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K
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A ∈ M(n×n, K) I!JLK @�@�M!=AN<OP;?Q P, Q ∈ M(n×n, K)
=�@SR�;?ETO'=A;>EUN K EV =�O�W D := PAQ

=�Q%O ;?=�@�; J = K M!X�@ K�Y V K OUEU=[Z V =�O\B�X];>^\_>=A;?@`OU;?@badc�@�e * IfJLK @�@g=AQTO
D2 = D I :<;>OU_?; B := QP IhJLK @�@i=AQTO�W

ABA = P−1PAQPAQQ−1 = P−1DDQ−1 = P−1DQ−1 = A.
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l K`m :<;>= A =

(

1001 0
0 1001

)

I

• n @po /3
oq=AQTO

A =

(

2 0
0 2

) =A@`R!;>E%OU=A;?E%N K E>Hhe K det A = 1
=�@`R!;?ETO'=�;?EUN K Er=AQTO I

• n @po /5
oq=AQTO

A =

(

1 0
0 1

) =A@`R!;>E%OU=A;?E%N K E>Hhe K det A = 1
=�@`R!;?ETO'=�;?EUN K Er=AQTO I

• n @so /7
ot=AQTO

A =

(

0 0
0 0

) @�=Au�v`Ow=�@SR�;?ETO'=A;>EUN K E?HSe K A
e�=�;yxc YAY V K OUEU=zZ�=�Q%O I

• n @{o /11
o|=�Q%O

A =

(

0 0
0 0

) @�=�u�v`OC=�@SR�;?ETO'=A;>EUN K E?HPe K A
e�=�;}xc YAY V K OUEU=zZ=�Q%O I

• n @{o /13
o|=�Q%O

A =

(

0 0
0 0

) @�=�u�v`OC=�@SR�;?ETO'=A;>EUN K E?HPe K A
e�=�;}xc YAY V K OUEU=zZ=�Q%O Il N m�~ c\_>;?=�M!;?@�WS��=�@�;�� K O'E%=[Z A ∈ M(n×n,

o
)
=�Q%O�M!;>@ K c e K @�@\��N�;?E�o{=A@`R�;?E%OU=A;>EUN K E>H� ;?@�@ A V X]e�c Y X��%;?e�;>E��E%= V _ K v Y =A@`R!;>E%OU=A;?E%N K Er=�Q%O I
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A ∈ M(n × n,
o

)
��NG;>E�o�=�@SR�;?ETO'=A;>EUN K E?Hhe K @�@�=AQTO det(A)

=A@iob=A@`R�;?ET�OU=A;>EUN K E>H�e I v�W�;?Q�M!=�N�O det(A)−1 I :<;>= p ;>=A@�;�N�; Y =A;>N�=AF�;���EU= V _ K v Y�I�JLK @�@p=AQTO=�@2o
/p
oyW

det(A) det(A)−1 = det(A) det(A)−1 = 1.� Y Q%X\=�Q%O det(A)
=�@SR�;?ETO'=A;>EUN K Ec�@�epe K V =[O K c�u�v�e�=�;-� K O'E%=[Z A I

•
:<;?=

A
@�=Au�v`OC=�@`R!;?ETO'=�;?EUN K E6��NG;>E6o I�JLK @�@t=AQ%O det(A) 6= 1

c�@�e
det(A) 6=

−1 I�JLK V =�OyM!=AN�O�;?Q�;>=A@�;C��EU= V _ K v Y p V =[O p| det(A) I�JLK @�@9=�Q%OL=�@�o /p
o

:
det(A) = 0 I � Y QUXk=AQTO A

@�=Au�v`O=A@`R�;?E%OU=A;>EUN K E I
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n ∈ � 1 I4~ c-_?;>=AM!;>@�W�o /n
opN�;?Q%=�OU_>OPM!;>@ K cCe K @�@-@�=Au�v`OUOUEU=[R<= K�Y ;)@�= Y FGX�OU;?@`O';�� Y ; V ;?@`O';
H� ;?@�@p;?Q�;?=�@�;-��E%= V _ K v Y p V =[O p2|n

M!=AN�O I
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•
:];?=

n = p2k V =�O k ∈ ��I#JLK @�@i=AQTO�W
(pk)2 = p2k2 = nk.

