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A = (aij)ij ∈ M(n × n, I ) J HLK b, k ∈ M)NPO�Q KSR O�OUT
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ij)ij ∈ M(n × n, I ) h�g�eji�k!lnmoepl epqSr�s�t%e-uwv
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� q�h�eUtPmoe�r'z�r'eUqw�<eUg�moe�}%r'ep�Sr�hWv
q�qE�
det(A)b0 =

n
∑

i=1

a
]
nivi.

� v k �%eph�eUq@df|�lnl v�q�h�epq9h�eUt�t%eU���Sr'epq�dfepg�r�e�h�g���g�h�goept%r��Wr�eUgomyr k v�|�����h�goe�m�goq�i
e�dfeUgyr'e
�h�g�ej�!moepgo��� det(A) go}�r ~
� q�h�eUl��cepgo}���goeUmEv�|���h�eUl¡ �|��¢�Sv��LeUq�zUepr%r'epm#g�}%r k = 17 |�q�h b = 10 ~
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dfepg R epgoq¤i�k!lnl�|�r'v
r'gy�!ept�¥Pgoq�� ~ � }%r A ∈ M(m × n, R) �
}%k¦}%eUg tA = (a′

ij)ij ∈
M(n × m, R) h�goe§uwv4r't�g¨x©l gyr a′

ij = aji �¢ª�t i = 1, . . . , n, j = 1, . . . , m ~ dfepgy«eUq A = (aij)ij, B = (bij)ij ∈ M(m × n, R), C = (cij)ij ∈ M(n × r, r) ~ dfeUg
D = (dij)ij = A + B |�q�h E = (eij)ij = AC ~ � v�q�q��!g�m�rU�
¬ vS­

d′

ij = dji = aji + bji = a′

ij + b′ij

 �mo}�k®�¢k!m���r��
t(A + B) =t A +t B.
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¬ �B­���v�������epgom ¬ vS­c�!g�m�r��
tA +t (−A) =t (A + (−A)) =t 0 = 0

� v�hWv�} � qS�!ept�}%e�zU| tA eUg�q�h�ep|�r'g��®� ep}%r'g�l l6r�go}�r����¢k!m���r��
t(−A) = −tA.

¬ ��­
e′ij = eji =

n
∑

k=1

ajkcki =

n
∑

k=1

a′

kjc
′

ik =

n
∑

k=1

c′ika
′

kj

 �mo}�k�g�}%r��
t(AC) =t CtA.

¬ hB­�dfeUg A g�q���eUt�r'goept��Wv
t ~ � v
q�qw�!g�m�rcqWv�������epgom ¬ ��­��
tAt(A−1) =t (A−1A) =t I = I

 �mo}�k�g�}%r
v�|���� tA goqS��eUt%r�goept��Wv�tPlng�rcgoqS�!ept�}�ept�u�v
r't%gyx t(A−1) ~
� ,&.0/214365-798

dfepg R eUgoq i
k!lnl�|�r�v4r'g���eUt ¥Pgoq�� ~ d�eUgoepq A, B ∈ M(n × n, R) ~ � v�q�q go}�r{hWv
} � g�e�«� t�k�h�|�iSr
h�e	��q�goept%r�v�mo}p� [A, B] = AB − BA ~dfepgoeUq A, A1, A2, B, B1, B2, C ∈ M(n × n, R) |�q�h λ1, λ2 ∈ R ~ � v�q�q��!gomyr��
* ~

[A, B] = AB − BA = −(BA − AB) = −[B, A]

� ~
[λ1A1 + λ2A2, B] = (λ1A1 + λ2A2)B − B(λ1A1 + λ2A2)

= λ1A1B + λ2A2B −Bλ1A1 + Bλ2A2 = λ1(A1B −BA1) + λ2(A2B −BA2)

= λ1[A, B1] + λ2[A2, B]

 eU�!epq * �!g�m�rU�

[A, λ1B1 + λ2B2] = −[λ1B1 + λ2B2, A]

= −λ1[B1, A] − λ2[B2, A] = λ1[A, B1] + λ2[A, B2]

� ~
[A, A] = AA − AA = 0
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� ~
[A, [B, C]] + [B, [C, A]] + [C, [A, B]]

= [A, BC − CB] + [B, CA − AC] + [C, [A, B]]

= A(BC−CB)− (BC−CB)A+B(CA−AC)− (CA−AC)B +[C, [A, B]]

= ABC−ACB−BCA+CBA+BCA−BAC−CAB +ACB +[C, [A, B]]

= ABC + CBA − BAC − CAB + [C, [A, B]]

= (AB − BA)C − C(AB − BA) + [C, [A, B]] = [AB − BA, C] + [C, [A, B]]

