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 �
1R ∈ S ∩ S ′

���
0R ∈ S ∩ S ′ �� �	
	� ���

x, y ∈ S ∩ S ′ �*	
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x − y ∈ S

���
x · y ∈ S �#" 	��� 
�� �" 	� ��!�
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x − y ∈ S ′���
x · y ∈ S ′ �&  �� 

 �

x − y ∈ S ∩ S ′
���

x · y ∈ S ∩ S ′ � +
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r ∈ R
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r−1Sr
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 �

0R = r−10Rr ∈ r−1Sr���
1R = r−11Rr ∈ r−1Sr �� �	
	� ���

x, y ∈ r−1Sr � � �� � 	� 

"�
s, t ∈ S

$ 
�
x = r−1sr

���
y = r−1tr �� � S

	
� ���	��
�
 ���
R


�� � 
��
s − t ∈ S

���
s · t ∈ S �&  �� 

 �

x − y = r−1sr − r−1tr = r−1(s − t)r ∈ r−1Sr���
x · y = (r−1sr)(r−1tr) = r−1(st)r ∈ r−1Sr � +

!� #� �	

N+ = {





1 a b
0 1 c
0 0 1



 | a, b, c ∈ R} �
/�	�!��	

N+

�� 	
�	 ���	�
��((	 �	�

GL(n, R) � �" 	� )	
� � 
�
 ��01� �
	 �	!�� 2	�$����
���$ ���
%	�
P ∈ M(3× 3, R)
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� �
	
-� 
	��	 ���	�
��(( 	 �	�

GL(n, R)
�
N+ ∩ P−1N+P �

S3 = {id, (12), (13), (23), (123), (132)} � -� 
	��	�$ �3	� %�  	�	� �
(12)

$ 	
��
1 7→ 2 7→ 1, 3 7→ 3 � � �	� % ��( � (123)

$ 	
��
1 7→ 2 7→ 3 7→ 1 �01�

σ ∈ S3


��
Pσ := E1,σ(1) + E2,σ(2) + E3,σ(3)
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σ(i)
5�	 7	
 	 ���

A �' �� �* �� � 
	
i
5�	 7	
 	 ���

A � 8��	� $ �� 
� �	�
σ−1(i)

5�	� 7	
 	 ���
PσA
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	�	� � ,� � 	��
 �
(E1,σ(1) + E2,σ(2) + E3,σ(3))A =

E1,σ(1)A + E2,σ(2)A + E3,σ(3)A =

E1,σ(1)(
3

∑

i=1

aσ(1),iEσ(1),i) + E2,σ(2)(
3

∑

i=1

aσ(2),iEσ(2),i) + E3,σ(3)(
3

∑

i=1

aσ(3),iEσ(3),i) =

3
∑

i=1

aσ(1),iE1,i +

3
∑

i=1

aσ(2),iE2,i +

3
∑

i=1

aσ(3),iE3,i

� �� � PσA =





Aσ(1),•

Aσ(2),•

Aσ(3),•





�	
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��
APσ
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i
5�	� 7	
 	 ���

APσ

��	�� �
	
σ−1(i)
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i
5�	 7	
 	 ���

A � 8��	� $ �� 
� �	�
σ(i)

5�	� 7	
 	 ���
APσ� 
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 �

A(E1,σ(1) + E2,σ(2) + E3,σ(3)) =

AE1,σ(1) + AE2,σ(2) + AE3,σ(3) =

(
3

∑

i=1

ai,1Ei,1)E1,σ(1) + (
3

∑

i=1

ai,2Ei,2)E2,σ(2) + (
3

∑

i=1

ai,3Ei,3)E3,σ(3) =

3
∑

i=1

ai,1Ei,σ(1) +
3

∑

i=1

ai,2Ei,σ(2) +
3

∑

i=1

ai,3Ei,σ(3) =

3
∑

i,k=1

ai,kEi,σ(k) =
3

∑

i,j=1

ai,σ−1(j)Ei,j =

3
∑

i=1

ai,σ−1(1)Ei,1 +

3
∑

i=1

ai,σ−1(2)Ei,2 +

3
∑

i=1

ai,σ−1(3)Ei,3

� �� � APσ =
(

A•,σ−1(1), A•,σ−1(2), A•,σ−1(3)