� Y QUX � =AE%e (pk)2
R!X!@

n
M!;>OU;?= Y O�H pk K�Y�Y ;>EUe�=�@�M!Q @�=Au�v`O?H#e K pk < n I � Y QUX�=�Q%O6=A@o

/n
o

pk
;?=�@ R!X!@px�c Y�Y R!;>EUQ%u�v�=A;>e�;?@�;>QL@�= Y F�X�O';>@SOU;?Q�� Y ; V ;>@`O I

•
:];?=�@Sc�@

0 < r < n
c�@�e

t ∈ � 1

V =[O�W rt = 0 I r Y�� QUQTOfQU=Au�v\=A@\QU;>=A@�;��EU= V�� K�� OUX!EU;>@_>;?E Y ;?M!;>@�W
r =

n
∏

i=1

pli
i .

JLK @�@p=�Q%O?W
rt =

n
∏

i=1

ptli
i .

JLK n|rt
H<NG;>Q%O';>v`Ore�=A;y��EU= V�� K�� O'X�EU_?;>E Y ;?M!c�@�M-R�X!@ n

@Sc�E K c�Q e�;>@ M Y ;>=Au�v�;>@ ��EU= V �_ K v Y ;>@C�%;?e�X]u�v V =�O K @�e�;>EU;?@
	L=�; Y � K u�v�v�;?=[O';>@ l′i ∈ � 0 I
n =

n
∏

i=1

p
l′
i

i

� @�M!;?@�X V V ;?@ K�Y�Y ; li < 2 IhJLK @�@ � ��EUe�; n|r
c�@�eie K V =�O r = 0

M!; Y O';>@�H � K Q�;?=A@� =�e�;?E%QUF�E%c�u�v�=�Q%O I ��Q�M!=�N�O K�Y QUX ;?=�@ i V =�O l′i > 1 I�JyK V =[OrM!= Y O�W p2

i |n I
� ,&.0/214365-798
:<;>=

K
;?=�@iB�D!E%FG;>E I ai ∈ K � ��E i = 0, . . . , n

F K!K E � ;?=�QU;�R!;>EUQ%u�v�=A;>e�;?@ I
l K`mL~ c _?;>=AM!;>@�W���Q M!=AN<O�;?=�@ � X Y� @�X V f ∈ K[X] V =[O deg(f) = n

H
f(a0) = 1

c�@�e
f(ai) = 0 � ��E i = 1, . . . , n I:<;>=

f :=
n

∏

i=1

X − ai

a0 − ai

JLK @�@p=�Q%O?W
f(a0) =

n
∏

i=1

a0 − ai

a0 − ai

= 1

c�@�e � ��E j = 1, . . . , n
W

f(aj) =

n
∏

i=1

aj − ai

a0 − ai

= 0.

JLK Q��#X Y� @�X V f
v K O���E K e n

c�@�ei;?E � � YAY O K c�u�vie�=�; K @�e�;>EU;?@�� ;?e�=A@�M!c�@�M!;?@ I
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l N m�~ c}_?;>=AM!;>@�W]:<=�@�e b0, . . . , bn ∈ K
HSQ%X6M!=�N�Of;?Qf;?=�@ ;>=A@�e�;>c�O'=�M6N�;?QTO'= V V OU;?Qf� X Y� @�X V

g ∈ K[X] V =[O deg(g) ≤ n
c�@�e

g(ai) = bi
� ��E i = 0, . . . , n I�)Z<=AQTO';?@�_�W
x K u�v�� ;>= Y l K`m M!=�N�OP;?Q)� X Y� @�X V ; fj
V =[O fj(ai) = δij