= [[A, B], C] + [C, [A, B]] = 0� v
}
m�epr�zpr'e��jmoepgo������epg�r�}�zUepgo����epq2�!gomyr�� eU�!epq * ~
� ,&.0/214365-798
¬ vS­)dfepg K epgoq��	�!t%� ept ~ �<|2zpeUgo��eUq2go}�r���h�v�}�}PeUg�q�e-uwv
r�t�g¨x

(

a b

c d

)

�!eUqWv
|�h�v�q�q2goqf«
��eUt%r�goept��Wv�t�g�}%rU�
� eUq�q (

a b
)

6=
(

0 0
) |�q�h2ep}�i�eUg�q λ ∈ K lng�r (

c d
)

=
λ

(

a b
) �!g���r ~ �q��!eUq�k!l lneUq�h�goe�uwv
r�t�gyx�g�}%r�goqS�!ept%r�goeUt%�Wv�tp� hWv
q�qYgo}�r ad − bc 6= 0 ~  �m�}�k l�|�}�}epq�r�� eUh�eUt a 6= 0 k�h�eUt b 6= 0 �!eUmyr'epq ~ dfepg�q�|�qwv
q��!eUq�k!l lneUq<��hWv�}%}PeU}PeUg�q λ ∈ Klng�r (

c d
)

= λ
(

a b
) �!g���r ~ � v�q�q�go}�r ad − bc = aλb − bλa = 0 ~ 
 v�}�epgoq
 g�h�eUt%}���t%|���� zU|�t � q���eUt�r'goept��Wv
t�i�epg�r�g�}%r ~  �mo}�k6l�|�}%}�v�|���� h�g�e�z��cepg�r�ej�ceUh�goq��!|�q��ept%�¢ª�m�m�r�}%eUgoq ~

�
|�q§go}%r�q�kf��� h�g�e�
�lni�ep��t�|�q���zp| zpeUg��!eUq ~ dfeUg�eUq v�mo}%kYh�g�e � epgoh�epq§�ceUh�g�q��!|�q�«�!epq v�|�}�h�epl dfv
r'zneUt��¢ª�momyr ~  �q��!eUq�k�l lneUq ad − bc = 0 ~�� v�m�mo} a 6= 0 �!g�m�rU��go}%r
(

c d
)

= λ
(

a b
) lng�r λ = c

a
ept%�¢ª�m�m�rU���cepgom bc

a
= d go}%r ~�� v�m�mo}j|�ln�!epi�eU��t%r

b 6= 0 �!g�m�r��Sg�}%r (

c d
)

= λ
(

a b
) lng�r λ = d

b
eUt��¢ª�momyr ~ �cepgoh�ep})go}�r)eUg�q 
 goh�eUt�«}%��t�|����<�L}%kfh�v�}�} ad − bc 6= 0 }�eUg�q�l�|�}�} ~ � v�lng�r�g�}%rPh�g�e-uwv
r't%gyx{goqS�!ept%r'g�eUt%�Wv�t ~

¬ �B­�dfepg K eUg�q��	�!t%� ept�lng�r q � moepl epq�r�eUq ~ � ep}�|����Sr�g�}%r h�g�ec �q�z�v���m�h�ept goqS�!ept%r'epgot%�Wv�t�epq
(2× 2) «�u�v
r't%gozUepq ~ 
�l h�g�e�ept�}%r�ej�ceph�goq���|�q���v
|�} �#eUg�m ¬ vS­ zp|{eUt��¢ª�mom�eUqE�S��v
r)l v�q
q2 − 1 u��!�!mog�����i�epg�r�eUq a |�q�h b zp|��cs���moepqE�#hWv��!epqWv�|@eUgoq � v!v
t-��k!q�� moepl epqf«r�eUq v�|�} K v�|�}���eU}�����mok!}%}�eUq go}%r ~ 
�l h�goe�z��cepg�r�e�� eUh�g�q��!|�q�� zp| ept%�¢ª�m�moeUq®��v
r�l v
q
q2−q u��!�!m�go����i
eUg�r�eUqE��h�vP��goeUmy��v�����e �!k�q (

a b
) �¢ª�t h�g�e 
 v
��mS�!k!q c |�q�h d v�|�}&«�!ep}�����m�k!}�}%eUq�}�goq�h ~ � goep}P}�goq�h���eUqWv�| q u����!mog�����i�epg�r'epqE��hWv (

a b
)

6=
(

0 0
) ~� q�}%�!eU}�v�l�r
�Wv
rPl v�q�v�m�}�k (q2 − 1)(q2 − q) u��!�!m�go����i
eUgyr'eUq ~

� }P�!gomyrPv�m�}�k�� |Gl2(K)| = q4 − q3 − q2 + q ~


