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ABSTRACT. These are preliminary notes from a course ”Introduction to algebraic
geometry” which I taught in the Winter term 04/05. The plan is that they should
finally become an appendix to an introductory book on Algebraic Transformation
Groups. But it is unclear if this project will ever be completed!

In this appendix we concentrate on affine algebraic geometry which simplifies
a lot the notational part and makes the subject much easier to access in a first
attempt. One part, the relation between the Zariski topology and the C-topology
is still missing. With its help we are able to use certain compactness arguments
replacing the corresponding results from projective geometry.

The appendix assumes a basic knowledge in commutative algebra. We give
complete and quite elementary proofs for almost all statements. There is just one
exception: I could not find an elementary proof that smooth points are normal.
Also, the famous and very useful SERRE Criterion for normality is stated without
proof.

The notes are still in a very preliminary form. There are certainly a lot of
misprints and some inaccuracies which have to be eliminated in the future versions.
Of course, remarks and suggestions from all readers are very well-come.
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APPENDIX A

BASICS FROM ALGEBRAIC GEOMETRY

1. AFFINE VARIETIES

Regular functions. Our base field is the field C of complex numbers. Every
polynomial p € Clxy,...,z,] can be regarded as a C-valued function on C" in the
usual way:

a=(ay,...,a,) — pla) =pla,...,a,).
These functions will be called reqular. More generally, let V' be a C-vector space of
dimension dimV = n < oo.

DEFINITION 1.1. A C-valued function f: V — C is called regular if f is given
by a polynomial p € Clzy, ..., z,| with respect to one and hence all bases of V. This
means that for a given basis vy, ..., v, of V we have

f(alvl +o +anvn) :p(ah .. '7an>
for a suitable polynomial p. The algebra of regular functions on V' will be denoted

by O(V).

By our definition, every choice of a basis (v, v, ..., v,) of V defines an isomor-
phism C[zy,...,x,] — O(V) by identifying z; with the ith coordinate function on
V' defined by the basis, i.e.,

xi(a1v) + agve + - - - + ayvy) == a;.

Another way to express this is by remarking that the linear functions on V' are regular
and thus the dual space V* := Hom(V, C) is a subspace of O(V'). So if (vy, v, ..., vy,)
is a basis of V' and (z1, za, . .., z,) the dual basis of V* then O(V') = Clzy, xa, . . ., 24,
and the linear functions z; are algebraically independent.

ExampLE 1.1. Denote by M, = M,(C) the complex n X n-matrices so that
O(M,,) =Clz;; | 1 < 1,7 <n]. Consider det(tE£,—X) as a polynomial in C[¢, x;;,4,j =
1,...,n| where X := (x;;). Developing this as a polynomial in ¢ we find

det(tE, — X) =t" — s;t" " s59t" 2 — oo 4 (=1)"s,,
with polynomials sy in the variables z;;. This defines regular functions s, € O(M,,)
which are homogeneous of degree k. Of course, we have s1(A) = tr(A) = a;1+- - ~+ann,
and s,(A) = det(A) for any matrix A € M,,.

The same construction applies to End (V) for any finite dimensional vector space
V" and defines regular function s, € O(End(V)).

ExXAMPLE 1.2. Consider the vector space P, of unitary polynomials of degree n:

P, = {t" —ait" ' apt"* — -+ (=D"ay | ay, -+ ,a, € C} ~C".
5



6 A. BASICS FROM ALGEBRAIC GEOMETRY

There is a regular function D € O(P,), the discriminant, with the following property:
D(p) =0 for a p € P, if and only if p has a multiple root.

PROOF. Expanding [ (t — y;) = t" — o (y)t" ' + -+ + (=1)"0,(y) we see
that the polynomials o;(y) are the elementary symmetric polynomials in n variables

Yly e v vy Yn, L€
Sk = Z YirYiz = Yiy -

11 <t <--<ig

Define D := [], <;(yi — y;)*. Since D is symmetric it can be (uniquely) written as
a polynomial in the elementary symmetric functions (see [Ar91, Chap. 14, Theo-

rem 3.4]): D(y1,...,yn) = D(01,...,0,) with a suitable polynomial D. By construc-
tion, D has the required property. O

ExXAMPLE 1.3. We denote by Alt,, C M, the subspace of alternating matrices:
Alt, :={Ae M, | A" = —A}.

There is a regular function Pf € O(Alts,,), the Pfaffian, with the following property:
det(A) = Pf(A)? for all A € Alty,,. Usually, the sign of the Pfaffian is determined by
J

requiring that Pf([ }) = 1 where J := l(l) _01}
J

Proor. It is well-known that for any alternating matrix A with entries in an
arbitrary field K there is a g € GL,,(K) such that

J

(1) gAg" = J

Now take K = C(x;; | 1 <i < j <n=2m) and put

0 Ti2  T13 o Tig

—z12 0 Toz  ccc Top

A= | Tz —T23 0 o T3
—T1ipn —Top —T3n - 0

Then there is a g € GL,(K) such that gAg" has the form given in (1). It follows
that the polynomial det(A) € K[z;; | 1 <14 < j < n| equals det(g)~2, the square of
a rational function, and the claim follows. O

EXERCISE 1.1. For a = (ay,ag,...,a,) € C" denote by ev,: O(C") — C the evaluation
map f+— f(a). Then the kernel of ev, is the maximal ideal

mg = (L1 — a1,2 — ag,..., Ty — ap).

EXERCISE 1.2. Let W C O(V) a finite dimensional subspace. Then the linear functions
evy |w for v € V span the dual space W*.
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Zero sets and Zariski topology. We now define the basic object of algebraic
geometry, namely the zero set of regular functions. Let V' be a finite dimensional
vector space.

DEFINITION 1.2. If f € O(V) then we define the zero set of f by

V(f)={veV|flv)=0}=f0).

More generally, the zero set of fi, fo,..., fs € O(V) or of a subset S C O(V) is
defined by

V(f1, for- oo fo) = ﬂwn ={veV|fil) == f(v)=0}

or

V(S):={veV]|flv)=0forall feS}

REMARK 1.1. The following properties of zero sets follow immediately from the
definition.

(1) Let S € O(V) and denote by a := (5) C O(V) the ideal generated by S.
Then V(S) = V(a).

(2) If SCT CO(V) then V(S) D V(T).

(3) For any family (.S;);er of subset S; € O(V') we have

(vis) =vlUs)

el el
EXAMPLE 1.4. (1) SL,(C) = V(det —1) C M,,(C).
(2) O,(C) =Vl zixjy — 0 | 1 <i<j<n).

(3) If f = f(z,y) € C[z,y| is a non-constant polynomial in 2 variables, then
V(f) C C is called a plane curve. In order to visualize a plane curve, we
usually draw a real picture C R2.

LEMMA 1.1. Let V be a finite dimensional vector space and let a,b be ideals in
OV) and (a; | i € I) a family of ideals of O(V').
(1) If a C b then V(a) 2 V(b).
( ) mzel V(al) - V(ZZGI ai)'
(3) V(@) UV(b) =V(anb)=V(a-b).
(4) V(0) =V and V(1) = 0.

PROOF. Properties (1) and (2) follow from Remark 1, and property (4) is easy.
So we are left with property (3). Since a D anNb D a-b, it follows from (1) that
V(a) C V(anb) € V(a-b). So it remains to show that V(a-b) C V(a) UV(b). If
v € V does not belong to V(a) UV(b) then there are functions f € a and h € b such
that f(v) # 0 # h(v). Since f-h € a-b and (f - h)(v) # 0 we see that v ¢ V(a - b),
and the claim follows. O

DEFINITION 1.3. The lemma shows that the subsets V(a) where a runs through
the ideals of O(V') form the closed sets of topology on V' which is called Zariski
topology. From now on all topological terms like “open”, “closed”, “neighborhood”,
“continuous”, etc. will refer to the Zariski topology.
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EXAMPLE 1.5. (1) The nilpotent cone N C M, consisting of all nilpotent
matrices is closed and is a cone, i.e. stable under multiplication with scalars.
E.g. for n = 2 we have

N = V(xn + Tog, T11T22 — $12I21) C M.

(2) The subset MY C M, of matrices of rank < r are closed cones.

(3) The set of polynomials f € P, with a multiple root is closed (see Exam-
ple 1.2).

(4) The closed subsets of C are the finite sets together with C. So the non-empty
open sets of C are the cofinite sets.

EXERCISE 1.3. A regular function f € O(V) is called homogeneous of degree d if
f(tv) =t?f(v) forallt € C and all v € V.
(1) A polynomial f € C[zy,...,x,] is homogeneous of degree d as a regular function
on C™ if and only if all monomials occurring in f have degree d.
(2) Assume that the ideal a C O(V) is generated by homogeneous functions. Then
the zeros set V(a) C V is a cone.
(3) Conversely, if X C V is a cone, then the ideal I(X) can be generated by homo-
geneous functions.

EXERCISE 1.4. Show that the subset A := {(n,m) € C? | n,m € Z and m >n > 0} is
Zariski-dense in C2.

DEFINITION 1.4. Let X C V be a closed subset. A reqular function on X is
defined to be the restriction of a regular function on V:

O(X) = {flx | fe OV)}.
The kernel of the (surjective) restriction map res: O(V) — O(X) is called the ideal
of X:
I(X):={feOlV)| f(x)=0forall z € X}.
Thus we have a canonical isomorphism O(V)/I1(X) = O(X).

REMARK 1.2. Every finite dimensional C-vector space V' carries a natural topol-
ogy given by the choice of a norm or a hermitian scalar product. We will call it the
C-topology. Since all polynomials are continuous with respect to the C-topology we
see that the C-topology is finer than the Zariski topology.

EXERCISE 1.5. Show that every non-empty open set in C™ is dense in the C-topology.
(Hint: Reduce to the case n = 1 where the claim follows from Example 1.5(4).)

REMARK 1.3. In the Zariski topology the finite sets are closed. This follows from
the fact that for any two different points v,w € V one can find a regular function
f € O(V) such that f(v) = 0 and f(w) # 0. (One says that the regular functions
separate the points.) But the Zariski topology is not Hausdorff (see the following
exercise).

EXERCISE 1.6. Let U, U’ C C" be two non-empty open sets. Then U NU’ is non-empty,
too. In particular, the Zariski topology is not Hausdorff.

EXERCISE 1.7. Consider a polynomial f € Clzg,x1,...,z,] of the form f = z¢ —
p(x1,...,2,), and let X = V(f) beits zero set. Then I(X) = (f) and O(X) ~ C[zy, ..., zy].
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Hilbert’s Nullstellensatz. The famous Nullstellensatz of Hilbert appears in
many different forms which are all more or less equivalent. We will give some of
them which are suitable for our purposes.

DEFINITION 1.5. If a is an ideal of an arbitrary ring R, its radical v/a is defined
by
Va:={re€ R|r™ € afor some m > 0}.
The ideal a is perfect if a = \/a.
It is easy to see that y/a is an ideal and that \/y/a = y/a. Moreover, \/Ja = R
implies that a = R.

THEOREM 1.1 (Hilbert’s Nullstellensatz). Let a C O(V) be an ideal and X =
V(a) CV its zero set. Then

I(X) =1I(V(a)) = Va.

A first consequence is that every strict ideal has a non-empty zero set, because
X =V(a) = 0 implies that v/a=I(X)=0O(V) and so a = O(V).

COROLLARY 1.1. For every ideal a # O(V) we have V(a) # (.

If m C Clzy,...,2,] is a maximal ideal and a = (ay,...,a,) € V(m) then m D
(r1 —ay,...,r, — ay,) and so these two are equal.
COROLLARY 1.2. Every mazimal ideal m of Clxy, ..., x,] is of the form
m= ([L’l —al,...,xn—an).

Another way to express this is by using the evaluation map ev, (see Exercise 1.1).

COROLLARY 1.3. Every mazimal ideal of O(V') equals the kernel of the evaluation
map ev,: O(V) — C at a suitable v € V.

EXERCISE 1.8. If X C V is a closed subset and m C O(X) a maximal ideal then
O(X)/m = C. Moreover, m = ker(ev,: f +— f(z)) for a suitable x € X.

PrROOF OF THEOREM 1.1. Let m C Clzy,...,2,] be a maximal ideal and de-
note by K := Clxy,...,z,]/m its residue class field. Then K contains C and has a
countable C-basis, because Clzy,...,x,] does. If K # C and p € K \ C then p is
transcendental over C. It follows that the elements (p—ia | a € C) from K form a
non-countable set of linearly independent elements over C. This contradiction shows
that K = C. Thus z; + m = a; + m for a suitable a; € C (for : = 1,...,n), and so
m = (x; —ay,..., T, — a,). This proves Corollary 1.2 (and Corollary 1.3).

To get the theorem, we use the so-called trick of Rabinowich. Let a C Clzy, ..., x,]
be an ideal and assume that the polynomial f vanishes on V(a). Now consider the
polynomial ring R := Clxg, 1, ..., x,] in n+1 variables and the ideal b := (a, 1 —xzf)
generated by 1 — zof and the elements of a. Clearly, V(b) = () and so 1 € b. This
means that we can find an equation of the form
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where f; € a and h;, h € R. Now we substitute % for z¢ and find
1
Xi: hi(?,xl, e ,l’n)fl = 1.

Clearing denominators finally gives . hifi = f™ ie., f™ € a, and the claim follows.
O

COROLLARY 1.4. For any ideal a C O(V) and its zero set X := V(a) we have
O(X) =0(V)/Va.

EXERCISE 1.9. Let a C R be an ideal of a (commutative) ring R. Then a is perfect if
and only if the residue class ring R/a has no nilpotent elements different from 0.

EXAMPLE 1.6. Let f € C[zy,...,x,] be an arbitrary polynomial and consider its
decomposition into irreducible factors: f = pi'py*---pls. Then /(f) = (pip2 - - Ds)
and so the ideal (f) is perfect if and only if the polynomial f it is square-free. In
particular, if f € Clxy,...,z,] is irreducible, then O(V(f)) ~ Clxy,...,z,)/(f). A
closed subset of the form V(f) is called a hypersurface.

ExampLE 1.7. We have O(SL,(C)) ~ O(M,)/(det —1) because the polynomial
det —1 is irreducible.
In fact, if det —1 = f; - fo then each factor f; is linear in the variables which occur.
But if z;,;, occurs in f; then all the variables z;;, and z;,; have to occur in f, too,
since det —1 does not contain products of the form x;j, 2, and x;,;2;,;. This implies
that all variables occur in f7, hence f5 is a constant.

EXAMPLE 1.8. Consider the plane curve C := V(y* — 23) which is called Neil’s
parabola. Then O(C) ~ Clz, y]/(y* —x3) = C[t?, 3] C CJt] where the second isomor-
phism is given by p: x +— 3,y s t2.

PROOF. Clearly, y* — z® € ker p. For any f € C[z,y] we can write f = fo(x) +
f(@)y + bz, y)(y* — 2°). If f € kerp then 0 = p(f) = fo(t*) + fu(t*)t* and so
fo = f1 = 0. This shows that ker p = (y?> — 2?), and the claim follows. O

EXERCISE 1.10. Let C' C C? be the plane curve defined by y — 22 = 0. Then I(C) =
(y — x?) and O(C) is a polynomial ring in one variable.

EXERCISE 1.11. Let D C C2 be the zero set of zy — 1. Then O(D) is not isomorphic
to a polynomial ring, but there is an isomorphism O(D) = C[t,t~1].
EXERCISE 1.12. Consider the “parametric curve”
Y = {(t,t*,t?) € C* | t € C}.

Then Y is closed in C3. Find generators for the ideal I(Y") and show that O(Y") is isomorphic
to the polynomial ring in one variable.