� ��E j = 0, . . . , n Il�� V e K Qy� X Y� @�X V fj

_?c�;>EUv K
Y O';>@ V c�QUQ V K @ a0

c�@�e
aj

R!;?ETO K c�QUu�v�;>@ I m :];>O'_>;@Sc�@�W
g :=

n
∑

i=0

bifi

JLK @�@ =�Q%O g K�Y Qf:]c V V ; R�X!@}�#X Y� @�X V ;>@ n
� OU;?@ ��E K e�;>Q�v�D<u�v�Q%O';>@�Qf;?=A@\�#X Y� @�X V

n
� O';>@ ��E K e�;?Q V =�O?W

g(aj) =
n

∑

i=0

bifi(aj) =
n

∑

i=0

biδij = bj

� ��E ����a�H I?I>I H @ I��=A@�e�;?c�OU=AM � ;?=[O�W�:<;>= h ∈ K[X]
;?=�@ � ;?=[O';>EU;?Qp� X Y� @�X V V =�O
��E K e ≤ n

c�@�e
h(ai) = bi I�JLK @�@i=AQTO�W deg(g − h) ≤ n

H�c�@�e K c��!;>EUe�; V W
(g − h)(ai) = g(ai) − h(ai) = bi − bi = 0.

� Y QUXr;�Z<=AQ%OU=A;>EU@ n+1
xc YAY Q%O'; YAY ;?@yR�X!@ g−h

c�@�e e K V =�O�=AQ%O g−h
e K QPx�c YAY F�X Y� @�X V I� Y QUX V c�QUQ g = h

M!; Y O';>@ I
	k,&.0/214365-798
:<;>=

K = {a0, . . . , aq−1}
;?=A@ BD!EUF�;?E I :<;>= Πq = {p ∈ K[X]| deg(p) < q} I :];?= ε e�=�;� c�Q � ;?E%OUc�@�M!Q K N�N Y e�c�@�M�W

ε : Πq −→ K V =�O ε(f)(a) = f(a) � ��E f ∈ Πq, a ∈ K

~ c2_?;>=AM!;>@�W ε =�Q%O�N�=�; � O'=[R I:<c�E �%; � O'=[R]=�O � O�W :<;?= h : K −→ K
;?=A@�;�NG; Y =�;?N�=�M!; � N�N�= Y e�c�@�M I JyK @�@bM!=�N�Os;>Qs@ K u�v� c � M K N�;�
 l N m ;>=A@}� X Y� @�X V g V =[O � E K e < q

c�@�e
g(ai) = h(ai)

� ��E i = 0, . . . , q− 1 IJLK @�@pM!= Y O?H�e K Q%Q ε(g)(a) = g(a) = h(a)
=�Q%O � ��E K�Y�Y ; a ∈ K I � Y QUXk=AQTO ε(g) = h In @4�%; � OU=�R]=�O � O�W�:];?=A;>@ f, g ∈ Πq

V =�O ε(f) = ε(g) I�JLK @�@�QU=�@�e f
c�@�e

g
_ � ;?= � X Y� @�X V ;V =�O ��E K e < q

c�@�e
f(ai) = g(ai)

� ��E i = 0, . . . , q − 1 I x K u�v � c � M K N�;�
 l N m =�Q%O;?=�@ � X Y� @�X V e�c�EUu�v e�=�;?Q%;k��=�M!;?@�QUu�v K � OU;?@ ;?=�@�e�;>c�O'=�MsNG;>Q%OU= V\V O I � Y QUXs=�Q%O f = g
c�@�ee K V =�Ow=AQ%O ε

