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ACBED

V
BEDGF

K HJI BEKML1NPO,O1Q�R�STSUDVLXWYQ�Z,DGZ
B = {b1, . . . , bn} [\^]C_`_`acbedgfih�jkh�l

λi ∈ K m�nCo i = 1, . . . , n p l*q λs 6= 0 r fih�j v =
∑

n

i=1
λibi r�s=t leljGu�v

B′ := {b1, . . . , b̂s, . . . , bn, v}
h�jwlxhzy t u�jGu|{�}-l V ryzh�~�h�jGu r������:� B�D��PB � R�Fe� ��� Z(L��e�eQ
Z/Z B′

BEDGF:��O � B�R���B�F���BEF�Z,��Z(L1B�S���NPF
V
DGZ,L [ A�B�D u ∈ V� B��GD�B � D�� [C� Q�F�F��PD � LYB�ZXB�D�F�B � Q�O/Z(L1BE�G�GR�F����

u =
n∑

i=1

µibi

S�D�L
µi ∈ K [%� QUQ
R ��� ��DG��L����eQ
Z/Z

bs = λ−1

s v −

n∑

i=1

i6=s

λ−1

s λibi,

S�R�Z,Z
u =

n∑

i=1

i6=s

µibi + µsλ
−1

s v −
n∑

i=1

i6=s

µsλ
−1

s λibi

�PBE��L1BEF [�� �GZ/N�D�Z,L u ∈ span(B′)
R�F�����Q�SUDVL

B′
BEDGF���O � BER��PBEF���B�F�Z,��Z,L/B�S [� R�F � ��B�D � L � R � BEDG�PBEFi�e�eQ�Z,Z B′

�GDGF�B�Q�OYR�FeQ � � �
F��PDG��D�Z,L [ ACB�D�B�F ν1, . . . , νn, ν ∈ K
S�D�L

0 = νv +

n∑

i=1

i6=s

νibi.

� Q�F�F��PD���L��
0 = ν

n∑

i=1

λibi +

n∑

i=1

i6=s

νibi

� Q���DGB I BEKML1NPO,B�F:�PNPF B
��DGF�B�Q�O�R�FeQ � � �
F��PDG��Z,DGF��i�eS���Z/Z,B�F�Q��G��B|��N�BE� � DGBEF'L/B�F� �Z,B�D�F [
νλi + νi = 0 ¡ ��O i = 1, . . . , ŝ, . . . , n

νλs = 0

� Q λs 6= 0
DGZ(L ¡ N��G��L����eQ�Z,Z ν = 0

D�Z,L [M� Q�S�D�L�S���Z/Z,B�F¢Q
�G�GB νi = 0
Z,B�DGF�R�F��

B′
DGZ(L£�GDGF�B�Q�O

R�FeQ � � ��F���DG� [
¤ QM¥�A�B�D

w ∈ V \{0} [*� Q
F�F¦DGZ(L � R � BEDG�PBEFi�*�eQ�Z/Z�B�Z�B�DGF s ∈ {1, . . . , n}
�PD � L��eZ,N¢�eQ�Z,Z

{b1, . . . , b̂s, . . . , bn, w}
B�D�F�B§WYQ�Z,DGZXDGZ(L [¨ R

w
�PD � L£BEZ�B�D�F�B � Q�O,Z,L1BE�G��R�F�� w =

∑
n

i=1
λibi

S�D�L
λi ∈ K [�� Q � B�D%S�R�Z,Z�B�Z£B�D�F

s ∈ {1, . . . , n}
�PB � B�F�SUDVL

λs 6= 0
���eQ�Z,NPF�Z,L

w = 0
D�Z,L [e� Q�S�D�L�D�Z,LX�eQ
ZX©ªBESUSUQQ�FM«¬B�F�� � Q�O [
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E
B�D�F ��O � BER��PBEF���B�F�Z,��Z,L/B�S �PNPF

V
R�F��

s ∈ {1, . . . , n}
� B���DGB � DG� [ � Q�F�F D�Z,L

� R � B�D��PB�Fx� �eQ
Z/ZzBEZzB�D�F w ∈ E
�PD � L��*Z/N¢��Q�Z/Z

{b1, . . . , b̂s, . . . , bn, w}
BEDGF�B�WYQ�Z/D�Z

D�Z,L [
� F��PB�F�NPSUS�B�F�SUQ�F K��PF�FML1B�Q��G��B I B�KML1NPO,B�F¦D�F E

Q
�GZ©�DGF�B�Q�O/K
NPS � D�FeQ
L1D�NPF�BEF���BEO
I BEK'L/NPO/BEF {b1, . . . , b̂s, . . . , bn}

Z ��� O/BED � B�Fi�M��Q�F�F�«X��O/��B�F � BEO/B�DVL1Z���D�B�Z,B I B�KML1NPO,B�F
V
B�O � B�R���B�Fi� bs

«���O/BzQ��GZ£©�DGF�B�Q�O/K
NPS � D�FeQ
L/DGNPF���BEO
b1, . . . , b̂s, . . . , bn

�eQ
O/Z,L/B���� � Q�O
R�F�� �eQ�S�D�L§«���O/B

B
F�D ��� L�SUB � O���DGF�B�Q�O§R�FeQ � � ��F��PD�� [ª� ��Z/N�«�Q�O=��DGB � F�F�Q � S�B

¡ Q���Z ��� R�F�� BEZ��PD � L5B�DGF
w =

∑
n

i=1
λibi ∈ E

S�D�L
λs 6= 0 [ � Q�S�D�L5K��PF�F�B�F «XD�O

«XD�B���BEO��Q�Z©ªBESUSUQ�Q�FM«¬B�F���BEF [
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M := {[1, i, i2, i3]|i = 1, . . . , 999} [ACBED
{[1, i1, i

