention

1

W/\T](Ylv"'}/p-‘rq)zw

Z (_1)GW(Y0(1)7 s 7Y0'(;D))77(Y0'(p+1)5 ceey YO’(P"FQ))' (A14)

0€6p14
The wedge product is associative and graded commutative in the sense that
WADAE=wA(AE) and wAn=(—DI"yAw. (A.1.5)

There is another operation on A*T™* M known as interior multiplication or contraction with
a vector v € T,, M defined by

o NPT — AP7IT L (viw)(wi, .. wp—1) = w(V, w1, . Wp—1). (A.1.6)
Interior and exterior multiplication are adjoint in the sense that
(vew,m) = <w, v’ A 77> (A.1.7)

where v> = (v,-) is the metric dual of v. The contraction of a wedge product can be

computed using the graded Leibniz rule

v (wAn) = (vw) A+ (=1)“lw A (vn). (A.1.8)
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Differential forms. Let QP(M) = I'(APT*M). The de Rham differential or exterior
derivative
d: QP(M) — QPTH(M) (A.1.9)

is defined by requiring df to be the usual derivative for f € C>(M) = Q°(M) and the
graded Leibniz rule
d(w An) = (dw) An+ (=1)“lw A (dn). (A.1.10)

The de Rham differential and codifferential can be expressed locally in terms of the
Levi—Civita connection by the formulas

d=) e AV; and d*=-) eV, (A.1.11)
i=1 i=1

A.2 Spin geometry

A.2.1 Complex Clifford algebras and their representations

Throughout, let V be a finite dimensional real inner product space. The complex Clifford
algebra C1(V) is defined as the associative unital C—algebra generated by all v € V subject
to the Clifford relations v> = —|v|?. We have a canonical embedding i: V < C1(V') which
can be used to identify V' with its image in CI(V).

Lemma A.1 (Universal property, cf. [LM89, Prop. I.1.1]). Let E be a complex vector space
and p: V. — Endc(E) an R-linear map such that p(v)? = —|v|?idg. Then there exists a
unique C—algebra homomorphism p: Cl(V) — Endc(FE) such that p = poi.

Lemma A.2 (cf. [LM89, Prop. 1.1.3]). There is a vector space isomorphism
Cl(V) = AV ®C. (A.2.1)

The Clifford algebra has a canonical Zo—grading by C1(V) = CI°(V) @ C1' (V') where the
even part C1°(V) is the sub-algebra generated by products vw € CI(V) with v,w € V.

Lemma A.3 (cf. [LM89, Thm. 1.3.7]). There is an isomorphism of C—algebras
CV) = CI°(RB V), v eu. (A.2.2)

For brevity, we write Cl,, = CI(R™) and C(n) for the algebra of complex n x n—matrices.
These algebras can be identified as follows.

Theorem A.4 (cf. [LM89, Ch. 1.4]). There are isomorphisms of C—algebras
Ch=CeqC, Cl,=C(2), Clp,=Cl,,®Cl, C(r)eC(s)=C(rs).

In particular, this gives the periodicity property Cl, 1o = Cl,, ® C(2) and the classification

C(2%) n =2k
cl, =
C2M) @ C(2F), n=2k+1.

A Cl,,—module F is called irreducible if it cannot be written as the direct sum of non-
trivial Cl,—modules of smaller rank. Equivalently, ' does not have any non-trivial, proper
Cl,,—invariant sub-modules. We also refer to (left) Cl,—modules as Cl,,~representations.

Theorem A.5 (cf. [LM89, Thm. 1.5.6]). The canonical representation of C(r) on C" is, up
to isomorphism, the only irreducible representation of C(r). The algebra C(r) @ C(r) has
two inequivalent irreducible representations given by the canonical representations of the two
summands.
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Theorems A.4 and A.5 can be used to give a classification of irreducible Cl,—modules.
The canonical orientatin of R™ determines the real and complex volume elements

i* vol n =2k
ol, =e1---e, €Cl,, w&= " A.2.3
YOI T e = i {ik“voln, n=2k+1 (A.2.3)

The normalization guarantees that (wS)? = 1.

Theorem A.6 (cf. [LM89, Props. 1.5.10 & 15]).