Another important consequence of the “Nullstellensatz” is a one-to-one corre-

spondence between closed subsets of C™ and perfect ideals of the coordinate ring
(C[Il, e ,l’n].

COROLLARY 1.5. The map X — I(X) defines a inclusion-reversing bijection
{X CV closed} = {a C O(V) perfect ideal}
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whose inverse map is given by a — V(a). Moreover, for any finitely generated reduced
C-algebra R there is a closed subset X C C™ for some n such that O(X) is isomorphic
to R

PROOF. The first part is clear since V(I(X)) = X and I(V(a)) = /a for any
closed subset X C V' and any ideal a C O(V).
If R is a reduced and finitely generated C-Algebra, R = C[fi, ..., f,], then R ~

Clx1, 2, ..., x,]/a where a is the kernel of the homomorphism defined by z; — f;.
Since R is reduced we have v/a = a and so O(V(a)) ~ C|zy,...,z,]/a ~ R. O

EXERCISE 1.13. Let X C V be a closed subset and f € O(X) a regular function such
that f(x) # 0 for all z € X. Then f is invertible in O(X), i.e. the C-valued function
x — f(x)~!is regular on X.

EXERCISE 1.14. Every closed subset X C C" is quasi-compact, i.e., every covering of
X by open sets contains a finite covering.

EXERCISE 1.15. Let X C C"™ be a closed subset. Assume that there are no non-constant
invertible regular function on X. Then every non-constant f € O(X) attains all values in
C,ie. f: X — C is surjective.

Affine varieties. We have seen in the previous section that every closed subset
X CV (or X CC") is equipped with an algebra of C-valued functions, namely the
coordinate ring O(X). We first remark that O(X) determines the topology of X. In
fact, define for every ideal a C O(X) the zero set in X by

Vx(a):={zx e X | f(x) =0 for all f € a}.

Clearly, we have Vy(a) = V(a) N X where a C O(V) is an ideal which maps sur-
jectively onto a under the restriction map. This shows that the sets Vx(a) are the
closed sets of the topology on X induced by the Zariski-topology of V. Moreover, the
coordinate ring O(X) also determines the points of X since they are in one-to-one
correspondence with the maximal ideals of O(X):

r € X —m, :=kerev, C O(X)

where ev,: O(X) — C is the evaluation map f +— f(z). This leads to the following
definition of an “abstract” zero set, not embedded in a vector space.

DEFINITION 1.6. A set Z together with a C-algebra O(Z) of C-valued functions
on Z is called an affine variety if there is a closed subset X C C" for some n and a
bijection ¢: Z = X which identifies O(X) with O(Z2), i.e., *: O(X) — O(Z) given
by f+— f o, is an isomorphism.

The functions from O(Z) are called regular, and the algebra O(Z) is called co-
ordinate ring of Z or algebra of reqular functions on Z.

The affine variety Z has a natural topology, the Zariski-topology, the closed sets
being the zero sets

Vy(a):={z€ Z| f(z) =0 for all f € a}

where a runs through the ideals of O(Z). If follows from what we said above that
the bijection p: Z = X is a homeomorphism with respect to the Zariski-topology.
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Clearly, every closed subset X C V or X C C" together with its coordinate ring
O(X) is an affine variety. More generally, if X is an affine variety and ¥ C X a
closed subset, then Y together with the restrictions O(Y) := {f|y | f € O(X)} is
an affine variety, called a closed subvariety.

Less trivial examples are the following.

ExAMPLE 1.9. Let M be a finite set and define O(M) := Maps(M, C) to be the
set of all C-valued functions on M. Then (M, O(M)) is an affine variety and O(M)
is isomorphic to a product of copies of C. This follows immediately from the fact
that any finite subset N C C™ is closed and that O(N) = Maps(V, C).

EXAMPLE 1.10. Let X be a set and define the symmetric product Sym,,(X) to
be the set of unordered n-tuples of elements from X, i.e.,

Sym, (X)=Xx X x---x X/~

where (ay,as,...,a,) ~ (by,ba, ..., b,) if and only if one is a permutation of the
other.

In case X = C we define O(Sym,,(C)) to be the symmetric polynomials in n
variables and claim that Sym, (C) is an affine variety.

To see this consider the map

O:C"—-C", a=(a,...,a,) — (01(a),09(a),...,o,(a))

where o071, ..., 0, are the elementary symmetric polynomials (see Example 1.2). It is
easy to see that @ is surjective and that ®(a) = ®(b) if and only if a ~ b. Thus, ¢
defines a bijection ¢: Sym, (C) = C", and the pull-back of the regular functions on
C" are the symmetric polynomials: o*: Clxy,...,z,] — O(Sym,(C)).

EXERCISE 1.16. Let Z be an affine variety with coordinate ring O(Z). Then every

polynomial f € O(Z)[t] with coefficients in O(Z) defines a function on the product Z x C
in the usual way:

f= katk: (z,a) — ka(z)ak eC
k=0 k=0

Show that Z x C together with O(Z)]t] is an affine variety.
(Hint: For any ideal a C C[zy, ..., x,] there is a canonical isomorphism C[zy, . .., z,,t]/(a) =
((C[xlv cee ,xn]/a)[t])

EXERCISE 1.17. For any affine variety Z there is a inclusion-reversing bijection

{A C Z closed} = {a C O(Z) perfect ideal}

given by A I(A):={f € O(Z) | fla =0} (cf. Corollary 1.5).

For the last example we start with a reduced and finitely generated C-algebra R.
Denote by spec R the set of maximal ideas of R:

spec R := {m | m C R a maximal ideal}.

We know from the “Nullstellensatz” (see Exercise 1.8) that R/m = C for all max-
imal ideals m € spec R. This allows to identify the elements from R with C-valued
functions on spec R: For f € R and m € spec R we define

fm):=f+meR/m=C.
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PROPOSITION 1.1. Let R be a reduced and finitely generated C-algebra. Then the
set of maximal ideals spec R together with the algebra R considered as functions on
spec R is an affine variety.

ProoOF. We have already seen earlier that every such algebra R is isomorphic to
the coordinate ring of a closed subset X C C". The claim then follows by using the
bijection X = spec O(X), x — m, = ker ev,, and remarking that for f € O(X) and
r € X we have f(z) = ev,(f) = f + m,, by definition. O

EXERCISE 1.18. Denote by C), the n-tuples of complex numbers up to sign, i.e., C}, :=
C"/ ~ where (ay,...,an) ~ (by,...,by) if a; = +b; for all i. Then every polynomial
in C[z?,22,...,72] is a well-defined function on C,,. Show that C,, together with these
functions is an affine variety.

(Hint: Consider the map ®: C* — C", (ay,...,a,) — (a?,...,a2) and proceed like in

r'n
Example 1.10.)

Although every affine variety is “isomorphic” to a closed subset of C" for a suitable
n, there are many advantages to look at these objects and not only at closed subsets.
In fact, an affine variety can be identified with many different closed subsets of this
form (see the following Exercise 1.19), and depending on the questions we are asking
one of them might be more useful than another. We will even see in the following
section that certain open subsets are affine varieties in a natural way.

On the other hand, whenever we want to prove some statements for an affine
variety X we can always assume that X = V(a) C C" so that the regular functions
on X appear as restrictions of polynomial functions. This will be helpful in the future
and quite often simplify the arguments.

EXERCISE 1.19. Let X be an affine variety. Show that every choice of a generating
system f1, fo,..., fn € O(X) of the algebra O(X) consisting of n elements defines an
identification of X with a closed subset V(a) C C".

(Hint: Consider the map X — C" given by = — (f1(x), fo(x),..., fu(x)).)

Special open sets. Let X be an affine variety and f € O(X). Define the open
set Xy C X by
Xy =X \Vx(f) ={er e X| f(z) #0}.

An open set of this form is called a special open set.

LEMMA 1.2. The special open sets of an affine variety X form a basis of the
topology.

Proor. If U C X is open and x € U, then X \ U is closed and does not contain
x. Thus, there is a regular function f € O(X) vanishing on X \ U such that f(x) # 0.
This implies x € Xy C U. U

Given a special open set X; C X we see that f(z) # 0 for all z € X; and so the

function % is well-defined on Xj.

PROPOSITION 1.2. Denote by O(Xy) the algebra of functions on Xy generated by

% and the restrictions h|x, of reqular functions h on X:
1 1
O(Xy) = C[? {hlx; | h € O(X)}] = O(X)|Xf[?]-
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Then (X;,O(X})) is an affine variety and O(X;) = O(X)[t]/(f -t —1).
PROOF. Let X = V(a) C C" and define
X =V(a,f zpq —1) CCHL
It is easy to see that the Iirojection pr: C"*l — C» gntg the first n coordinates
induces a bijective map X — Xy whose inverse ¢: Xy — X is given by
o1, x0) = (L1, T, f(T1, .. 20) 7).

The following commutative diagram now shows that o*(O(X)) is generated by
O (Tpe1) = % and the restrictions h|x, (h € O(X)).

e C

X X = (Cn—i— 1
closed
ok
C -
X f — — Ccn
open closed

This proves the first claim. For the second, we have to show that the canonical
homomorphism O(X)[t]/(f -t — 1) — O(X) is an isomorphism. In other words,
every function b = Y7 hit' € O(X)[t] which vanishes on X is divisible by f -t — 1.
Since f|g is invertible we first obtain Y, h; f™ " = 0 which implies

m m—1
h=h—t") hf™" = ht'(1— ",
=0 1=0

and the claim follows. O

ExampLE 1.11. The group GL,(C) is a special open set of M, (C), hence GL,(C)
is an affine variety with coordinate ring O(GL,(C)) = C[{zy; | 1 < i,j <n}, ] In
particular, C* := GL; = C\ {0} is an affine variety with coordinate ring C[z, z!].

EXERCISE 1.20. Let R be an arbitrary C-algebra. For any element s € R define R, :=
R[z]/(s -z —1).
(1) Describe the kernel of the canonical homomorphism ¢: R — R;.
(2) Prove the universal property: For any homomorphism p: R — A such that p(s)
is invertible in A there is a unique homomorphism p: Ry — A such that pot = p.
(3) What happens if s is a zero divisor and what if s is invertible?

Decomposition into irreducible components. We start with a purely topo-
logical notion.

DEFINITION 1.7. A topological space T is called irreducible if it cannot be decom-
posed in the form T"= AU B where A, B ; T are strict closed subsets. Equivalently,
every non-empty open subset is dense.

LEMMA 1.3. Let X C C" be a closed subset. Then the following are equivalent:
(i) X is irreducible.

(ii) 1(X) is a prime ideal.

(i) O(X) is a domain, i.e., has no zero-divisor.
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PROOF. (i)=-(ii): If I(X) is not prime we can find two polynomials f,h €
Clxy, ...,z \ I(X) such that f-h € I(X). This implies that X C V(f - h) =
V(f) UV(h), but X is neither contained in V(f) nor in V(h). Thus X = (V(g) N
X)U (V(h) N X) is a decomposition into strict closed subsets, contradicting the
assumption.

(ii)=-(iii): This is clear since O(X) = Clzy, ..., z,)/I(X).

(iii)=-(i): If X = AU B is a decomposition into strict closed subsets there are
non-zero functions f,h € O(X) such that f|4 = 0 and h|g = 0. But then f - h
vanishes on all of X and so f-h = 0. This contradicts the assumption that O(X)
does not contain zero-divisor. O

ExAMPLE 1.12. Let f € C[zy,...,x,]. Then the hypersurface V(f) is irreducible
if and only if f is a power of an irreducible polynomial. This follows from Example 1.6
and the fact that the ideal (f) is prime if and only if f is irreducible. More generally,
if f = pi'py®---ple is the primary decomposition, then

V(f)=V(p1) UV(p2) U---UV(pn)

where each V(p;) is irreducible, and this decomposition is irredundant, i.e., no term
can be dropped.

THEOREM 1.2. Every affine variety X is a finite union of irreducible closed sub-
sets X;:

(2) X=X UXyU---UX,.

If this decomposition is irredundant, then the X;’s are the mazimal irreducible subsets
of X and are therefore uniquely determined.

The unique irredundant decomposition of an affine variety X in the form (2) is
called irreducible decomposition and the X;’s are called the irreducible components.

For the proof of the theorem above we first recall that a C-algebra R is called
Noetherian if the following equivalent conditions hold:

(i) Fvery ideal of R is finitely generated.
(ii) Fwvery strictly ascending chain of ideals of R terminates.
(iii) Every non-empty set of ideals of R contains mazximal elements.

(The easy proofs are left to the reader; for the equivalence of (ii) and (iii) one has to
use Zorn’s Lemma.)

The famous “Basissatz” of Hilbert implies that every finitely generated C-algebra
is Noetherian (see [Ar91, Chap. 12, Theorem 5.18]). In particular, this holds for
the coordinate ring O(X) of any affine variety X. Using the inclusion reversing
bijection between closed subsets of X and perfect ideals of O(X) (see Corollary 1.5
and Exercise 1.17) we get the following result.

PROPOSITION 1.3. Let X be an affine variety. Then

(1) Every closed subset A C X is of the form Vx(fi, fay -, fr)-
(2) Every strictly descending chain of closed subsets of X terminates.
(3) Every non-empty set of closed subsets of X contains minimal elements.

REMARK 1.4. It is easy to see that for an arbitrary topological space T the
properties (2) and (3) from the previous proposition are equivalent. If they hold then
T is called Noetherian.
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PrROOF OF THEOREM 1.2. We first show that such a decomposition exists. Con-
sider the following set

M = {AC X | A closed and not a finite union of irreducible closed subsets}.

If M # () then it contains a minimal element Ay. Since Ay is not irreducible, we can
find strict closed subset B, B’ C Ag such that Ay = B U B’. But then B, B" ¢ M
and so both are finite unions of irreducible closed subsets. Hence Ay is a finite union
of irreducible closed subsets, too, contradicting the assumption.

To show the uniqueness let X = X; U Xy U ---U X, where all X; are irreducible
closed subsets and assume that the decomposition is irredundant. Then, clearly,
every X; is maximal. Let ¥ C X be a maximal irreducible closed subset. Then
Y=YNX)U¥ NXy)U---U (Y NX;,)and so Y =Y N X, for some j. It follows
that Y C X, and so Y = X because of maximality. OJ

REMARK 1.5. The algebraic counterpart to the decomposition into irreducible
components is the following statement about radical ideals in finitely generated al-
gebras R: Fvery radical ideal a C R is a finite intersection of prime ideals:

a=p;NpaMN---Nps.

If this intersection is irredundant then the p;’s are the minimal prime ideals contain-
ing a. (The easy proof is left to the reader.)

ExampPLE 1.13. Consider the two hypersurfaces Hy := V(xy — 2), Hy := V(zz —
y?) in C? and their intersection X := H; N Hy. Then

X =V(y,2)UC where C := {(t,t*,t%) | t € C},

and this is the irreducible decomposition.

In fact, it is obvious that the z-axis V(y, z) is closed and irreducible and belongs
to X, and the same holds for the curve C' (see Exercise 1.12). If (a,b,¢) € X\ V(y, 2)
then either b or ¢ is # 0. But then b # 0 because ab = c. Hence a = cb™! and so
b = ac = *b~! which implies that ¢ = b®. Thus b = (¢b™)? and ¢ = (cb™')3, i.e.
(a,b,c) € C.

Another way to see this is by looking at the coordinate ring:

Cla,y, 2]/ (xy — z, 22 — y*) = Cla,yl/(z°y — v*).