)

9� σ = id � σ−1 = σ�� 	��
!�� 
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 �
N+ ∩ I−1N+I = N+

� � σ = (12) � σ−1 = σ

P(12)





1 a b
0 1 c
0 0 1



 P(12) =





0 1 c
1 a b
0 0 1



P(12) =





1 0 c
a 1 b
0 0 1





� ��
N+ ∩ P(12)N

+P(12) = {





1 0 c
0 1 b
0 0 1



 |b, c ∈ R}

� � σ = (13) � σ−1 = σ

P(13)





1 a b
0 1 c
0 0 1



 P(13) =





0 0 1
0 1 c
1 a b



P(13) =





1 0 0
c 1 0
b a 1





�



� ��
N+ ∩ P(13)N

+P(13) = {





1 0 0
0 1 0
0 0 1



}

� � σ = (23) � σ−1 = σ

P(23)





1 a b
0 1 c
0 0 1



 P(23) =





1 a b
0 0 1
0 1 c



P(23) =





1 b a
0 1 0
0 c 1





� ��
N+ ∩ P(23)N

+P(23) = {





1 b a
0 1 0
0 0 1



 |a, b ∈ R}

� � σ = (123) � σ−1 = (132)

P(132)





1 a b
0 1 c
0 0 1



P(123) =





0 0 1
1 a b
0 1 c



 P(123) =





1 0 0
b 1 a
c 0 1





� ��
N+ ∩ P(132)N

+P(123) = {





1 0 0
0 1 a
0 0 1



 |a ∈ R}

� � σ = (132) � σ−1 = (123)

P(123)





1 a b
0 1 c
0 0 1



P(132) =





0 1 c
0 0 1
1 a b



 P(132) =





1 c 0
0 1 0
a b 1





� ��
N+ ∩ P(123)N

+P(132) = {





1 c 0
0 1 0
0 0 1



 |c ∈ R}
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 ���
A, B, C ∈ M(n × n, R) �

�� �	� �
A � A

�
�� .�� 
!� ��	�	
� �
A = I · A · I−1

���
I ∈ GL(n, R) �&  �� 
��

A
.�� 
!� %� �
!� �	 "�� �

+
"� �	� � �
��

A � B
.�� 
!� � ���� �
�� ��!�

B � A
.�� 
!� ��	�	
� � �
��

A �B .�� 
!� ����� 

"� 	� 	
�
P ∈ GL(n, R)

$ 
�
B = P · A · P−1 �

⇒ A = Q · B · Q−1
$ 
�

Q = P−1 ∈ GL(n, R) �&  �� ��!� � 	8�
�
�� �
��
B � A

.�� 
!� �
+

!� �	� � �
��
A � B

.�� 
!� ���
B � C

.�� 
!� � ���� �
�� ��!�
A � C

.�� 
!� ��	�	
� � �
��
A � B

.�� 
!� ���
B � C

.�� 
!� ����� 

"� 	�
P, Q ∈ GL(n, R)

$ 
�
B = P · A · P−1

���
C = Q · B · Q−1 �

⇒ C = Q · (PAP−1) · Q−1 = (QP ) · A · (QP )−1 �� � GL(n, R)
$� �
(  
)��
� �"
	�!� ���	� 
�� � 
��

T = QP ∈ GL(n, R)��� ��$ 
�
A � C

.�� 
!� �
+

�� �	� � ,��
R

)�$ $����
� � ��� �
��
A � B

.�� 
!� � ���� 
��
Spur(A) = Spur(B) ��	�	
� � �
��

A �B .�� 
!� �
�
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"� 	� 	
�
P ∈ GL(n, R)

$ 
�
B = P · A · P−1 �

� �!� & �-
�"	 � � �  ��� � 

 � �
Spur(B) = Spur(PAP−1) = Spur(P−1PA) = Spur(A)
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K

	
� �4�( 	� ���
λ, µ ∈ K �

�	� � #� 

"�
a, b ∈ K

$ 
� (

λ 1
0 µ

)

