
TORSIONLESS MODULES

APOSTOLOS BELIGIANNIS

1. The category of torsionless modules

Let Λ be an Artin algebra and mod-Λ be the category of finitely generated right Λ-modules. We denote by mod-Λ
the stable category of mod-Λ modulo projectives and by mod-Λ the stable category of mod-Λ modulo injectives. We
denote by PΛ, resp. IΛ, the category of finitely generated projective, resp. injective, Λ-modules.

Let SubpΛq be the full subcategory of mod-Λ consisting of the submodules of the projectives and let FacpDΛq be
the full subcategory of mod-Λ consisting of the factors of the injectives.

Observation 1: There are adjoint pairs

pΣP,Ωq : mod-Λ ¿ mod-Λ and pΣ,ΩIq : mod-Λ ¿ mod-Λ

where Ω is the usual syzygy functor and Σ is the usual cosyzygy functor.
Indeed ΣPpAq and ΩIpAq are defined by the exact sequences:

A
fAÝÝÑ PA

0 Ñ ΣPpAq Ñ 0 and 0 Ñ ΩIpAq Ñ I0
A

fAÝÝÑ A

where fA is the minimal left PΛ-approximation of A and fA is the minimal right IΛ-approximation of A. The above
approximations exist since PΛ and IΛ are of finite type and can be described explicitly.

Indeed an easy computation shows that

ΣP � TrΩTr and ΩI � DTrΩTrD

where D is the usual duality.

Observation 2: Clearly ImpfAq � ΩΣPpAq and ImpfAq � ΣΩIpAq. Moreover:
(i) Ωpmod-Λq is a reflective subcategory of mod-Λ with reflection the map A Ñ ΩΣPpAq. In particular A lies in

Ωpmod-Λq iff the map AÑ ΩΣPpAq is invertible.
Note that we may choose the map A Ñ ΩΣPpAq to be epic in mod-Λ and then the map

A ³ ΩΣPpAq
is a left Ωpmod-Λq-approximation of A.

(ii) Σpmod-Λq is a coreflective subcategory of mod-Λ with coreflection the map ΣΩIpAq Ñ A. In particular A
lies in Σpmod-Λq iff the map ΣΩIpAq Ñ A is invertible.

Note that we may choose the map ΣΩIpAq Ñ A to be monic in mod-Λ and then the map

ΣΩIpAq ½ A (1.1)

is a right Σpmod-Λq-approximation of A.

Observation 3: The functors and ΩTr : mod-ΛÑ mod-Λop and ΩTr : mod-Λop Ñ mod-Λop induce a duality:

ΩTr : Ωpmod-Λqop �ÝÑ Ωpmod-Λopq
with quasi-inverse the functor ΩTr : Ωpmod-Λopqop Ñ Ωpmod-Λq. Indeed this follows from Observation 2(i):

A lies in Ωpmod-Λq or Ωpmod-Λopq iff the map A Ñ ΩΣPpAq is invertible iff the map A Ñ ΩTrΩTrpAq is
invertible.

The duality ΩTr is the functor η constructed in [1].

Observation 4: Since clearly SubpΛq � Ωpmod-Λq and FacpDpΛqq � Σpmod-Λq, composing the above duality with
D, we obtain an equivalence:

DΩTr : SubpΛq �ÝÑ FacpDpΛqq
with quasi-inverse the functor ΩTrD.

Let A be in mod-Λ and consider the following exact sequences

0 ÝÑ A ÝÑ I ÝÑ ΣpAq ÝÑ 0 and 0 ÝÑ ΩpIq ÝÑ P ÝÑ I ÝÑ 0

where A Ñ I is the injective envelope of A and P Ñ I is the projective cover of I. The above exact sequences induce
the following exact sequence:

0 ÝÑ ΩpIq ÝÑ ΩΣpAq ÝÑ A ÝÑ 0
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and it is easy to see that the epimorphism
ΩΣpAq ³ A (1.2)

is a right Ωpmod-Λq � SubpΛq-approximation of A.
Now consider the full subcategory

SubpΛq ` FacpDpΛqq :� add
 
X ` Y P mod-Λ | X P SubpΛq, Y P FacpDpΛq(

which is a generating and cogenerating subcategory of mod-Λ.
Also consider the pull-back of the maps p1.1q and p1.2q:

0 ÝÝÝÝÑ ΩpIq ÝÝÝÝÑ X ÝÝÝÝÑ ΣΩIpAq ÝÝÝÝÑ 0��� ��� ���
0 ÝÝÝÝÑ ΩpIq ÝÝÝÝÑ ΩΣpAq ÝÝÝÝÑ A ÝÝÝÝÑ 0

Then the map X Ñ ΩΣpAq is a monomorphism and there is induced a short exact sequence

0 ÝÑ X ÝÑ ΩΣpAq ` ΣΩIpAq ÝÑ A ÝÑ 0 (1.3)

By using the above pull-back diagram it is easy to see that the map ΩΣpAq ` ΣΩIpAq ÝÑ A is a right
SubpΛq ` FacpDpΛqq-approximation of A and X P SubpΛq � SubpΛq ` FacpDpΛqq.