Now (z%y —y?) = y(z —y?) = (y) N (z — y?) and the ideals (y) and (z —y?) are obvi-
ously prime with residue class ring isomorphic to a polynomial ring in one variable.
This shows again that X has two irreducible components, both with coordinate ring
isomorphic to C[t].

EXERCISE 1.21. The closed subvariety X := V(22 — yz,2z — ) C C? has three irre-
ducible components. Describe the corresponding prime ideals in C[z,y, z].

EXAMPLE 1.14. The group Oy := {A € M, | AA" = E} has two irreducible
components, namely SOs := Oy N SLy and (1) (1) -S04, and the two components are

disjoint.
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In fact, the condition AA* = E for A = lz 2} implies that [Z} =+ [_dc} . Since
b

a | a®> +b? = 1} is irreducible as

dot | @ 2] = a® + b? we see that SO, = {{_ab

—b
01 a b 9 19 . . .
well as 1 ol SO, = { b —a | a* + b° = 1} and the claim follows immediately.

EXERCISE 1.22. Let G C GL,, be a closed subgroup.
(1) The irreducible components of G are disjoint.

(2) The irreducible component of G containing E is a normal subgroup G°.
(3) The irreducible components are the cosets of G°.

EXERCISE 1.23. Let X = [J X; be the decomposition into irreducible components and
let U; C X; be open subsets. Then U := | JU; is open in X. It is dense in X if and only if
all U; are non-empty.

Rational functions and local rings. If X is an irreducible affine variety then
O(X) is a domain by Lemma 1.3. Therefore, we can form the field of fractions of
O(X) which is called the field of rational functions on X and will be denoted by
C(X). Clearly, if X = C" then C(X) = C(21, 29, ..., 2,), the rational function field.
An irreducible affine variety X is called rational if its field of rational functions C(X)
is isomorphic to a rational function field.

A rational function f € C(X) can be regarded as a function “defined almost
everywhere” on X. In fact, we say that f is defined in x € X if there are p,q € O(X)
such that f = £ and g(z) # 0.

EXERCISE 1.24. If f € C(C?) = C(z,y) is defined in C? \ {(0,0)} then f is regular.

EXERCISE 1.25. Let f be a rational function on the irreducible affine variety X and
denote by Def(f) C X the set of points where f is defined.
(1) The set Def(f) is open in X.
(2) If Def(f) = X then f is regular on X. (Hint: Look at the “ideal of denominators”
a:={peOX)|p-feOX)})

ExAMPLE 1.15. Consider the irreducible plane curve C' := V(y? — 2®) C C? and
put Z := z|c and § := y|c. Then the rational function f := £ € C(C) is not defined
in (0,0). The interesting point here is that f has a continuous extension to all of C'
with value 0 at (0,0), even in the C-topology.

PROOF. There is an isomorphism O(C) = C[t?, %] (see Example 1.8) which
maps Z to t? and j to t*, and so f = £ is mapped to ¢. Since ¢ ¢ C[¢?,*] the first
claim follows from Exercise 1.25(2) above. The second part is easy because the map
C — C: t (2,43) is a homeomorphism even in the C-topology. O

Assume that X is irreducible and let z € X. Define
Ox, ={r e C(X) | f is defined in x}.

It is easy to see that Ox , is the localization of O(X) at the maximal ideal m,. (For
the definition of the localization of a ring at a prime ideal and, more generally, for the
construction of rings of fractions we refer to [Eis95, 1.2.1].) This example motivates
the following definition.
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DEFINITION 1.8. Let X be an affine variety and x € X an arbitrary point. Then
the localization O(X )y, of the coordinate ring O(X) at the maximal ideal in x is
called the local ring of X at z. It will be denoted by Ox ,, its unique maximal ideal
by mx z.

We will see later that the local ring of X at x completely determines X in a
neighborhood of z.

EXERCISE 1.26. If X is irreducible, then O(X) = (,cx Ox.z-

EXERCISE 1.27. Let X be an affine variety, z € X a point and X’ C X the union of
irreducible components of X passing through x. Then the restriction map induces a natural
isomorphism Ox , = Ox/ 4.

T

EXERCISE 1.28. Let R be an algebra and p1: R — Rg the canonical map r +— 7 where
Rg is the localization at a multiplicatively closed subset 1 € S C R (0 ¢ 5).

(1) If a C R is an ideal and ag := Rg pu(a) C Rg then
N u(a)) = p(ag) = {b € R| sbc a for some s € S}.
Moreover, (R/a)g — Rg/as where S is the image of S in R/a.
(Hint: For the second assertion use the universal property of the localization.)
(2) If m C R is a maximal ideal and S := R\ m, then mg is the maximal ideal of Rg

and the natural maps R/m* = Rg/m% are isomorphisms for all k > 1.
(Hint: The image S in R/m* consists of invertible elements.)

EXERCISE 1.29. Let p < ¢ be positive integers with no common divisor and define
Cpq = {(t?,t?) | t € C} C C2 Then C,, is a closed irreducible plane curve which is
rational, i.e. C(C) 4) ~ C(t). Moreover, O(C, ) is a polynomial ring if and only if p = 1.

EXERCISE 1.30. Consider the elliptic curve E := V(y? — z(2* — 1)) C C%. Show that E
is not rational, i.e. that C(F) is not isomorphic to C(t). (Hint: If C(E) = C(¢) then there
are rational functions f(¢), h(t) which satisfy the equation f(¢)? = h(t)(h(t)? —1).)
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2. MORPHISMS

Morphisms and comorphisms. In the previous sections we have defined and
discussed the main objects of algebraic geometry, the affine varieties. Now we have
to introduce the “regular maps” between affine varieties which should be compatible
with the concept of regular functions.

DEFINITION 2.1. Let X, Y be affine varieties. A map ¢: X — Y is called regular
or a morphism if the pull-back of a regular function on Y is regular on X:

fopeOX) forall feOY).

Thus we obtain a homomorphism ¢*: O(Y) — O(X) of C-algebras given by ¢*(f) :=
f o, which is called comorphism of .

A morphism ¢ is called an isomorphism if ¢ is bijective and the inverse map ¢!
is also a morphism. If, in addition, Y = X then ¢ us called an automorphism.

EXERCISE 2.1. Let g € GL, be an invertible matrix. Then left multiplication A — gA,
right multiplication A — Ag and conjugation A — gAg~' are automorphisms of M,,.

EXAMPLE 2.1. A map ¢ = (f1, fa,---, fm): C* — C™ is regular if and only if
the components f; are polynomials in C[zy, ..., z,]. This is clear, since ¢*(y;) = f;
where y1,vs, . .., yn are the coordinate functions on C™.

More generally, let X be an affine variety and a ¢ = (f1,..., fm): X — C™ a
map. Then ¢ is a morphism if and only if the components f; are regqular functions
on X . (This is clear since f; = ¢*(y;).)

If a morphism ¢ = (fi, fo, ..., fm): C* — C™ maps a closed subset X C C" into
a closed subset Y C C™ then the induced map p: X — Y is clearly a morphism,
just by definition. This holds in a slightly more general setting, as claimed in the
next exercise.

EXERCISE 2.2. Let ¢: X — Y be a morphism. If X’ C X and Y/ C Y are closed

subvarieties such that ¢(X’) C Y’ then the induced map ¢': X’ = Y’ x — p(z), is again
a morphism. The same holds if X’ and Y’ are special open sets.

These examples have the following converse which will be useful in many appli-
cations.

LEMMA 2.1. Let X CC" and Y C C™ be closed subvarieties and let ¢: X — Y
be a morphism. Then there are polynomials fi,..., fm € Clz1, ..., x,] such that the
following diagram commutes:

Cn q)::(f17~-~7fm) (Cm

E E
X = Y
PROOF. Let yi,...,y, denote the coordinate functions on C™. Put g; := y;|y
and define f; := p*(7;) € O(X), i =1,...,m. Since O(X) = Clzy, ..., z,]/I(X) we
can find representatives f; € Clxy,...,z,), i.e. f; = f; + I(X). We claim that the
morphism ® := (fy,..., fin): C" — C™ satisfies the requirements of the lemma. In
fact, let a € X C C" and set ¢(a) =: b= (by,...,bn). Then

b; = y;(b) = 7;(b) = F(2(a)) = ¢ (7;)(a) = f(a) = fi(a),
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and so p(a) = ®(a). O

EXAMPLE 2.2. The morphism ¢ +— (¢2,#3) from C — C? induces a bijective
morphism C — C := V(y* — %) which is not an isomorphism (see Example 1.8).

Similarly there is a morphism ¢: C — D := V(y* — 22 — 23) given by t — (12 —
1,t(t> — 1)). This time ¢ is surjective, but not injective since ¥ (1) = 1 (—1) = (0, 0).

EXERCISE 2.3. (1) Every morphism C — C* is constant.
(2) Describe all morphisms C* — C*.
(3) Every non-constant morphism C — C is surjective.
(4) An injective morphism C — C is an isomorphism, and the same holds for mor-
phisms C* — C*.

EXERCISE 2.4. The graph of a morphism. Let ¢: C* — C™ be a morphism and
define

Ty == {(a,¢(a)) € C""™}.

which is called the graph of the morphism ¢. Show that I'p is closed in C**™, that the pro-
1

jection pren : C**™ — C" induces an isomorphism p: I'p = C" and that ¢ = prem op™ L.
PROPOSITION 2.1. Let X,Y be affine varieties. The map ¢ — ¢* induces a
bijection
Mor(X,Y) 5 Alge(O(Y), O(X)).

between the morphisms from X to'Y and the algebra homomorphism from O(Y') to
O(X).

REMARK 2.1. The mathematical term used in the situation above is that of a con-
travariant functor from the category of affine varieties and morphisms to the category
of finitely generated reduced C-algebras and homomorphism, given by X +— O(X)
and ¢ — ¢*. In particular, we have ¢*(Idx) = Idp(x) and (po1))* = 1)*op* whenever
the expressions make sense. The proposition above then says that this functor is an
equivalence, the inverse functor being R — spec R defined in Proposition 1.1. It will
be helpful to keep this “functorial point of view” in mind although it will not play
an important role in the following.

PROOF. (a) If ¢7 = ¢} then, for all f € O(Y) and all z € X, we get
flp1(z)) = £1(F)(x) = e3(f) () = flpa()).

Hence, p1(x) = @o(x) since the regular functions separate the points (Remark 1.3).

(b) Let p: O(Y) — O(X) be an algebra homomorphism. We want to construct
a morphism ¢: X — Y such that ¢* = p. For this we can assume that ¥ C C™ is a
closed subvariety. Let y; := y;|y be the restrictions of the coordinate functions on C™
and define f; := p(y;) € O(X). Then we get a morphism @ := (fy,..., fr,): X — C™
such that ®*(y;) = f; (see Example 2.1). If h = h(y1,...,ym) € I(Y) then

h(fi, -, fm) = R(p(th), - -, p(Fm)) = p(R(F1, - - -, Tm)) = 0

because h(y1,...,Um) = hly = 0 by assumption. Therefore h(®(a)) = 0 for all
a€ X and all h € I(Y) and so ®(X) C Y. This shows that ® induces a morphism

@: X — Y such that ¢*(7;) = ®*(y;) = f; = p(y;), and so p* = p. O
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EXAMPLE 2.3. Let X be an affine variety, V' a finite dimensional vector space and
¢: X — V amorphism. The linear functions on V' form a subspace V* C O(V') which
generates O(X). Therefore, the induced linear map ¢*|y«: V* — O(X) completely
determines ¢*, and we get a bijection

Mor(X, V) = Hom(V*, O(X)) ¢ — ¢*

V.

The second assertion follows from Proposition 2.1 and the well-known “Substi-
tution Principle” for polynomials rings (see [Ar91, Chap. 10, Proposition 3.4]).

EXERCISE 2.5. Show that for an affine variety X the morphisms X — C* correspond
bijectively to the invertible functions on X.

EXERCISE 2.6. Let X,Y be affine varieties and ¢p: X — Y, ¢¥: Y — X morphisms such
that 1 o ¢ = Idx. Then ¢(X) C Y is closed and ¢: X = ((X) is an isomorphism.

Images, pre-images and fibers. It is easy to see that morphisms are contin-
uous. In fact, the Zariski topology is the finest topology such that regular functions
are continuous, and since morphisms are defined by the condition that the pull-back
of a regular function is again regular, it immediately follows that morphisms are con-
tinuous. We will get this result again from the next proposition where we describe
images and preimages of closed subsets under morphisms.

PROPOSITION 2.2. Let ¢: X — Y be a morphism of affine varieties.
(1) If B:=Vy(S) CY is the closed subset defined by S C O(Y') then ¢~ (B) =
Vx(¢*(S)). In particular, ¢ is continuous.
(2) Let A:=V(a) C X be the closed subset defined by the ideal a C O(X). Then
the closure of the image @(A) is defined by *~*(a) C O(Y):

p(A) = Vy (¢ H(a)).
ProoF. For x € X we have
rep(B) <= @) eB <+ f(px)=0forall fcsS,

and this is equivalent to ¢*(f)(x) = 0 for all f € S, hence to x € Vx(¢*(S)), proving

the first claim.
For the second claim, let f € O(Y). Then

fom=0 <= floan=0 & ¢(fla=0 = ¢ (flel(4)=Va
The latter is equivalent to the condition that a power of f belongs to ¢*~'(a). Thus

the zero set of ©*~'(a) equals the closed set ¢(A). O

EXERCISE 2.7. If 1, 09: X — Y are two morphisms, then the “kernel of coincidence”
ker(p1,p2) :={z € X | p1(x) = p2(x)} € X

is closed in X

EXERCISE 2.8. Let ¢: X — Y be a morphism of affine varieties.

(1) If X is irreducible, then ¢(X) is irreducible.
(2) Every irreducible component of X is mapped into an irreducible component of Y.

EXERCISE 2.9. Let ¢: X 2 X be an automorphism and Y C X a closed subset such
that p(Y) CY. Then ¢(Y) =Y and ¢ly: Y — Y is an automorphism, too.
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A special case of pre-images are the fibers of a morphism ¢: X — Y. Let y € Y.
Then

e (y) ={r e X |p(x) =y}

is called the fiber of y € Y. By the proposition above, the fiber of y is a closed
subvariety of X defined by ¢*(m,):

v (y) = Vx (¢ (my)).
Of course, the fiber of a point y € Y can be empty. In algebraic terms this means
that ¢*(m,) generates the unit ideal (1) = O(X).

EXERCISE 2.10. Let ¢: X — Y be a morphism of affine varieties. If U C Y is a special
open set then so is = H(U).

EXERCISE 2.11. Describe the fibers of the morphism ¢: My — My, A +— A2, (Hint:
Use the fact that ¢(gAg™') = gp(A)g~! for g € GLy.)

DEFINITION 2.2. Let ¢: X — Y be a morphism of affine varieties and consider
the fiber F := ¢~ 1(y) of a point y € p(X) C Y. Then the fiber F is called reduced if
©*(m,) generates a perfect ideal in O(X), i.e. if

VOX) - ¢ (m,) = O(X) - 7 (m,).

The fiber F is called reduced in the point x € F' if this holds in the local ring Ox .,
1.e.

Oxz - ‘P*(my> = Ox, - ‘P*(my)-

EXAMPLE 2.4. Look again at the morphism ¢: C — C = V(y? — 23) C C?,
t+— (t2,#3). Then ¢* is the injection O(C) = C[t?, 3] — CJ[t] and so

Clt] - ¢"(m) = (1, £°) C V(12 83) = (2).
Thus the zero fiber ¢ ~!(0) is not reduced. On the other hand, all other fibers are

reduced since ¢ induces an isomorphism of C* with the special open set C'\ {(0,0)}(=

Cz = Cy), where the inverse map is given by (a,b) — L.