�
(

a 0
0 b

) �
�� .�� 
!�
⇔ λ 6= µ �

�	�	
� � (

λ 1
0 µ

)

�
(

a 0
0 b

) �
�� .�� 
!�

⇔
	� 

"� 	
�

P ∈ GL(2, K)
$ 
�

P−1

(

λ 1
0 µ

)

P =

(

a 0
0 b

)

/
!� �!��	
" 	
P = (v, w)

$ 
�
v


�� � 
	 	���	 �(� �	 ���
P

���
w

�
	 %�	
�	�
⇔

	� 

"� 	
�
(v, w) ∈ GL(2, K)

$ 
�
(

λ 1
0 µ

)

(v, w) = (v, w)

(

a 0
0 b

)

= (av, aw)

� �� �
(

λ 1
0 µ

)

v = av
��� (

λ 1
0 µ

)

w = bw �/�	�!��	 � �� 	��
!�� 
!� �
��
v

���
w

��� "
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	 -�!�	 	
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 ���� $ 	
�� � 
��
v

	
�	 �4���
 � �� ��!�
kv

-1� �  	
k ∈ K �"%� �

λv1 + v2 = av1

���
λw1 + w2 = bw1

µv2 = av2 µw2 = bw2

•
,��

v2 = 0 � ���� �
�� �	
	�
(v, w) ∈ GL(2, K)

�
v1 6= 0

���
w2 6= 0 �&  �� 	�
	" 	� �
	 �  	
!���
	� �

λ = a
���

µ = b � ��� ��$ 
�
w2 = (µ − λ)w1 �&  �� �
�� 
� �
	�	$ 0�  �

v =

(

v1

0

) /$ 
�
v1 ∈ K

"	 
	"

� ���

w =

(

w1

(µ − λ)w1

) /$ 
�
w1 ∈ K

"	 
	"

� �
	 �4���
	� �
�	�!��	 �
	�

(v, w) ∈ Gl(2, K) ⇔ λ 6= µ
���

v1 6= 0, w1 6= 0 �/�	��
det(v, w) = v1w1det

(

1 1
0 (µ − λ)

)

= v1w1(µ − λ) �

•
,��

v2 6= 0
���

w2 = 0
	��� �	� � 
� ��� �
 %� �" 	� �

v =

(

v1

(µ − λ)v1

) /$ 
�
v1 ∈ K

" 	 
	"

� ���

w =

(

w1

0

) /$ 
�
w1 ∈ K

" 	 
	"

�
* 
	�	� �

(v, w) ∈ Gl(2, K) ⇔ λ 6= µ
���

v1 6= 0, w1 6= 0 �
•

,��
v2 6= 0

���
w2 6= 0 � �� 
��

µ = a = b
���

v =

(

v1

(µ − λ)v1

) /$ 
�
v1 ∈ K

" 	 
	"

� ���

w =

(

w1

(µ − λ)w1

) /$ 
�
w1 ∈ K

"	 
	"

� �
�
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(v, w) /∈ GL(2, K) �

&  �� 

"� 	� 	
�	 �4���

(v, w) ∈ GL(2, K) ⇔ λ 6= µ
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Sn, n ≥ 2
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n = 2

�
S2 = {id, (12)} ��� id = (12)(12)


�� �	� 0�  ) �� �
n 7→ n + 1

� �	

σ ∈ Sn �

� 
 �
σ(n + 1) = n + 1 � �� 
�� �
	 # 
��!��.�)��


σ|{1,...,n} ∈ Sn �� �� ��!� ,�5
��)�
����������	�%��
 
�� �
	�	� 0�  �!��� "	� 
	�	� ������ 

"� 	�

l ∈ {1, . . . , n}
$ 
�

σ(n + 1) = l01� �
	 & ""
 ���

τ = (l, n + 1) ◦ σ



 � ����
τ(n + 1) = [(l, n + 1) ◦ σ](n + 1) = [(l, n + 1)](l) = n + 1 � � �� 

"� 	� �����5
( ��
�
��	�

τ1, . . . , τr

$ 
�
τ = τ1 ◦ · · · ◦ τr �� �$ 
� 
�� �" 	�

σ = (l, n + 1) ◦ τ
2����)� ��� �����(��
�
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