It follows that SubpΛq ` FacpDpΛqq is contravariantly finite in mod-Λ. This implies that the category

mod-rSubpΛq ` FacpDpΛqqs
of coherent functors rSubpΛq ` FacpDpΛqqsop ÝÑ Ab is abelian. Consider the restricted Yoneda functor

Y : mod-Λ ÝÑ mod-rSubpΛq ` FacpDpΛqqs, YpAq � HomΛp�, Aq|SubpΛq`FacpDpΛqq
Clearly any coherent functor F : rSubpΛq ` FacpDpΛqqsop ÝÑ Ab admits a presentation

0 ÝÑ YpAq ÝÑ YpX1q ÝÑ YpX0q ÝÑ F ÝÑ 0

where the Xi lie in SubpΛq ` FacpDpΛqq. On the other hand p1.3q induces an exact sequence

0 ÝÑ YpXq ÝÑ Y
�
ΩΣpAq ` ΣΩIpAq� ÝÑ YpAq ÝÑ 0

which implies that pdYpAq ¤ 1. Putting things together we infer that in general:

gl. dimmod-rSubpΛq ` FacpDpΛqqs ¤ 3

Of course if SubpΛq is of finite type, i.e. SubpΛq � addX for some module X, or equivalently FacpDpΛqq is of finite
type, i.e. FacpDpΛqq � add Y for some module Y , where we may choose Y � ΣDTrX, then SubpΛq ` FacpDpΛqq �
addpX ` Y q, the module X ` Y is a generator-cogenerator and mod-rSubpΛq ` FacpDpΛqqs � mod- EndΛpX ` Y q.

It follows that gl. dimEndΛpX ` Y q ¤ 3 and then: rep.dimΛ ¤ 3.

2. Problems

Recall that for an Artin algebra Λ, the full subcategory CMpΛq of Cohen-Macaulay modlues, consists of all modules
A such that A � ImpP�1 Ñ P 0q for an infinite acyclic complex � � � Ñ P�1 Ñ P 0 Ñ P 1 Ñ � � � of finitely generated
projectives which remains exact after the application of the functor HomΛp�Λq. An Artin algebra Λ is said to be of
finite Cohen-Macaulay type, if CMpΛq is of finite type.

Recall that Λ is called Gorenstein, if idΛΛ � id ΛΛ � d   8. For such algebras we have Ωdpmod-Λq � CMpΛq. If Λ
is of finite global dimension d, then Λ is Gorenstein and Ωdpmod-Λq � CMpmod-Λq � PΛ. If Λ is self-injective, then
Λ is Gorenstein and Ω0pmod-Λq � CMpmod-Λq � mod-Λ.

Remark 2.1. If Λ is a 1-Gorenstein algebra of finite Cohen-Macaulay type, then rep.dimΛ ¤ 3 since in this case
CMpΛq � SubpΛq. Now the results of [1] suggest to look at the following problems which generalizes the torsionless
finite situation.

pIq If Ωdpmod-Λq, for d ¥ 1, is of finite type, is rep.dimΛ ¤ d� 2?
If the answer to pIq is yes, then it would follow that:

(i) If gl. dimΛ � d   8, then rep.dimΛ ¤ gl. dim Λ� 2.
(ii) More generally if Λ is d-Gorenstein of finite Cohen-Macaulay type, then rep.dimΛ ¤ d� 2.pIIq If the category of d-torsion-free modules in the sense of Auslander (i.e. modules A admitting an axact sequence
0 Ñ A Ñ P 0 Ñ P 1 Ñ � � � Ñ P d, where the P i are projective, such that the sequence HomΛpP d, Λq Ñ � � � Ñ
HomΛpP 1,Λq Ñ HomΛpP 0,Λq Ñ HomΛpA, Λq Ñ 0 is exact), is of finite type, is rep.dimΛ ¤ d� 2?
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