EXERCISE 2.12. Show that all fibers of the morphism ¢: C — D := V(y? — 22 — 23) C
C2, t+— (12 — 1,t(t> — 1)), are reduced and that 9 induces an isomorphism C \ {1, -1} =
D\ {(0,0)}.

a b

EXERCISE 2.13. Consider the following morphism ¢: SLy — C3, o( [c d] ) := (ab, ad, cd).

(1) The image of ¢ is a closed hypersurface H C C3.
(2) The fibers of ¢ are the left cosets of the subgroup 7" := {[t t‘l} |t € C*}.

(3) All fibers are reduced.
(Hint: Show that the left multiplication with some g € SLy induces an automorphism A,
of H and isomorphisms ¢! (y) = ¢71(\,(y)) for all y € H. This implies that it suffices to
study just one fiber, e.g. o~ (p(E)).)
EXERCISE 2.14. Consider the morphism ¢: C? — C? given by p(z,y) := (z,zy).

(1) ¢(C?)=C?\ {(0,y) | y # 0} which is not locally closed.
(2) What happens with the lines parallel to the xz-axis or parallel to the y-axis?
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(3) ¢~ 1(0) = y-axis. Is this fiber reduced?
(4) ¢ induces an isomorphism C? \ y-axis — C2 \ y-axis

Dominant morphisms. Let ¢: X — Y be a morphism of affine varieties, = a
point of X and y := ¢(x) its image in Y. Then ¢*(m,) C m,, and so ¢* induces a
local homomorphism

(p;: Oy7y — OX@.
(A homomorphism between local rings is called local if it maps the maximal ideal
into the maximal ideal.)

The next proposition tells us that, in a neighborhood of a point x € X, a mor-
phism ¢ is uniquely determined by the local homomorphism ¢ .

PROPOSITION 2.3. (1) If p,: X — Y are two morphisms such that p(x) =
Y(zx) and @ = Y% for some x € X, then ¢ and 1) coincide on every irre-
ducible component of X passing through x.

(2) Ifr € X, y€Y and if p: Oy, = Ox, is an isomorphism, then there exist
special open sets X' C X andY' CY containing x and vy, respectively, and
an isomorphism 1 : X' =Y’ such that ¢ = p.

PROOF. (1) Let R be a finitely generated reduced C-algebra and m C R a max-
imal ideal. The canonical map p: R — Ry, is injective if and only if m contains all
minimal prime ideals of R. (In fact, ker y = {r € R | sr = 0 for some s € R\ m}.)

Denote by X C X the union of irreducible components passing through = and by
Y C Y the union of irreducible components passing through ¢(z). Then p(X) C Y,
because the image of an irreducible component of X is contained in an irreducible
component of Y (see Exercise 2.8). Thus we obtain a morphism ¢: X — Y with
the following commutative diagram of C-algebras and homomorphisms which shows
that ¢ is completely determined by ¢ :

= -
O(Y) - O(Y) - OY,cp(:c) = OY,go(w)

L |+
O(X) — O(X) —— O, =0x,

(2) We can assume that all irreducible components of X pass through = and all
irreducible components of Y pass through y. Then

O(Y) C Oy, = Ox, 2 O(X).
Let hy,..., hy € O(Y) be a set of generators and put f; := p(h;). Then we can find
an element ¢ € O(X) \ m, such that f; € O(X), for all j, i.e., p(O(Y)) C O(X),.
Now ¢ = p(%) where 7,5 € O(Y),s ¢ my and so h := p(s)q = p(r) ¢ m,. But this
implies that p(O(Y),) = O(X),. Hence, there is an isomorphism v: X, — Y, with
the required properties. O

DEFINITION 2.3. Let X, Y be irreducible affine varieties. A morphism ¢: X — Y
is called dominant if the image is dense in Y, i.e. p(X) = Y. This is equivalent to
the condition that *: O(Y) — O(X) is injective (see Proposition 2.2(2)).

It follows that every dominant morphism ¢: X — Y induces a finitely generated
field extension ¢*: C(Y) — C(X). If this is a finite field extension of degree d :=
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[C(X) : C(Y)] we will say that ¢ is a morphism of finite degree d. If d = 1, i.e. if ¢*
induces an isomorphism C(Y) = C(X) then ¢ is called a birational morphism.

EXERCISE 2.15. Let ¢: C — C be a non-constant morphism. Then ¢ has finite degree
d, and there is a non-empty open set U C C such that #¢~!(z) =d for all z € U.

There is a similar result as the second part of Proposition 2.3 saying that affine
varieties with isomorphic function fields are locally isomorphic. The proof is similar
as the proof above and will be left to the reader.

PROPOSITION 2.4. Let X,Y be irreducible affine varieties and let p: C(Y) =
C(X) be an isomorphism. Then there exist special open sets X' C X and Y C Y
and an isomorphism : X' = Y" such that p = *.

Products. If f is a function on X and A a function on Y then we denote by f-h
the C-valued function on the product X x Y defined by (f - h)(z,y) := f(z) - h(y).

PROPOSITION 2.5. The product X XY of two affine varieties together with the
algebra
OX xY):=C[f-h| feOX),heO®Y)]
of C-valued functions is an affine variety. Moreover, the canonical homomorphism
OX)®@O0Y)—-0O(X xXY), f®hw f-h,is an isomorphism.

PROOF. Let X C C" and Y C C™ be closed subvarieties. Then X x Y C C*t™
is closed, namely equal to the zero set V(I(X) U I(Y)). So it remains to show that
OX xY)=Clzy,...,2n, Y1, -, Ym)/L(X X Y) is generated by the products f - h
and that f-h € O(X xY) for f € O(X) and h € O(Y). But this is clear since
T, = Ti|lxxy = %i|x -1 and §; = yj|lxxy = 1 - y;ly, and f|x - hly = (fh)|xxy for
feClxy,...,x,] and h € Clyy, ..., Ym]-

For the last claim, we only have to show that the map O(X)®0(Y) — O(X xY),
f®h+— f-h,is injective. For this, let (f; | i € I) be a basis of O(Y). Then every
element s € O(X) ® O(Y) can be uniquely written as s = > ;.. s, ® fi. If s is in
the kernel of the map, then > s;(x)fi(y) = 0 for all (z,y) € X x Y and so, for every
fixed z € X, Y s;(x)f; is the zero function on Y. This implies that s;(z) = 0 for all
x € X and so s; = 0 for all . Thus s = 0 proving the claim. O

EXAMPLE 2.5. (1) The two projections pry: X XY — X, (z,y) — x, and
pry: X xY =Y, (x,y) — y, are morphisms with comorphisms pri (f) =
f-land pry(h)=1-h.

(2) If ¢: X — X" and ¢: Y — Y’ are morphisms, then so is
ex P X xY = X<V, (2,y) — (o(2), ¥(y)).
(3) Diagonal: A: X — X x X, x — (x,z) is a morphism, A(X) C X x X is a
closed subset defined by the set {f-1—1-f| f€ O(X)}, and X = A(X)

is an isomorphism whose inverse is induced by the projection pry.
(4) Graph: Let ¢: X — Y be a morphism. Then

L) = {(z,p(2)) [z € X} C X XV

is a closed subset. Moreover, the projection pry induces an isomorphism
p: () = X and ¢ = pry op~".
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(5) Matrix multiplication: The composition of linear maps
p: Hom(U, V) x Hom(V, W) — Hom(U,W), (A,B)+— BoA
is a morphism. Choosing coordinates we find p*(2;;) = >, Yir®r;-

EXERCISE 2.16. Show that the ideal of the diagonal A(X) C X x X is generated by
the function f-1—1-f, f € O(X) (see Example 2.5(3)).

LEMMA 2.2. The projection pry: X x Y — X is an open morphism, i.e. the
image of an open set under pry is open.

PRrROOF. It suffices to show that the image of a special open set U := (X xY), is
open. Writing g = ) f; - h; with linearly independent h; one gets pry(U) = |, X,
and the claim follows. O

ProrosiTiON 2.6. If X, Y are irreducible affine varieties then X x 'Y is irre-
ducible.

PROOF. Assume that X x Y = AU B with closed subsets A, B. Define
Xa={zeX|{z} xY CA} and Xp:={reX|{z}xY C B}

Since Y is irreducible we see that X = X4 U Xg. Now we claim that X4 and Xp are
both closed in X and so one of them equals X, say X4, = X. But then A = X xY
and we are done. To prove the claim we remark that X \ X4 = pry(X xY \ A) which
is open by Lemma 2.2 above. 0

COROLLARY 2.1. If X =J; X; and Y = |J; Y; are the irreducible decompositions
of X andY , then X XY = U” X; xYj is the irreducible decomposition of the product.
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3. DIMENSION

Definitions. If £ is a field and A a k-algebra then a set aq,as,...,a, € A of
elements from A are called algebraically independent over k if they do not satisfy
a non-trivial polynomial equation F'(aj,as,...,a,) = 0 where F' € k[zy,...,x,].
Equivalently, the canonical homomorphism of k-algebras klzy,...,z,] — A defined
by z; — a; is injective.

In order to define the dimension of a variety we will need the concept of tran-
scendence degree tdeg, K of a field extension K/k. It is defined to be the maximal
number of algebraically independent elements in K. We refer to [Ar91, Chap. 13,
Sect. 8] for the basic properties of transcendental extensions.

DEFINITION 3.1. Let X be an irreducible affine variety and C(X) its field of
rational functions. Then the dimension of X is defined by
dim X := tdeg C(X).
If X is reducible and X = [ J X; the irreducible decomposition (see 1) then

dim X := maxdim Xj.

Finally, we define the local dimension of X in a point x € X = J X; to be

dim, X := maxdim X;.
X2z
EXERCISE 3.1. Let X be an affine variety.
(1) dim X is the maximal number of algebraically independent elements in O(X).
(2) Assume that O(X) is generated by r elements. Then dim X < r, and if dim X = r
then X ~ C".

EXERCISE 3.2. The function = — dim, X is upper semi-continuous on X. (This means
that for all @ € R the set {x € X | dim, X < a} is open in X.)

EXAMPLES 3.1. (1) We have dim C" = n. More generally, if V' is a complex
vector space of dimension n then dim X = n.
(2) If U C X is a special open subset which is dense in X, then dim U = dim X.
(3) For affine varieties X,Y we have dim X x Y = dim X +dimY".

LEmMMA 3.1. Let f € Clxy,...,x,) be a non-constant polynomial and X =
V(f) C C" its zero set. Then dim X =n — 1.

PrROOF. We can assume that f is irreducible and that the variable x, occurs
in f. Denote by z; € O(X) = Clzy,...,x,]/(f) the restrictions of the coordinate
functions x;. Then C(X) = C(z1, Za, ..., Ty). Since f(Z1,Ta,...,T,) = 0 we see that
z, € C(X) is algebraic over the subfield C(Zy, Z, ..., Z,_1). Therefore, tdeg C(X) =
tdeg C(Z1, Za, ..., Tp_1) < n — 1. On the other hand, the composition

(C[Il, Ce ,xn_l] — C[l’l, c ,ZL’n] £S> O(X)

is injective, since the kernel is the intersection (f) N Clzy, ..., x,—1] which is zero.
Thus, tdeg C(X) > n — 1, and the claim follows. O

The first part of the proof above, namely that dim V(f) < n = dim C" has the
following generalization.



3. DIMENSION 27

LEMMA 3.2. If X is irreducible and Y C X a proper closed subset then we have
dimY < dim X.

PROOF. We can assume that Y is irreducible. If hy,... h, € O(Y) are alge-
braically independent where m = dimY’, and h; = ilz|y for hy, ..., hy € O(X) then
i~z1, o By are algebraically independent, too, and so dim X > dimY. If dimY =
dim X then every f € O(X) is algebraic over C(hy, ..., hy). Choose f € O(X) in
the kernel of the restriction map, i.e. f|ly = 0. Then f satisfies an equation of the

form

fFapff e pf =0
where p; € C(hy,... ) and & is minimal. Multiplying with a suitable ¢ € (C[izl, e fzm]
we can assume that p; € Clhy, ..., hy,|. But this implies that py|y = 0. Thus p;, =0
and we end up with a contradiction. O

ExXAMPLE 3.2. We have dim X = 0 if and only if X is finite, and this is equivalent
to dime O(X) < oo. (This is clear: If X is irreducible of dimension 0 then C(X) is
algebraic over C and so C = O(X) = C(X), and the claim follows.)

EXERCISE 3.3. Let U C X be a dense open set. Then dim X \ U < dim X.

LEMMA 3.3. Let X be an irreducible affine variety of dimension n. Then there is

a special open set U C X which is isomorphic to a special open set of a hypersurface
V(h) C CHL,

PROOF. The field of rational functions C(X) has the form
C(X)=C(z1,...,2,)[f]

where f satisfies a minimal equation: f™+p, f™ '+ -+p,, =0, p; € C(z1,...,x,).
Multiplying with a suitable polynomial Clxy, ..., z,] we can assume that all p; belong
to Clxy, ..., r,]. Then the polynomial h := y™ + p1y" '+ -+ pn € Clay, ..., 75, Y]
is irreducible and defines a hypersurface H := V(h) C C™""! whose field of rational
functions C(H) is isomorphic to C(X) by construction. Now the claim follows from
Proposition 2.4. O

Finite morphisms. Finite morphisms will play an important role in the follow-
ing. In particular, they will help us to “compare” an arbitrary affine variety X with
an affine space C" of the same dimension by using the famous Normalization Lemma
of Noether.

DEFINITION 3.2. Let A C B be two rings. We say that B is finite over A if B is
a finite A-module, i.e.there are by,...,b, € B such that B = Zj Ab;.

A morphism ¢: X — Y between two affine varieties is called finite if O(X) is
finite over p*(O(Y)).

If A C B C C are rings such that B is finite over A and C'is finite over B, then C'
is finite over A. In particular, if p: X — Y and ¢: Y — Z are finite morphisms then
the composition ¥ o p: X — Z is finite, too. Another useful remark is the following:
If o: X — Y is finite and X' C X, Y’ C Y closed subsets such that ¢(X’') C Y’
then the induced morphism ¢': X’ — Y is also finite.
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ExaMPLE 3.3. Typical examples of finite morphisms are the ones given in Exam-
ple 2.2, namely ¢: C — C =V(y*—23) CC?*and ¢: C — D = V(y?—2*—23%) C C%
In both cases, the morphisms are the so-called normalizations, a concept which we
will discuss later.

On the other hand, the inclusion of a special open set X; < X is not finite if f
is neither invertible nor zero.

EXERCISE 3.4. Every non-constant morphism ¢: C — C is finite, and the same holds
for the non-constant morphisms ¢: C* — C*.

The basic geometric property of a finite morphism is given in the next proposition.

PROPOSITION 3.1. Let p: X — Y be a finite morphism. Then ¢ is closed and
has finite fibers.

PROOF. If y € YV then ¢ ' (y) = Vx(¢*(my)) (see 2). If ¢~ (y) # 0 then the
induced morphism ¢~!(y) — {y} is finite, too, and so O(¢~(y)) is a finite dimen-
sional C-algebra. Thus, the fiber ¢!(y) is finite (Example 3.2) proving the second
claim.

For the first claim it suffices to show that ¢(X) = ¢(X). Hence we can as-
sume that (X) = Y, i.e. that ¢*: O(Y) — O(X) is injective. If ¢~'(y) = () then
O(X)m, = O(X). (We identify m, with its image ¢*(m,).) The Lemma of Nakayama
(see the following Lemma 3.4) now implies that (1 4 a)O(X) = 0 for some a € m,
which is a contradiction since 1 + a # 0. O

LEMMA 3.4 (Lemma of Nakayama). Let R be a ring, a C R an ideal and M a
finitely generated R-module. If aM = M then there is an element a € a such that
(14+a)M = 0. In particular, if M is torsionfree and a # R then M = 0.