(i) If n = 2k is even, then Cl, has, up to isomorphism, a unique irreducible com-
plex representation. Any such representaion A, has dimension 2¢. The subspaces
AF = (1+wS)A, are CI2—invariant and constitute irreducible C1 —modules of dimen-
sion 28=1. The element wS acts on AF as +id.

(ii) If n = 2k + 1 is odd, then Cl,, has, up to isomorphism, two irreducible complex rep-
resentations both of which have dimension 2%. The two isomorphism classes are dis-
tinguished by the action of WS, which either acts as id or —id. If AY are irreducible

Cl,,—representations on which wS acts as +id. If A* denotes one such representation
in each isomorphism class are isomorphic as C1%—representations.

More abstractly, if V' is an oriented real inner product space of dimension n, then we
have volume elements voly,ws € CI(V). In odd dimensions, we can use the orientation
to single out one of the two irreducible Cl(V)-modules. Unfortunately, this is a matter of

convention.

Definition A.7. Suppose that V' has odd dimension n = 2k+ 1. We say that an irreducible
Cl(V)-module A is positively (resp. negatively) oriented if w$; acts by +id (resp. —id).

Concrete models for A,, can be obtained as follows. For even n = 2k, we identify R?* = CF
and let
Agj, = A*CF (A.2.4)

with Clifford multiplication given poy,: C* — Endc(A*CF) given by

pok(Hw=vAE— vk (A.2.5)
For odd n = 2k — 1 we can take
Aétkq = AZik (A.2.6)

with Clifford action induced by the isomorphism Cly,_1 & (Clgk.

A.2.2 Spin® structures on vector bundles

We now generalize the notions for vector spaces to Euclidean! vector bundles V — B over
a sufficiently well-behaved space B (e.g. a manifold). We then have a Clifford bundle C1(V)
whose fiber over x € M is CI(V;). A Clifford module or Cl(V')-module is a complex vector
bundle F — B together with a bundle map p: CI(V) — End¢(E) which equips each fiber E,
with a Cl(V,)-module structure (i.e. p is a homomorphism of C-algebra bundles). By the
universal property of Cliffod algebras, the so-called Clifford multiplication p is uniquely
determined by its restriction to V' which is a map of real vector bundles

p: V = Endc(FE) (A.2.7)

and satisfies p(v)? = —|v|?idg for all v € V. The argument in [LM89, Prop. 1.5.16] shows
that we can always find a Hermitian bundle metric ( , ) on E such that p(v)* = —p(v)

LA Euclidean vector bundle is a real vector bundle of finite rank equipped with a bundle metric.
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for all v € V. The triple (E,p,( , )) is then called a Hermitian C1(V')-module. A Clifford
module (E, p) is called irreducible if E; is irreducible as a Cl(V,)-module for each z € B.
If V is oriented, then the orientation gives fiberwise well-defined volume elements as in
(A.2.3) which assemble into sections

vol,,,wS € I'(B;Cl(V)). (A.2.8)

If V has odd rank and B is connected, then for irreducible (E, p) we have p(wS) = £1.
Depending on the sign, we call (E, p) positively or negatively oriented.

Definition A.8 (Spinor bundles and spin® structures).
Let V — B be an oriented Euclidean vector bundle over a locally compact space B.

(a) A spinor bundle for V' is a Hermitian C1(V')-module S = (5, p, ( , )) which is irreducible
and negatively oriented in the case that V has odd rank n = 2k + 1.

(b) Two spinor bundles S = (S, p,{ , )) and S = (5,0, ( ,
if there is a unitary bundle isomorphism U: S — S’ such that Up(v) = p/'(v)U for
allv e V.

)Y for V are called isomorphic

(¢) Let Spin°(V) be the set of isomorphism classes of spinor bundles for V. Elements
of Spin(V') are called spin® structures and denoted by s =[S, p, ( , )].

Remark A.9. The orientation convention for spinor bundles is chosen to be compatible
with [KMO7]. In the case that V has rank 3 we have w$, = —voly and the convention
guarantees that p(voly) = id. However, other authors use different conventions! For ex-
ample, the spinor bundles in [Sal99, Frg08] are positively oriented. Passing between these
conventions amount to changing (S, p, (, )) into (S, —p,{ , )), that is, the sign of Clifford
multiplication is reversed. This has to be taken into account when comparing formulas!
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