2
1, i

3
1], [1, i2, i

2
2, i

3
2], [1, i3, i

2
3, i

3
3], [1, i4, i

2
4, i

3
4]|i1, i2, i3, i4 ∈ {1, . . . , 999}}

BED HF�B|��DGBEO/B���B�S�B�FML1D��PB�� B�D��GS�B�F��PBz��NPF
E [�� Q�F�F�DGZ(L��

det




1 i1 i21 i31
1 i2 i22 i32
1 i3 i23 i33
1 i4 i24 i34


 =

∏

1≤l<k≤4

(ik − il) 6= 0

� F�� �eQ�S�D�L§Z,DGF��	�,B���DGBEO I BEKML1NPO,B�F �PN�F
M

��DGF�B�Q�O§R�FeQ � � ��F��PD���R�F�� B�D�F�B�W�Q�Z/D�Z=��BEZ
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�U40687:9-;=<5>@?
ACBED

V
BEDGF I B�KML/NPO/O/Q�R�S [

¤ QM¥ ¨ R � B�D��PB�F�DGZ(L�����Q�Z/ZX��D�B ¡ NP�G�PBEF���BEF � R�Z/Z/Q��PB�F����'R�DV��Q
�GB�FMLXZ,DGF��i�
2 [ dim V ≥ n
� [ ��Z�PD � L � FML1BEO/O/��R�S�B 0 ⊂ U1 ⊂ U2 ⊂ · · · ⊂ Un ⊆ V [

ACBED
dim V ≥ n

R�F��#Z/BED
{b1, . . . , bn}

B�DGF�B� B�DG��SUBEF��PBB�D�F�B�O�WYQ�Z/D�Z¬��NPF
V [C� DGBEZ/BB���D�Z,L/DGB�O(L��'�eQ5B�DGF�BgWYQ
Z/DGZ^�PN�F

V
S�DGF���B�Z,L/B�F�Z¬Q�R�Z

n I BEKML1NPO,B�F � B�Z,L/B � L [C� Q�F�F¢Z/BED
Ui := span(b1, . . . , bi) ¡ ��O i = 1, . . . , n [��� B�F�Z,D ��� L1��D ��� �PDG�VL�� 0 ⊂ U1 ⊂ U2 ⊂
· · · ⊂ Un ⊆ V [ACBEDGBEF F�R�F � FML1BEO/O1�
R�SUB

0 ⊂ U1 ⊂ U2 ⊂ · · · ⊂ Un ⊆ V
�PB���B � B�F [�� Q�F�FD�Z,L � R � BEDG�PBEFi���eQ
Z/Z dim V ≥ n

�PDG�VL [^� F���B�F�NPS�S�B�F dim V < n [�� Q�F�F DGZ(L
dim Un < n [£� F���R�K'L/D�� � BEDG��L�S�Q�Fx�¬�eQ
Z/Z dim Ui < i ¡ ��O i = 1, . . . , n

�PD���L [
� Q
SUDVL=S�R�Z/Z U1 = 0

Z/BEDGFi�ª«�Q�Z�BEDGF�� D���B�O,Z���O,R ��� � R`R�F�Z/BEO/BEO I NPO1Q
R�Z/Z,BEL � R�F��D�Z,L [ ACNPS�D�L�D�Z,L dim V ≥ n [
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¤ � ¥ ¨ R � B�D��PB�F:DGZ(L�����Q�Z/Z��DGB ¡ N��G�PBEF���B�F � R�Z/Z/Q��PB�F ���'R�D��
Q���B�FML�Z,DGF��i�
2 [ dim V ≤ n
� [�� D � LXB�Z � FML1BEO/O/��R�S�B 0 ⊂ U1 ⊂ U2 ⊂ · · · ⊂ Um ⊆ V

��Z,NUD�Z,L
m ≤ n [

� F��PB�F�NPSUS�B�F dim V ≤ n [ ACB�D�B�F � FML1BEO/O1�
R�SUB 0 ⊂ U1 ⊂ U2 ⊂ · · · ⊂ Um ⊆ V�PBE�PB � B�Fx�CZ,N�DGZ(L � R � BEDG�PBEFi�C��Q�Z/Z m ≤ n
�PDG�VL [ � B�F�F m > n

«Y��O,B���Z/N�«���O,BgFeQ ���¤ QM¥
dim V > n

DGS � DG��BEO/Z ��O/R ����� R dim V ≤ n [� R�F`D�Z,L=F�N ��� ��DGB � S�K�B � O/R�F�� � R � BEDG�PBEF [ �`BEF�F dim V > n
�PDG�VL��iZ,N �PD � L5B�Z

FeQ ��� ¤ QM¥ � FML1BEO/O1�
R�SUB
0 ⊂ U1 ⊂ U2 ⊂ · · · ⊂ Un+1 ⊆ V [i� �GZ,N���DG��L � [ F�D ��� L��«¬B�F�F 2 [ F�D ��� L���DG��L��C��Q�Z � B�D���L � [ DGS ����D � D�B�O(L 2 [

�#40687:9-;=<5>@?
��DGF�B�S ���P�GD ��� B© ��Z/R�F���DGZ,L�� b1 = e1, b2 = e2 − e3, b3 = e3 − e1 [C� Q�Z � Q ��� O,B ��� F�B�F:Z/BED��BES��eB�D��PDG��B�F�©�B�Z/BEOX� � BEO/�GQ�Z/Z,B�F [