PROOF. Let M = 2521 Rm;. Then m; = Zj a;jm; for all i where a;; € a. If A
denotes the k x k-matrix (a;;);; and m the column vector (my, ..., m)" this means
that m = A-m. Thus (£ — A)m = 0, and so det(E — A)m; = 0 for all j. But

Il—ann  —an
det(E — A) =det | =021 l—axn -+ | =144 wherea € a.

and the claim follows. O

EXERCISE 3.5. Let X be an affine variety and x € X. Assume that fi,...,f, € m,
generate the ideal m, modulo m2, i.e., m; = (f1,..., fr) +m2. Then {z} is an irreducible
component of Vx(f1,..., fr).

(Hint: If C C Vx(f1,..., fr) is an irreducible component containing x and m C O(C) the
maximal ideal of 2 then m? = m. Hence m = 0 by the Lemma of Nakayama above.)

EXERCISE 3.6. Let ¢: X — Y be a finite surjective morphism. Then dim X = dim Y.

EXERCISE 3.7. Let X be an affine variety and X = |J, X; the irreducible decomposition.
A morphism ¢: X — Y is finite if and only if ¢|x,: X; — Y is finite for all 7.

The following easy lemma will be very useful in sequel.
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LEMMA 3.5. Let A C B be rings and b € B. Assume that b satisfies an equation
of the form
V" 4 apb™ T agh™ b, =0
where ay, az, ..., a, € A. Then the subring A[b] C B is finite over A.

PRrooF. It follows from the equation satisfied by b that for N > m we have

(3) Vo= —a bV — N — =, WY
and so, by induction, that A[b] = 7" Ab'. O

The next result is usually called the “Normalization Lemma”. It is due to EMMY
NOETHER, but was first formulated, in a special case, by DAVID HILBERT.

THEOREM 3.1 (Noether’s Normalization Lemma). Let K be an infinite field and
A a finitely generated K-algebra. Then there are algebraically independent elements
ai,...,a, € A such that A is finite over Klay, ..., a,)

PROOF. We proceed by induction on the number m of generators of A as a K-
algebra. If m = 0 then A = K and there is nothing to prove. If A = K[by,...,b,)]
and if by, ..., b, are algebraically independent, we are done, too. So let’s assume that
F(bi,...,by) = 0 where F' € Klzy,...,x,] is a non-zero polynomial. We can also
assume that x,, occurs in F'. Write

- ™ pl2 Tm
F - Z arlvr27---7rmzl 1'2 e zT;L

T1,725.-s"m

and put 7 := max{r +ro + -+ 7 | Qo # 0} Substituting z; = T+ YTm
for j=1,...,m —1 and we find

@) F=( S Q)+ H(@h )

rit+ret+-+rm=r
where z,, occurs in H with an exponent < r. Since K is infinite we can find
Vi, Yme1 € K such that 7 o L a1t Yl # 0. Setting V) =
bj — vjbm for j = 1,...,m — 1 we have A = Kb}, b,,..., 0, 1,bn]. Now equa-
tion (4) implies that b, satisfies an equation of the form (3), hence A is finite over
Kby, ...,b,,_;] by Lemma 3.5, and the claim follows by induction. O

’» Ym—1
REMARK 3.1. The proof above shows the following. If A = KJby,...,b,] then
there is a number n < m and n linear combinations a; := ) y 7i;b; € A such that
ai,...,a, are algebraically independent over K and that A is finite over Kay, ..., a;).

A first consequence is the following result.

PROPOSITION 3.2. Let X is an affine variety of dimension n. Then there is a
finite surjective morphism @p: X — C™.

PRrROOF. It follows from the Normalization Lemma (Theorem 3.1) that there exist
fis-oy fo € O(X) such that O(X) is finite over the subring C[fy, ..., f,]. It follows
that dim X = n (see Exercise 3.1) and that the morphism ¢ = (fy,..., f,): X — C"
is finite and surjective (Proposition 3.1). U

This result can be improved, using Remark 3.1 above.
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PrRoOPOSITION 3.3. Let X C C™ be a closed subvariety of dimension n < m.
Then there is a linear projection A\: C™ — C™ such that \|x: X — C" is finite and
surjective.

In fact, more is true: There is an open dense set U C Hom(C™, C") such that the
proposition above holds for any A € U. We will not give a proof here since it does
not follow immediately from our previous results.

EXERCISE 3.8. Let f1, fo,..., fm € Clx1,...,2,] be non-constant homogeneous poly-
nomials and put A := C[fy, f2,..., fm]. Then the following statements are equivalent:

(i) Clz1,...,xn]/(f1, f2,. .., fm) is a finite dimensional algebra;
(ii) There is a k € N such that (21, 22,...,2,)* C (f1, fo,. .., fm);
(ii) Clzy,...,x,) is finite over A.

(Remark: The fact, that the f;’s are homogeneous is essential!)

EXERCISE 3.9. Assume that the morphism ¢: C* — C™ is given by homogeneous
polynomials fi,--- , fm. If ©=1(0) is finite then ¢ ~!(0) = {0} and ¢ is a finite morphism.
(Hint: This follows immediately from the previous exercise.)

EXERCISE 3.10. Let X C C" be cone and A: C" — C™ a linear map. If X Nker A = {0}
then A|x: X — C™ is finite. Moreover, the set of linear maps A: C" — C™ such that A|x
is finite is open in Hom(C",C™).

Krull’s principal ideal theorem. We have seen in Lemma 3.1 that the dimen-
sion of a hypersurface V(f) C C" is equal to n — 1, i.e. codimcn V(f) = 1 where the
codimension of a closed subvariety Y C X is defined by codimyx Y := dim X —dim Y.
We want to generalize this to arbitrary affine varieties X. First we prove a converse
of Lemma 3.5.

LEMMA 3.6. Let A C B be rings. Assume that A is Noetherian and that B is
finite over A. Then every b € B satisfies an equation of the form

b+ arb™ Tt Fagh™ 4t a, =0
where a1, as, ..., a, € A.

PROOF. Since A is Noetherian the subalgebra A[b] C B is finite over A. There-
fore, the sequence A C A+ AbC A+ Ab+ AP C - - C A+ Ab+---+ A C ---
becomes stationary. Hence, there is a m > 1 such that b™ € A+Ab+---+Ap™ 1. [

EXERCISE 3.11. Let r € C(x1,...,x,) satisfy an equation of the form
P4 pir™ 4 o 4 p, = 0 where pj € Clzy, ..., zy).
Then r € Clxy,...,z,]. In particular, if A C C(aq,...,a,) is a subalgebra which is finite

over Clai,...,a,] then A =Clay,...,a,].

LEMMA 3.7. Let A be C-algebra without zero divisors and K its field of fractions.
Let ay,...,a, € A be algebraically independent elements such that A is finite over
Clay, . . .,a,] and denote by N: K — C(ay, ..., a,) the norm. Then

(1) N(A) C Clay, ..., a,);
(2) For all a € A we have \/AaNClay, ..., a,) = \/Clay,...,a,]N(a).
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PROOF. Let L/K be a finite field extension containing all the conjugates a'!) :=

a,a®, ... a") of a where r = [K : C(ay,...,a,)]. Since a belongs to an alge-
bra which is finite over C[ay, ..., a,], namely A, the same holds for all a'). Thus,
every a¥) satisfies an equation with coefficients in Clas,...,a,] and leading co-
efficient 1 (Lemma 3.6). This implies by Lemma 3.5 that the subalgebra A :=
Clay, . ..,a,)[aW] C L is finite over Clay, ..., a,] and contains all a¥). Therefore,
N(a) = a®a® ---a™ belongs to AN C(ay,...,a,) which is equal to Clay, ..., ay]
by the exercise above. This prove the first claim.
Now we have

[[t—a9) =t +mt" ™"+ + hoat +
J

where h; € ANC(ay,...,a,) = Clay,...,a,] and h, = (=1)"N(a). It follows that
N(a) = ab where b = (=1)"Ya" ' + a2+ -+ h,_1) € A and so N(a) € Aa.
Thus, Clay,...,a,|N(a) C AaNClay, ..., a,).

In order to see that Aa N Clay,...,a,] € v/Clai,...,a,]N(a) we choose an ele-
ment sa € AaNClay,...,a,]. Then N(sa) = (sa)", and since N(sa) = N(s)N(a) €
Clay, - . .,a,)N(a) we finally get sa € 1/Clay, . ..,a,]N(a). O

THEOREM 3.2 (KRULL’S Principal Ideal Theorem). Let X be an irreducible affine
variety and f € O(X), f # 0. Assume that Vx(f) is non-empty. Then every irre-
ducible component of Vx(f) has codimension 1 in X. In particular, dim Vx(f) =
dim X — 1.

PROOF. Let Vx(f) = C; UCy U --- U C, be the irreducible decomposition.
Choose an h € O(X) vanishing on Cy U C3 U --- U C, which does not vanish on
Ci. Then Vy, (f) = C1 N X, is irreducible. Thus, it suffices to consider the case
where Vx(f) € X is irreducible. By the Normalization Lemma (Theorem 3.1)
there is a finite surjective morphism ¢: X — C", n = dim X. By Lemma 3.7(2)
we get o(Vx(f)) = V(N(f)), and so dimVx(f) = dimV(N(f)) = n — 1 (see
Lemma 3.1). O

It is easy to see that this result also holds for equidimensional varieties (i.e.
varieties X where all irreducible components have the same dimension) if f is a non-
zero divisor. For a general X and a non-zero divisor f € O(X), we can only say that
every irreducible component of Vx(f) has dimension < dim X — 1.

A first consequence is the following result.
PROPOSITION 3.4. Let X be an irreducible variety and fi, f2,..., fr € O(X).

If Vx(fi,..., fr) is non-empty then every irreducible component C' of Vx(fi,..., fr)
has dimension dim C' > dim X — r.

PROOF. We proceed by induction on dim X. Define Y := Vx(f), and let Y =
Y1 U---UY, be the decomposition into irreducible components. Then

Vx(fr, ., f,) = UVYj(fm...,fr)

Since dimY; = dim X — 1 for all j we see, by induction, that every irreducible
component of Vy, (fs,..., f) has dimension > (dim X — 1) — (r — 1) = dim X —r,
and the claim follows. O
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EXERCISE 3.12. Let X be an affine variety and f € O(X) a non-zero divisor. For any
x € Vx(f) we have dim, Vx(f) = dim, X — 1.
(Hint: If f is a non-zero divisor, then f is non-zero on every irreducible component X; of
X and so Vx,(f) is either empty or every irreducible component has codimension 1. Now
the claim follows easily.)

Another consequence of KRULL’S PI-Theorem is the following which gives an
alternative definition of the dimension of a variety.

PROPOSITION 3.5. Let X be an irreducible variety and 'Y ; X a closed irreducible
subset. Then there is a strictly decreasing chain of length n := dim X,

Xn:Xan—l2"'2Xd:Y;"'2X1gXo

of trreducible closed subsets X;. In particular, dim X equals the length of a mazimal
chain of irreducible closed subsets.

PRroOOF. By induction, we only have to show that Y is contained in an irreducible
hypersurface H C X. Let f € I(Y) be a non-zero function. Then X D Vx(f) 2 Y
and so Y is contained in an irreducible component of Vx(f) which all have codimen-
sion 1 by Theorem 3.2. O

REMARK 3.2. This result allows to define the dimension dim A of a C-algebra A
as the maximal length of a chain of prime ideal po C p; C --- C p,, € A. If A is
finitely generated then dim A is finite, and every maximal chain has length dim A.
Moreover, dim A = dim A,eq where A,oq := A/ \/@ , and so dim A = dim X where
X is an affine variety with coordinate ring isomorphic to A,q.

We also see that for a variety X and a point x € X we have dim, X = dim Ox,.

COROLLARY 3.1. Let A be a finitely generated C-algebra and let a € A be a non-
zero divisor. Then dim A/Aa < dim A — 1, and equality holds if A.eq is a domain.

PROOF. Put A := A/(a) and denote by @’ € A,eq the image of a. Then a' is a
non-zero divisor in A,eq and so dim A,eq/4/(a’) < dim A,eq — 1 by Theorem 3.2. Since
Ared = Area/ /(@) we finally get dim A = dim Ayeq < dim Ayeq — 1 =dimA -1 O

Decomposition Theorem and dimension formula. Let ¢: X — Y be a
dominant morphism where X,Y are both irreducible. We want to show that the
dimension of a non-empty fiber ¢ ~!(y) is always > dim X —dim Y and that we have
equality on a dense open set of Y. A crucial step is the following Decomposition
Theorem for a morphism.

THEOREM 3.3. Let X and Y be irreducible varieties and p: X —'Y a dominant
morphism. There is a non-empty special open set U CY and a factorization of ¢ of
the form

eI (U) LU xCr

\ lPTU
©
U
where p is a finite surjective morphism and r := dim X — dimY. In particular,

the fibers o= (y) = p~*({y} x C") have the same dimension for all y € U, namely
dim X —dimY.
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REMARK 3.3. We will see later in Proposition 3.6 that the fibers ¢~!(y) for
y € U are equidimensional, i.e., all irreducible components have the same dimension,
namely dim X — dimY.

PROOF. Since ¢ is dominant we will regard O(Y") as a subalgebra of O(X). Let
K = C(Y) be the quotient field of O(Y) and put A := K - O(X) C C(X), the
K-algebra generated by K and O(X). Then A is finitely generated over K and so
we can find algebraically independent elements hq,...,h, € A such that A is finite
over K[hy,...,h,] (Theorem 3.1). It follows that » = dim X — dim Y.

We claim that there is an f € O(Y) such that h; = % with a; € O(X) for all
i and that O(Xy) = O(X); is finite over O(Y)[hy,. .., h,]. The first statement is
clear, and we can therefore assume that hy, ..., h,. € O(X).

For the second statement, let by,...,bs be generators of A over K[hy,..., h,].
Multiplying with a suitable element of O(Y) C K we can first assume that b; € O(X)
and then, by adding more elements if necessary, that by, ..., bs generate O(X) as a
C-algebra. Now bb; = >, c,(c”)bk where c,(gw) € Klhy,...,h,]. Thus we can find an
f € O() such that f-ci? € OY)[hy,. .., k). It follows that

Z O(Yp)[hy,..., k] b; € OX); = O(Xy)

is a subalgebra containing O(X), hence is equal to O(X/), and the claim follows.
Setting U := Y} we get ¢~ '(U) = X; and obtain a morphism

p=p¢ X (h,....;h): Xy =Yy xC", .+ (p(x), (x),..., " (2))

which satisfies the requirements of the proposition.
The last statement is clear (see Exercise 3.6). O

EXERCISE 3.13. Work out the decomposition of Theorem 3.3 in the case of the following
morphisms:

(1) @: My — My, p(A) := A2,

(2) p: SLy — C3, [z Z}) := (ab, ad, cd) (see Exercise 2.13).

What is the degree of the finite morphism p in each case?

COROLLARY 3.2. If p: X — Y is a morphism, then there is a set U C ¢(X)
which is open and dense in p(X).

Proor. If X is irreducible, this is an immediate consequence of Theorem 3.3
above. In general, we apply this proposition to every irreducible component of X,
and use Exercise 1.23. O

PROPOSITION 3.6. Let X and Y be irreducible varieties and ¢: X — Y a domi-
nant morphism. If y € o(X) and C is an irreducible component of the fiber ¢~ (y)
then

dimC > dim X — dimY.