=A@��%; � O'=[R I
 ,&.0/214365-798
��;?QUc�u�vSO Q%=A@�e K�YAY ;6=�EUE%=Ae�c�_>=AN Y ;?@i� X Y� @�X V ; � ��@ � O';?@ � E K e�;?Q�=A@po /2

o
[X] I 	�X!@�;?=�@�; V� X Y� @�X V =A@�o /2

o
[X] Y � Q%Q%OyQU=Au�v9M�;?@ K c9e K @�@9;?=�@���=A@�; K E � K�� OUX!E K N�QUF K
Y O';>@�H � ;>@�@ ;?Q
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;?=�@�;fx�c Y�Y QTO'; Y�Y ;�N�;?Q%=�OU_>O I�JyK QP=AQ%O#M!;>@ K c-e K @�@-e�;>E�� K�Y�Y H � ;>@�@Ce�;>EP@�=A;>e�EU=�M!Q%OU; BX<;�^\_?=A;>@`Oa�=�Q%O#X]e�;?E#e�=A; :<c V\V ; K
YAY ;>EPB�X];��h_>=A;>@SOU;?@ a=AQTO I�JLK ;>=A@6� X Y� @�X V _ � ;?=[O';?@6X<e�;?E#e�EU=[OUO';>@��E K e�;>Q M�;?@ K c e K @�@ =AE%EU;?e�c�_?=�NG; Y =AQ%O?H � ;>@�@g;>Q V K @ ;?=A@�;?@ ��=�@�; K E � K�� O'X!E K N�QUF K
Y O';>@
�4K @�@�HhM�=AN�Or;>Q � X Y M!;>@�e�;�=AE%EU;>e�c�_?=�N Y ;>@2� X Y� @�X V ;LR!X V ��E K e � c�@�e � W

• X2 + X + 1

• X3 + X2 + 1

• X3 + X + 1��=A@9�#X Y� @�X V � ��@ � O';?@ ��E K e�;?QL=�Q%O�M�;?@ K c9e K @�@9=AE%EU;>e�c�_?=�NG; Y H � ;?@�@ QU=�u�v � ;>=A@ ��=A@�; K ET�
� K�� O'X�E K N�QUF K
Y O';>@ Y�� QUQTOCc�@�et;?Q6@�=Au�v`O6=A@d;?=�@ =�EUEU;>e�c�_>=AN Y ;?Q-� X Y� @�X V _ � ;?=[O';>@ � E K e�;>Qc�@�e6;?=�@6=�EUEU;>e�c�_>=AN Y ;?QP� X Y� @�X V e�E%=�O%O';?@ ��E K e�;?Q#_?;?E � ��YAY O I?J =A; � X Y� @�X V � ��@ � O';?@ � E K e�;>QX!v�@�;6xc YAY Q%OU; YAY ;yQ%=A@�e�W

• X5 + X + 1

• X5 + X2 + 1

• X5 + X3 + 1

• X5 + X4 + 1

• X5 + X4 + X3 + X2 + 1

• X5 + X4 + X3 + X + 1

• X5 + X4 + X2 + X + 1

• X5 + X3 + X2 + X + 1
	�X!@ e�=�;?QU;>@��#X Y� @�X V ;?@ V c�QUQ V K @-@�X<u�v6��EUX]e�c � O';�=AE%EU;>e�c�_?=�N Y ;>E�� X Y� @�X V ;�R!X V ��E K e_ � ;?=Pc�@�epe�E%;?= K c�QUQUu�v Y =A; �!;?@ I�JLK Q�QU=�@�e�W

• (X2 + X + 1)(X3 + X2 + 1) = X5 + X + 1

• (X2 + X + 1)(X3 + X + 1) = X5 + X4 + 1� Y QUXkQU=�@�e2e�=A;�=�EUE%e�c�_?=�N Y ;>@i� X Y� @�X V ;LR�X V ��E K e � ��@ � W
• X5 + X2 + 1

• X5 + X3 + 1

• X5 + X4 + X3 + X2 + 1

• X5 + X4 + X3 + X + 1

• X5 + X4 + X2 + X + 1

• X5 + X3 + X2 + X + 1