PROOF. Set m := dimY and let ¢»: Y — C™ be a finite surjective morphism
(Theorem 3.1). If we denote by ¢: X — C™ the composition ¥ o ¢, then every
fiber of ¢ is a finite union of fibers of ¢. Hence it suffices to prove the claim for the
morphism @ = (f1,..., fn): X — C™. If a = (ay,...,a,) € @(X) then $7'(a) =
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Vx(fi — a1, fo — az, ..., fm — am), and the claim follows from Proposition 3.4, a
consequence of Krull’s Principal Ideal Theorem. O

One might believe that the two propositions above imply that for any morphism
¢: X — Y the function y — dim ¢~ (y) is upper-semicontinuous (see below). This
is not true as one can show by examples. However, a famous theorem of Chevalley
says that the function x — dim, ¢ ~(¢(x)) is upper-semicontinuous on X. The proof
is quite involved and we will not present it here.

ExXAMPLE 3.4. Consider the morphism ¢: C?> — C? given by (z,y) — (z,zy).
It easy to see that the image ¢(C?) is not locally closed in C? and that the map
a — dim ¢~1(a) is not upper-semicontinuous.

Constructible sets. Recall that a subset A C X of a variety X is called locally
closed if A is the intersection of an open and a closed subset, or, equivalently, if A is
open in its closure A. We have seen in examples that images of morphisms need not
to be locally closed in general. However, we will show that images of morphisms are
always “constructible” in the following sense.

DEFINITION 3.3. A subset C' of an affine variety X is called constructible if it is
a finite union of locally closed subsets.

EXERCISE 3.14. (1) Finite unions, finite intersections and complements of con-
structible sets are again constructible. B
(2) If C is a constructible, then C' contains a set U which is open and dense in C.

ProOPOSITION 3.7. If p: X — Y is a morphism then the image of a constructible
subset is again constructible.

PROOF. Since every open set is the union of finitely many special open sets it
suffices to show, in view of the exercise above, that the image of a morphism is
constructible. By Corollary 3.2 there is a dense open set U C ¢(X) contained in the
image ¢(X). Then the complement Y’ := ¢(X)\ U is closed and dimY’ < dimY’
(Exercise 3.3). By induction on dim ¢(X), we can assume that the claim holds for
the morphism ¢’: X’ := ¢~ 1(Y’) — Y induced by . But then p(X) = U U ¢'(X’)
and we are done. U

Degree of a morphism. Recall that a dominant morphism ¢: X — Y between
irreducible varieties is called of finite degree d if dim X = dimY and d = [C(X) :
C(Y)] (see 2). This has the following geometric interpretation.

PROPOSITION 3.8. Let XY be irreducible affine varieties and p: X — Y a

dominant morphism of finite degree d. Then there is a dense open set U C'Y such
that #p=1(y) = d for ally € U.

PrROOF. We have C(X) = C(Y)[r] where r satisfies the equation
r a4 ag = 0.

Replacing Y and X by suitable special open sets Yy and Xy (f € O(Y)) we can
assume that

(1) O(X) is finite over O(Y) (Theorem 3.3);

(2) re O(X);
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(3) ai € O(Y);
(4) O(X) = OY)[r].
This implies that

U

-1

OX) = o)’ &= OM)[t/(t* + art™ + -+ ay)

J
and so, for every y € Y, we get
O(X)/O(X)my = C[t]/(t" + axr(y)t™" + - - + aaly))

This means that the number of elements in the fiber o ~!(y) is equal to the number
of different solutions of the equation
(5) th+ar ()t 4+ ag(y) = 0.

Now let D be the discriminant of an equation of degree d (see Example 1.2) and
define f(y) := D(a1(y),...,aq(y)). Then f € O(Y), and f(y) # 0 if and only if
equation (5) has d different solutions, or, equivalently, the fiber ¢ ~!(y) has d points.
Thus, the special open set U :=Y; C Y has the required property. 0

Il
=)

REMARK 3.4. One can show that the open set U constructed in the proof has
the property that the morphism ¢ ~}(U) — U is an unramified covering with respect
to the C-topology.

EXERCISE 3.15. What is the degree of the morphism M,, — M, given by A — A*?

EXERCISE 3.16. Let ¢: X — Y be a dominant morphism where X and Y are both
irreducible. If there is an open dense set U C X such that ¢|y is injective, then ¢ is
birational.
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4. TANGENT SPACES AND DIFFERENTIALS

Zariski tangent space. A tangent vector  in a point x of an affine variety X
is “rule” to differentiate regular functions, i.e., it is a C-linear map : O(X) — C
satisfying
(6) 6(f - g) = f(x0) 6(g) + g(o) 6(f) for all f,g € O(X).
Such a map is called a derivation of O(X) in x. It follows that 6(f™) = nf" ' (z¢)d(f)
and so, for any polynomial F' = F(y1,...,yn), we get

SF (1 s fo)) — g—jj(fl(xo), e o) 6(F).

This implies that a derivation in z( is completely determined by its values on a
generating set of the algebra O(X). Moreover, a linear combination of derivations in
T is again a derivation in xg. As a consequence, the derivations in xy form a finite
dimensional subspace of Hom(O(X), C).

DEFINITION 4.1. The Zariski tangent space T,,X of a variety X in a point z is
defined to be the set of all tangent vectors in xg:

T,y X = Der,, (O(X)) :={: O(X) — C | § a C-linear derivation in z}.
T,,X is a finite dimensional linear subspace of Hom(O(X), C).

EXERCISE 4.1. Let 6 € T, X be a tangent vector in x.
(1) 6(¢) = 0 for every constant ¢ € O(X).

(2) If f € O(X) is invertible, then §(f~1) = — of

f@)*
EXAMPLE 4.1. If X = C" and a = (a4, ..., a,) € C" then

r.cr=c 0

03:,-

a

where %‘a (f) = %(a). Thus we have a canonical isomorphism 7,C" ~ C" by

identifying 0 € Der,(Clx, ..., z,]) with (0xq,...,dz,) € C".
More generally, if V' is a finite dimensional vector space and xq € V we define,
for every v € V, the tangent vector 0, ,,: O(V) — C in z( by

Dns () = [z + tUt) — f(x0)

Y

t=0

and thus obtain a canonical isomorphism V = T, V, for every o € V.

Let 6 € T, X be a tangent vector. Since O(X) = CoHm, we see that ¢ is determined
by its restriction to m,. Moreover, formula (6) shows that ¢ vanishes on m2. Hence,
d induces a linear map ¢: m,/m? — C.

LEMMA 4.1. Given an affine variety X and a point x € X there is a canonical
isomorphism
T,X = Hom(m,/m2 C).

given by § + 0 := 6|, .
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PROOF. We have already seen that § ~— ¢ is injective. On the other hand, let
C C m, be a complement of m? so that O(X) =C & C @& m?2. If \: C' — C is linear
then one easily sees that the extension of A to a linear map 6 on O(X) by putting
dlcomz = 0 is a derivation in . d

EXERCISE 4.2. The canonical homomorphism O(X) — Ox, induces an isomorphism
m,/m2 5 m/m? where m C Oy, is the maximal ideal.

If U =X; C X is a special open set and € U then T,U = T, X in a canonical
way. In fact, a derivation ¢’ of O(U) induces a derivation ¢ of O(X) by restriction:
d(h) == §(h|y), and every derivation 6 of O(X) “extends” to a derivation ¢’ of
OWU) = O(X)y by setting 5’(}%) = (—m)% (see Exercise 4.1). The same result
follows from Exercise 4.2 using Lemma 4.1.

EXERCISE 4.3. If Y C X is a closed subvariety and x € Y then dim7,Y < dim7,X.
(Hint: The surjection O(X) — O(Y) induces a surjection mLX/mi’X — mw,Y/m%Y')

ProprPoOSITION 4.1. dim 7, X > dim, X.

Proor. If ¢ C X is an irreducible component passing through = we have
dim7,C < dim7,X (Exercise 4.3). Thus we can assume that X is irreducible.
Choose fi,...,f, € m, such that the residue classes modulo m? form a basis of
m,/m2, hence r = dim 7, X, by Lemma 4.1. Since the zero set Vx(fi,. .., f,) has {z}
as an irreducible component (see Exercise 3.5) it follows from Proposition 3.4 that

0 =dim{z} >dim X —r = dim X — dim 7, X.
Hence the claim. g

PROPOSITION 4.2. There is a canonical isomorphism Ty )X XY = T,X & T,Y
where x € X andy €Y.

PROOF. Every derivation 6 of O(X xY) in (z,y) induces, by restriction, deriva-
tions dx of O(X) in x and dy of O(Y) in y. This defines a linear map T, )X xY —
T, X ®T,Y which is injective, because d(f-h) = ox f-h(y) = f(x)-dyh for f € O(X)
and h € O(Y).

In order to see that the map is surjective we first claim that given two derivations
0 € T, X and 6, € T,Y there is a unique linear map 6: O(X x Y) — C such that
O(f-h)=01f h(y) = f(x)-dah. This follows from Proposition 2.5 and the universal
property of the tensor product. Now it is easy to see that this map ¢ is a derivation
in (z,y) and that dx = 0; and dy = Js. O

Tangent spaces of subvarieties. Let X C V be closed subvariety of the vector

space V and 2o € X. If 6 € T,V = V is a tangent vector which vanishes on
I(X) = ker(res: O(V) — O(X)) then the induced map §: O(X) — C is a derivation
in xg, and vice versa. Thus we have the following result.

PROPOSITION 4.3. If X CV is a closed subvariety and xo € X then

To X = {6 €T,V |6(f) =0 forall f € I(X)} C T,V =V.
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More explicitly, let V= C" and assume that the ideal I(X) is generated by f1,. .., fs €
Clxy,...,zn). Then, for xo € X, we get

7

T X ={a=(a,...,a,) € C"| Zaia—g(xo):Oforjzl,...,s}.
i=1

In particular,

. of;
dim 7T, X =n —rk {8;2

(@)

1,J

OFf
The matrix [ J (:)30)] is called the Jacobian matriz at the point xy and will be

1]
denoted by Jac(fi, ..., fs)(xo).

EXAMPLE 4.2. Consider the plane curve C' = V(y? — 23) C C2% Then I(C) =
(y? — 23) and so the tangent space in an arbitrary point xq = (a,b) € C is given by
TiapC = {(u,v) € C* | —=3a*u + 2bv = 0}. Since (a,b) = (t?,t3) for some t € C we
(a,b)
get

2

C? fort =0,

T(tZ ,t3) C -

P
Cl,| fort#0.

EXERCISE 4.4. Calculate the tangent spaces of the plane curves Cy := V(y — 2?) and
Cy = V(y? — 22 — 23) in arbitrary points (a, b).

REMARK 4.1. Consider the C-algebra Cle| := C[t]/(t?) called the algebra of dual
numbers. By definition, we have Clg] = C @ Ce and €2 = 0. If X is an affine variety
and p: O(X) — Cle] an algebra homomorphism, then p is of the form p = ev, ®d,¢
for some x € X where ev, is the evaluation map at x and J, a derivation in z, i.e.,
p(f) = f(z) + 6.(f)e. Conversely, if §, is a derivation in x then p = ev, ¢ is
an algebra homomorphism. If X = V is a vector space, then the homomorphisms
p: O(V) — Cle] are in one-to-one correspondence with the elements of V & Ve. In
fact, there are canonical bijections

Alg-(O(V),Cle]) = Hom(V,Cle]) = V @ Ve,
and the inverse map associates to x + ve € V & Ve the algebra homomorphism
p: [+ f(z+ve). Since
flx4+ve) = f(x) +Opafe
it follows again from the above that 7T,V can be canonically identified with V. This
formula is very useful for calculating tangent spaces as we will see below.

EXAMPLE 4.3. (a) The tangent space of GL,, at E is the space of all n xn-matrices
and the tangent space of SL,, at F € SL,, is the subspace of traceless matrices:

In fact, I(SL,) = (det) and an easy calculation shows that det(E + Ae) = 1 +tr(A)e
which implies, by Proposition 4.3, that A € M, belongs to Tk SL, if and only if
tr A =0.
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(b) Next we look at the orthogonal group O,, := {A € M, | AA" = E} As a closed
subset O,, is defined by (";’1) quadratic equations and so dim O,, > n? (";’1) = (Z)
On the other hand, we have

(E+ Xe)(E+ Xe)l=E+ (X + X"e

which shows that T O, C {X € M, | X skewsymmetric}. Since this space has
dimension (g) and since dimg O,, = dim O,, (Exercise 1.22) it follows from Proposi-
tion 4.1 that

Tg O, = Tg SO,, = so,, :={X € M, | X skewsymmetric}.

EXERCISE 4.5. If XY C C" are closed subvarieties and z € X NY then T,(X NY) C
T.XNT,Y CC"

Nonsingular varieties. We have seen in Proposition 4.1 that for every point x
of an affine variety X one has dim 7, X > dim, X. We will show now that equality
holds in an open set and we will characterize these points.

DEFINITION 4.2. The variety X is called nonsingular or smooth in z € X if
dim 7T, X = dim, X. Otherwise it is singular in x. The variety is called nonsingular
or smooth if it is nonsingular in every point. We denote by X, the set of singular
points of X.

EXAMPLE 4.4. Let H :=V(f) C C" be a hypersurface where f € C[xy,...,z,] is
square-free and non-constant, and so I(H) = (f). Then the tangent space in a point
xo € H is given by

T X :={a=(a,...,a Zal =0},

and so 0f 8f o/
Hang = V(s 50 v Oy’ Oz,

It follows that Hgyg is a proper closed subset whose complement is dense. (This is

) C H.

clear for irreducible hypersurfaces since a non-zero derivative g—i cannot be a multiple
of f and so V( >ax o ,%) is a proper closed subset of V(f). This implies that

every irreducible component of H contains a non-empty open set of nonsingular
points which does not meet the other components, and the claim follows.)

It is also interesting to remark that a common point of two or more irreducible
components of H is always singular. We will see that this true in general (Corol-
lary 4.1).

PROPOSITION 4.4. Let X be an irreducible affine variety. Then the set X, of
singular points of X is a proper closed subset of X whose complement is dense.

PrROOF. We can assume that X is an irreducible closed subvariety of C" of di-
mension d. If I(X) = (f1,..., fs), then, by Proposition 4.3,

Xang = {2 € X | 1k Bi{(;ﬁ)} <n-—d}

which is the closed subset defined by the vanishing of all (n—d) x (n—d) minors of the
Jacobian matrix Jac(fy,..., fs). In order to see that X, has a dense complement,
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we use the fact, that every irreducible variety contains a special open set which is
isomorphic to a special open set of an irreducible hypersurface H (see Lemma 3.3).
Since H contains a dense open set of non-singular points (see Example 4.4 above)
the claim follows. O

EXERCISE 4.6. If X is an affine variety such that all irreducible components have the
same dimension. Then X, is closed and has a dense complement.
(We will see later in Corollary 4.1 that this holds for every affine variety.)

EXERCISE 4.7. The hypersurface H C C? from Exercise 2.13 is nonsingular.

EXERCISE 4.8. Let g € C[zy,...,x,] be a quadratic form and @ := V(q) C C". Then 0
is a singular point of @Q. It is the only singular point if and only if ¢ is nondegenerate.

EXERCISE 4.9. Determine the singular points of the plane curves

By =V(y* —p())
where p(x) is an arbitrary polynomial, and deduce a necessary and sufficient condition for

E, to be nonsingular.

EXERCISE 4.10. Let X C C" be a closed cone (see Exercise 1.3). Then X, is a cone,
too. Moreover, 0 € X is a nonsingular point if and only if X is subvector space.

EXERCISE 4.11. Let X be an affine variety such that the group of automorphisms acts
transitively on X. Then X is smooth.

Associated graded algebras. Let R be C-algebra and a C R an ideal. The
associated graded algebra gr, R is defined in the following way. Consider the C-vector
space

gry R = @a’/a“l =R/ada/a*®a’/a®D -
i>0
and define the multiplication of (homogeneous) elements by
(f+a*) (h4a’th) = fh 4 a'ti !
for f € a',h € a’. It is easy to see that this defines a multiplication on gr, R. By
definition, R/a is a subalgebra of gr, R, and gr, R is generated by a/a* as a R/a-
algebra. In particular, if R is finitely generated as a C-algebra, then so is gr, R.

We want to use this construction to give the following characterization of non-

singular points.

THEOREM 4.1. Let X be an affine variety. A point x € X is nonsingular if and
only if the associated graded algebra gr,, O(X) is a polynomial ring. In particular,
the local ring Ox , of a nonsingular point x is a domain and so x belongs to a unique
wrreducible component of X.

Before we can give the proof we have to explain some technical results from
commutative algebra. Let R be a C-algebra and m C R a maximal ideal. Consider
the subalgebra R of R[t,t7!] generated as an R-algebra by t and m¢~!:

R=Ritmt ) =--omXt?0omt'®RO®R®R*®--- C R[t,t7].
In the following lemma we collect some basic properties of this construction.

LEMMA 4.2. (1) If R is finitely generated then so is R.
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(2) There is a canonical isomorphism R/Rt = gr R.

(3) If a C m is an ideal and & := a[t,t'] N R then ﬁ/& = éTa. )

(4) If n C R is the nilradical, then 7 := n[t,t~'| N R is the nilradical of R, and
R/& 5 R/n. ~

(5) Assume that R is a finitely generated domain. Then R is a domain, and we
have

dimR=dimR+1 and dimR/Rt=dimR.

(6) Assume that R finitely generated and that the minimal primes py, ..., p, are
all contained in m. Then the pq,...,p, are the minimal primes of R.

Proor. (1) If R=Clhy,--- ,hy) and m = (f1,..., f,) then
R:C[hla-">h'm>taflt_1>"'afnt_1]>

and so R is finitely generated.
(2) By definition, we have

Rt=-omt?em’t ' eameRtORE® - .

Hence
R/Rt = @ (m*/m*)t 2@ (m/m?)t ' ® R/m
and the claim follows.

(3) The canonical map 7: R[t,t7'] — (R/a)[t,t™'] induces, by our construction,
a surjective homomorphism #: R — 1/?\//a with kernel ker 7 N R = aft,t~'] N R.

(4) Put Ryeq := R/n. Then R,.q|t, t7!] is reduced, i.e. without nilpotent elements
£ 0, and 50 is Ryeq. Since the kernel of the map R[t,t7'] — Ryeqlt,t7] is equal to
n[t,t~!] and consists of nilpotent elements the claim follows from (3).

(5) The first part is clear since R[t,t7'] is a domain. Since R, = R[t,t™'] we
get dim R = dim R[t,t™'] = dim R[t] = dim R + 1. Moreover, by the Principal Ideal
Theorem (Theorem 3.2) we have dim R/Rt = dim R — 1.

(6) It follows from (3) and (5) that the ideals p; are prime. Since (), p; = n we
obtain from (2)

Mo =(wilt.t INR=nlt,t7"|n k=

Since p; N R[t] = p;[t] there are no inclusions p; C p; for i # j, and the claim follows.
(We use here the well-know fact that the minimal primes in a finitely generated
C-algebra are characterized by the condition () p; = n, cf. Remark 1.5.) O

In the next lemma we give some properties of the associated graded algebra gr, R
where m is a maximal ideal of R.

LEMMA 4.3. Let R be a C-algebra and m C R a mazximal ideal.

(1) Assume that (\;m? = (0). If gr,, R is a domain, then so is R.
(2) Denote by mRy C Ry, the maximal ideal of the localization Ry,. There is a
natural isomorphism gr, R = gronr,, Bm of graded C-algebras.
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PROOF. (1) If ab = 0 for non-zero elements a,b € R, we can find 7,7 > 0 such
that @ € m* \ m™*! and b € m’/ \ m’*!. Thus @ := a + m**! and b := b+ m/*! are
non-zero elements in gr,, A, and ab = ab+m**/*! = (. This contradiction proves the
claim.

(2) Set M := mR,, C Ry The image of S := R\ m in R/m* consists of invertible
elements and so R/m* — R, /9 is surjective. It is also injective, because Ry, /9"
can be identified with the localization of R/m* at S. Thus R/m* = R, /9* and so
mi /mitt 5 ot /ot for all i > 0. O

Finally, we need the following result due to KRULL. It implies that in a local
Noetherian C-algebra R with maximal ideal m we have (., m’ = (0).

LEMMA 4.4 (KRULL). Let R be a Noetherian C-algebra, a C R an ideal and
b:=1,50 a/. Then ab = b. In particular, there is an a € a such that (1 +a)b = 0.

PROOF. The second claim follows from the first and the Lemma of Nakayama
(Lemma 3.4). Let a = (a4, ..., as) and put

I:=(f]|fe€R[zy,...,xs homogeneous and f(ai,...,as) € b) C Rlxy,..., 4.

It is easy to see that [ is an ideal of R[zy, ..., x5 and so [ = (fi, ..., fi) where the f;
are homogeneous. Choose an n € N, n > deg f; for all j. By definition, b C a” and so,

for every b € b, there is a homogeneous polynomial f € R[x, -, x,] of degree n such
that f(ay,...,as) = b. It follows that f = Zj h; f; where the h; are homogeneous of
degree > 0, and so b = f(a1,...,as) =32, hj(ar, ..., as)fi(ar, ..., as) € ab. O

The next proposition is a reformulation of our main Theorem 4.1. For later use
we will prove it in this slightly more general form.

PROPOSITION 4.5. Let R be a finitely generated C-algebra and let m C R be a
maximal ideal. Then dimgr,, R = dim R,,. Moreover, dim¢ m/m? = dim Ry, if and
only if gr, R is a polynomial ring. If this holds, then Ry, is a domain.

PROOF. Inverting an element from R\ m does not change gr,. R (Lemma 4.3(2)).
Therefore we can assume that all minimal primes of R are contained in m. In par-
ticular, we have dim R,, = dim R = max; dim R/p; where py,...,p, are the minimal
prime ideals. Moreover, every element from R\ m is a non-zero divisor.

Now consider the C-algebra R = R[t,mt"'] C R[t,t”"] introduced above. It
follows from Lemma 4.2 that R has the following two properties:
() B/Rt sr R, by (2).
(ii) dim R/Rt = dim R, by (5) and (6).
Hence, dim gr,, R = dim R,,, proving the first claim.
Assume now that dim¢ m/m? = dim Ry, =: n. Then we obtain a surjective homo-
morphism
P C[ylv s 7yn] - grmR

by sending yi, ..., ¥y, to a C-basis of m/m2. But every proper residue class ring of
Clyi, - - ., Yn) has dimension < n, and so the homomorphism p is an isomorphism.
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On the other hand, if gr,, R is a polynomial ring then dim R,, = dimgr,, R =
dime m/m?2. Moreover, Njso m’/ = (0) by Lemma 4.4, because every element from
R\ m is a non-zero divisor, and so R is a domain by Lemma 4.3(1). O

COROLLARY 4.1. If X is an affine variety, then X,y € X is a closed subset
whose complement is dense in X.

PROOF. Let X = J, X; is the decomposition of X into irreducible components.
A point z € X; is a singular point of X if and only if it is either a singular point of
X, or it belongs to two different irreducible components. Thus

Xsing - U(Xi)sing U U Xj N Xk>
i j#k

and the claim follows easily. O

Let us denote by @X,x the my-adic completion of the local ring Ox . It is defined
to be the inverse limit

Ox ., = lim O(X)/mF.

(We refer to [Eis95, 1.7.1 and 1.7.2] for more details and some basic properties.)
Since (\m* = {0} we have a natural embedding Ox, C Ox.,.

If X = C"™ and x = 0 then the completion coincides with the algebra of formal
power series in n variables:

@(Cnp = C[[l’l, ce ,l’n]].
The next result is an easy consequence of Theorem 4.1 above.

COROLLARY 4.2. The point x € X 1is non-singular if and only if @X,x s 1S0mor-
phic to the algebra of formal power series in dim, X wvariables.

REMARK 4.2. A famous result of Auslander-Buchsbaum states that the local ring

Ox, in a nonsingular point of a variety X is always a unique factorization domain.
For a proof we refer to [Mat89, §20, Theorem 20.3].

Vector fields and tangent bundle. Let X be an affine variety. Denote by
T'X := U,cx T2 X the disjoint union of the tangent spaces and by p: TX — X the
natural projection, 6 € T, X +— x. We call T'X the tangent bundle of X. We will see
later that T'X has a natural structure of an affine variety and that p is a morphism.

A section £: X — TX of pyie.poé =1Idy or & :=¢&(x) € T, X forall z € X,
is a collection (&,).ex of tangent vectors and thus can be considered as an operator
on regular functions f € O(X):

Ef(x) =& f for z € X.

DEFINITION 4.3. An (algebraic) vector field on X is a section : X — T'X with
the property that {f € O(X) for all f € O(X). The space of algebraic vector fields
is denoted by Vec(X).

(In the following, we will mostly talk about “vector fields” and omit the term “alge-
braic” whenever it is clear from the context.)
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Thus a vector field £ can be considered as a linear map £: O(X) — O(X), and
so Vec(X) is a subvector space of End(O(X)). More generally, the vector fields form
a module over O(X) where the product f¢ for f € O(X) is defined in the obvious

way: (f)s == f(2)&-

ExaAMPLE 4.5. Let X = V be a C-vector space and fix a vector v € V. Then
0y € Vec(V) is defined by x +— 0, ,. It follows that

fx +tv) — f(2)

O, f = ;

€ O(X)

t=0

which implies that this vector field is indeed algebraic. We claim that every algebraic
vector field on V' is of this form. In fact, if V' = C" then

Vec(C") @(Cxl,..., ai

which means that every algebraic vector field £ on C" is of the form & = )", h; -2 Bar
where h; € Clxy,...,x,] = O(C"). (This follows from the two facts that every vector
field £ on C™ is of this form with arbitrary functions h; and that (z;) = h;.)

Another observation is that for every vector field £ on X the corresponding linear
map &: O(X) — O(X) is a derivation, i.e. £ is a linear differential operator:

E(fh) = fEh+h&f forall f,h e OX).

PROPOSITION 4.6. The map sending a vector field to the corresponding linear
differential operator defines a bijection Vec(X) = Der(O(X), O(X)) C End(O(X)).

PROOF. It remains to show that every derivation £: O(X) — O(X) is given by
an algebraic vector field. For this, define £, := ev, of. Then the vector field (£,).cx
is algebraic and the corresponding linear map is &. O

The Example 4.5 above shows that for X =V we have a canonical isomorphism
TX ~ X x V, using the identifications T, X =V ~ {z} x V. Then p: TX — X is
identified with the projection pry and algebraic vector fields correspond to morphism
£: X — X x V of the form {(z) = (x,&,).

PROPOSITION 4.7. Let X CV be a closed subset.

(1) If &€ € Vec(V) then &|x defines a vector field on X (i.e. & € T, X for all
x € X)if and only if £f =0 for all f € 1(X). Moreover, it suffices to test
a system of generators of the ideal I(X).

(2) There is a canonical bijection TX = {(z,0) | § € T,X C V} where the
latter is a closed subset of X x V. Thus T X has the structure of an affine
variety. Using coordinates, we get

n

TX = {(z,a1,...,a, |Za28f )=0forall fel(X)}C X xC"

(3) A wvector field & on X is algebraic if and only if £: X — TX is a morphism.
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PROOF. (1) We have &, € T, X for all z € X if and only if £, f = 0 for all x and
all f € I(X) which is equivalent to {f|x = 0 for all f € I(X).

(2) We can assume that V = C" and O(V) = Clzy, ..., z,]. U I(X) = (f1,... fim)
then, by (1),

T'X :={(z,0,) e X xV|deT, X}

={(x,a1,...,a,) | E aiax]-(
i=1 !

which shows that this is a closed subspace of X x C™. Now (2) follows easily.

(3) Using the identification of T'X with the closed subvariety 7'X above, an
arbitrary section £: X — TX has the form &, =) hi(x)a%i with arbitrary functions
h; on X. The vector field £ is algebraic if and only if h; = £Z; is regular on X which
is equivalent to the condition that £: X — T X is a morphism. O

EXAMPLE 4.6. Consider the curve H := V(zy — 1) C C?. Then I(H) = (zy —1).
For a vector field & = a(z,y)9, + b(z,y)d, on C* we get

§(xy — 1) = a(x, y)y + b(z,y)x.

Thus {(xy—1)|g = 0if and only if ay+bx = 0 on H. It follows that 20, —y0, defines a
vector field & on H and that Vec(H) = O(C)&. (In fact, setting h := ay|y = —bz|y
we get aly = h- x|y and blyg = —h - y|g.)

The tangent bundle TH C H x C? has the following description (see Proposi-
tion 4.7(1)):

TH={(tt"a/p)at+5t =0} ={(t ", —-pt*,0[teC,3eC} > HxC.

EXAMPLE 4.7. Now consider Neil’s parabola C' := V(y* — 23) C C? (see Ex-
ample 1.8). Then a vector field ad, + b0, defines a vector field on C' if and only
if

z)=0forj=1,...,m} CX xC"

—3az® +2by =0 on C.

To find the solutions we use the isomorphism O(C) = C[t?, 3], x — t2,y s 3
(see Example 2.4). Thus we have to solve the equation 3at = 2b in C[t?,¢?]. This is
easy: Every solution is a linear combination (with coefficients in C[t?,¢3]) of the two
solutions (2t%,3t3) and (2t%, 3t*). This shows that

& = (220, + 3yd,)|p and & := (290, + 32°9,)|p

are vector fields on C' and that Vec(C) = O(C)&y + O(C)&;. Moreover, T2&y = ;.
Our calculation also shows that every vector field on C' vanishes in the singular
point 0 of the curve. For the tangent bundle we get

TC = {(t*t*,a,6) | —3at* + 28t = 0} C C x C*
which has two irreducible components, namely
TC = {(%, 1%, 20, 30t) | t, a0 € C} U {(0,0)} x C?

EXERCISE 4.12. Determine the vector fields on the curve D := V(y? — 22 — 23) C C2.
Do they all vanish in the singular point of D?
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EXERCISE 4.13. Determine the vector fields on the curves Dy := {(¢,t2,t3) € C? | t €
C} and Do := {(t3,t*,t?) € C? | t € C}. '
(Hint: For Do one can use that O(Dy) ~ C[t3,t*, 1] = C & D3 Ct".)

PROPOSITION 4.8. The vector fields Vec(X) on X form a Lie algebra with Lie
bracket

[€,n]:==&on—nok.

PRrROOF. By Proposition 4.6 it suffices to show that for any two derivations &, n
of O(X) the commutator £ o —no¢ is again a derivation. But this is a general fact
and holds for any associative algebra, see the following Exercise 4.15. U

EXERCISE 4.14. Let A be an arbitrary associative C-algebra. Then A is a Lie algebra
with Lie bracket [a,b] := ab — ba, i.e., the bracket [, | satisfies the Jacobi identity

[a, [b, c]] = [[a,b], c] + [b,[a,c]] for all a,b,c € A.

EXERCISE 4.15. Let R be an associative C-algebra. If £,n7: R — R are both C-
derivations, then so is the commutator & o 7 — 1 o £&. This means that the derivations
Der(R) form a Lie subalgebra of Endc(R).

EXERCISE 4.16. Let X C C" be a closed and irreducible. Then dim7X > 2dim X. If
X is smooth then T'X is irreducible and smooth of dimension dim7TX = 2dim X.
(Hint: If I(X) = (f1,... fm) then TX C C" x C" is defined by the equations

fj =0 and Zy,gf(x) =0forj=1,...,m.
i=1 ‘

The Jacobian matrix of this system of 2m equations in 2n variables x1,...,Zn, Y1, .-, Yn
has the following block form
Jac(f1,.- -y fm) 0
* Jac(f1,.-., fm)

and thus has rank > 2 - rk Jac(f1,..., fm) = 2(n — dim X).)

Differential of a morphism. Let ¢: X — Y be a morphism of affine varieties
and let x € X.

DEFINITION 4.4. The differential of ¢ in x is the linear map
dpy: To X — Ty
defined by § — dp, () := 0 o p*.
If Z C X is a closed subvariety and z € Z, then we get for the induced morphism

©lz: Z — Y that d(¢|z). = dp.|7.7. Another obvious remark is that the differential
of a constant morphism is the zero map.

REMARK 4.3. Set y := ¢(z). The comorphism ¢*: O(Y) — O(X) defines a ho-
momorphism m, — m, and thus a linear map @*: m,/m? — m,/m?2. It is easy to see
that the differential dy, corresponds to the dual map of ¢* under the isomorphisms
T, X ~ Hom(m,/m2,C) and T,V ~ Hom(m,/m?, C) (see Lemma 4.1).

EXAMPLE 4.8. Using the identification T, , X x Y =T, X & T,Y (see Proposi-
tion 4.2) we easily see that the differential d(pry)s: T(z)X x Y — T, X coincides
with the linear projection pry, .
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PROPOSITION 4.9. Let ¢ = (f1,..., fm): C* = C™, f; € O(C") = Clxy, ..., xy].
Then the differential

dipy: T,C" = C* — T,(,yC™ = C™

of p in x € C" is given by the Jacobi matrix
of
Jac(fr,..., fm)(z) = (8—Q(az))” :

PROOF. The identification of the tangent space T, C" = Der,(O(C")) with C" is
given by 6 — (0xy,...,0x,) (see Example 4.1). This implies that

dpa(6) = (60" ) (1), -+ (000" ) (ym)) = (0f1,- .., 0 fm).

Now the claim follows since

i=1

O

EXERCISE 4.17. Let ¢: X — Y and ¢: Y — Z be morphisms of affine varieties and
let z € X. Then
d(¢ © ‘10)90 = d¢y odpy
where y := p(z) € Y.

In order to calculate explicitly differentials of morphisms we will again use the
algebra Cle] of dual numbers (Remark 4.1). Recall that for 6 € T, X the map p :=
ev, ®oe: O(X) — Cle] is a homomorphism of algebras and vice versa. If ¢: X — Y
is a morphism and = € X, y := ¢(x) € Y, then we obtain, by definition, the following
commutative diagram:
evy e

O(X) Cle]
SD*T %dw(;)
oY)

If X :=V and Y := W are vector spaces then a homomorphism p: O(V) — C[e]
corresponds to an element x @ ve € V & Ve where p(f) = f(x + ve), and so p o ¢*
corresponds to the element p(x+ve) € W@ We. Thus we obtain the following result
which is very useful for calculating differentials of morphisms.

LEMMA 4.5. Let ¢: V — W be a morphism between vector spaces, and let x € V'
and v € T,V = V. Then we have

oz +ev) = () + dp.(v) e
where both sides are considered as elements of W & We.

ExXAMPLE 4.9. The differential of the morphism ?™: M, — M,, A+— A™ in E
is m - Id. In fact, (£ 4+ Xe)™ = E + mXe.

The differential of ¢: My — Ms, p(A) := A% in an arbitrary matrix A is given
by dpa(X) = AX + XA, because (A + Xe)? = A2 4+ (AX + X A)e.

The differential of the matrix multiplication p: M, x M,, — M, in (E, F) is the
addition: (E'+ Xe)(E+Ye)=E+ (X +Y)e.
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EXERCISE 4.18. Consider the multiplication p: Ms X My — My and show:
(1) dpa,py is surjective, if A or B is invertible.
(2) If tk A =1k B =1, then dy4 gy has rank 3.
(3) We have rkdju 4,0y = rkdpg ) = 21k A.

EXERCISE 4.19. Calculate the differential of the morphism ¢: End(V) x V' — V given
by (p,v) = p(v), and determine the pairs (p,v) where dy, . is surjective.

Tangent spaces of fibers. Let ¢: X — Y be a morphism, x € X and F :=
¢ (¢(z)) the fiber through x. Since ¢|r is the constant map, its differential in any
point is zero and so T, F' C ker dy,. This proves the first part of the following result.

PROPOSITION 4.10. Let ¢: X — Y be a morphism, x € X and F := o ' (p(x))
the fiber through x.

(1) T,F C ker dyp,.
(2) If the fiber F is reduced in x, then T, F = ker dp,.

PROOF. Put y := ¢(x) € Y. By definition the fiber is reduced in z if and only
if the ideal in the local ring Ox , generated by ¢*(m,) is perfect which means that
Opy = Oxz/9*(my,)Ox . (see Definition 2.2).

Now let 6 € T, X be a derivation of O(X) in z. If § € kerdyp, then § o p* = 0.
Hence 6, regarded as a derivation of Ox ., vanishes on ¢*(m,)Ox , and thus induces
a derivation of Op, in z, i.e., 0 € T, F. O

ExXAMPLE 4.10. Let X C C" be a closed subset and I(X) = (f1,..., fm). Con-
sider the morphism ¢ = (f1,..., f): C* — C™. Then X = ¢~1(0), and this fiber is
reduced in every point. Thus, for every z € X,

T.X = kerdy, = ker Jac(fi,..., fm)(2)
as we have already seen in Proposition 4.3.

EXERCISE 4.20. For every point (7,y) € X x Y we have T, X = kerd(pry)(,,) and
T,X = kerd(pry)(s,) Where pry,pry are the canonical projections (see Proposition 4.2).

EXERCISE 4.21. For the closed subset N C Ms of nilpotent 2 x 2-matrices we have
I(N) = (tr,det).

Morphisms of maximal rank. The main result of this section is the following
theorem.

THEOREM 4.2. Let ¢: X — Y be a dominant morphism between two irreducible
varieties X and Y. Then there is a dense open set U C X such that dp,: T, X —
Ty(2)Y is surjective for all x € U.

We first work out an important example which will be used in the proof of the
proposition above.

EXAMPLE 4.11. Let Y be an irreducible affine variety and X C Y x C an ir-
reducible hypersurface. Assume that I(X) = (f) where f = > 1" fit' € O(Y)[t] =
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O(Y x C) and f,, = 1. Consider the following diagram:

C
X—Y xC

x lpry

Y

0
Then the differential dp(ya): Ty X — T,Y is surjective if a—‘::(y,a) # 0, and this
holds on a dense open set of X.

ProOOF. We have T{, X C T(,.Y x C=1T,Y © C, and this subspace is given
by Tiya)X = {(0,A) | (6, X)f = 0}, because I(X) = (f). Now we have

(5,)\)f:Z(éfi-ai+fi(y)-i-ai_1-)\ Zéf, a+— La) -\

Since dp(y,q)(9, )\) = § we see that dpy,q is surjective if 2 B L (y,a) # 0 which proves the

first claim. But 2 5 L cannot be a multiple of f and thus does not vanish on X, proving
the second claim. O

The next lemma shows that the situation described in the example above always
holds on an open set for every morphism of finite degree.

LEMMA 4.6. Let X,Y be irreducible affine varieties and p: X — 'Y a morphism
of finite degree. Then there is a special open set U C 'Y and a closed embedding
v: @ Y (U) = U x C with the following properties:

() 1(:(U) = (f) where f = o fit' € O(U)]H];
(ii) pryoy = 90|go*1(U)-
v

— T~
o N (U) — Vyxe(f) —=U x C

\ lp
P pPry
U

PROOF. We have to show that there is a non-zero s € O(Y’) such that O(X), ~
O(Y)s[t]/(f) with a polynomial f € O(Y)s[t]. Then the claim follows by setting
U:.=Y,.

By assumption, the field C(X) is a finite extension of C(Y") of degree n, say,

C(X) = C(Y)[h] =~ C(Y)[t]/(f)

where f = >"" fit', fi € C(Y) and f,, = 1. There is an non-zero element s € O(Y))
such that

(a) fi e O(Y), for all 4,

(b) h € O(X); and

(c) O(X)s = O(Y),[h] = B, O(Y)
In fact, (a) and (b) are clear. For (c) we first remark that O(Y)s[h] = @), O(Y):h' C
O(X)s, because of (a) and (b). If hy,..., hy,, is a set of generators of O(X) we can
find a non-zero s € O(Y') such that h; € O(Y);[h], proving (c).
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Setting U := Y, we get ¢ 1(U) = X, and O(X,) = O(Y,)[t]/(f), by (c), and the
claim follows. O

PROOF OF THEOREM 4.2. By the Decomposition Theorem (Theorem 3.3) we
can assume that ¢ is the composition of a finite surjective morphism and a projection
of the form Y x C" — Y. Since the differential of the second morphism is surjective
in any point we are reduced to the case of a finite morphism. Now the claim follows
from Lemma 4.6 above and the Example 4.11. 0

LEMMA 4.7. Let p: X — Y be a morphism, x € X andy := ¢(x) € Y. Assume
that X is smooth in x and dy, is surjective.
(1) Y is smooth in y.
(2) The fiber o~ (y) is reduced and smooth in x, and dim, F' = dim, X —dim, Y.

PRrROOF. By assumption,
dim T, F < dimkerdyp, = dim7,X —dim7,Y <dim X — dimY < dim, F'

which implies that we have equality everywhere. In particular, X and F' are both
smooth in z.

If we denote by m C O(X)/m,O(X) the maximal ideal corresponding to x € F
one easily sees that m/m? is the cokernel of the natural map m, /m? — m, /m? induced
by ¢*. The duality between m, /m? and T, X (see Lemma 4.1 and Remark 4.3) implies
that dim ker dp, = dimc m/m?. Since dim ker dp, = dim, F = dim O(X),/m,0(X),
it follows that O(X),/m,0O(X), is a domain (Proposition 4.5), and so F is reduced
in x. U

COROLLARY 4.3. For every morphism p: X — Y there is a dense special open
set U C X such that all fibers of the morphism ¢|y: U — Y are reduced and smooth.

PROOF. One easily reduces to the case where X is irreducible. Then there is
a special open set U C X which is smooth (Corollary 4.1) and such that dy, is
surjective for all x € U (Theorem 4.2). Now the claim follows from the previous
Lemma 4.7. U

COROLLARY 4.4 (Lemma of SARD). Let ¢: C* — C™ be a dominant morphism
and set S := {x € C" | dyp, is not surjective}. Then S is closed and ¢(S) is a proper
closed subset of C™. In particular, there is a dense open set U C C™ such that all

fibers ¢~ 1(y) for y € U are reduced and smooth of dimension n — m.

PrOOF. If ¢ = (f1,..., fm) then S = {& € C" | rkJac(f1,..., fm)(x) < m}
and so S is closed in C". Moreover, the differential of ¢|g: S — C™ at any point of
S is not surjective. Therefore, by Theorem 4.2, the closure of the image ¢(S) has
dimension strictly less than m. O

EXERCISE 4.22. Let f € C[xy,...,x,] be a non-constant polynomial. Then V(f — \) is
a smooth hypersurface for almost all A € C.

COROLLARY 4.5. If o: X — Y is a morphism such that dp, =0 for all x € X,
then the image o(X) is finite. In particular, if X is connected then ¢ is constant.
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Proor. If X’ C X is an irreducible component and Y’ := p(X’), then the
induced morphism ¢’: X’ — Y’ has the same property, namely dy¢! = 0 for all

x € X'. It follows now from Theorem 4.2 that dim Y’ = 0. Hence ¢ is constant on
X' O

EXAMPLE 4.12. Let V be a vector space and W C V a subspace. If X C V is a
closed irreducible subvariety such that T, X C W for all x € X then X C z+ W for
any r € X.

(This follows from the previous corollary applied to the morphism ¢: X — V/W
induced by the linear projection V- — V/W.)
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5. NORMAL VARIETIES AND DIVISORS
Normality.

DEFINITION 5.1. Let A C B be rings. An element b € B is integral over A if b
satisfies an equation of the form
n—1
bt = Zaibi where a; € A.
i=0
Equivalently, b € B is integral over A if and only if the subring A[b] C B is a finite
A-module.
If every element from B is integral over A we say that B is integral over A.

EXERCISE 5.1. Let A C B be rings. If A is Noetherian and B finite over A, then B is
integral over A.

LEMMA 5.1. Let A C B C C be rings and assume that A is Noetherian.

(1) If B is integral over A and C integral over B, then C' is integral over A.
(2) The set

B':={b € B|b is integral over A}

is a subring of B.

PROOF. (1) Let ¢ € C. Then we have an equation ¢™ = Z;.”:_Ol bjc! with b; € B.
In particular, the coefficients b; are integral over A and so, by induction, A; :=
Albg, b1, ..., by_1] is a finitely generated A-module. Moreover, A;[c] is a finitely gen-
erated A;-module, hence a finitely generated A-module. But then Alc] C A;[c] is also
finitely generated.

(2) Let by,by € B'. Then A[by] is integral over A and b, is integral over A, hence
integral over A[b], and so A[by, by is integral over A[b;]. Thus, by (1), A[by,bo] is
integral over A which implies that b; + by and b;by are both integral over A, hence
belong to B'. O

EXERCISE 5.2. Let f € C[z] be a non-constant polynomial. Then C[z] is integral over
the subalgebra C[f].

DEFINITION 5.2. Let A be a domain with field of fraction K. We call A integrally
closed if the following holds:

If z € K is integral over A then z € A.

An affine variety X is normal if X is irreducible and O(X) is integrally closed. We
say that X is normal in x € X if the local ring Ox , is integrally closed.

EXAMPLE 5.1. A unique factorization domain A is integrally closed. In particular,
C" is a normal variety.
(Let K be the field of fractions of A and 2 € K integral over A: 2" = 31" a2

where a; € A. Write x = ¢ where a,b € A have no common divisor. Then a" =

b(>27 ) a;b"~'a’) which implies that b is a unit in A and so = € A.)

EXERCISE 5.3. If the domain A is integrally closed, then so is every ring of fraction Ag
where 1 € S C A is multiplicatively closed.
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LEMMA 5.2. Let X be an irreducible variety. Then X is normal if and only if all
local rings Ox 5 are integrally closed.

PRrROOF. If X is normal then Ox , = O(X )y, is integrally closed (see the Exercise

above), and the reverse implication follows from O(X) = (1, .y Ox» (Exercise 1.26).
U

Integral closure and normalization.

PROPOSITION 5.1. Let A be a finitely generated C-algebra with no zero-divisors
# 0 and with field of fractions K, and let L/K be a finite field extension. Then

A':={x € L | x is integral over A} D A
is a finitely generated C-algebra which is finite over A.

PRrOOF. We already know that A’ is a C-algebra (Lemma 5.1(2)).

(a) We first assume that A = C[zy,...,2,] is a polynomial ring and K =
C(z1,...,2m). Let L = KJz] where z is integral over A and [L : K] =: n. De-
note by x1 := x,2,...,x, the conjugates of x in some Galois extension L’ of K.
Clearly, all z; are integral over A, because they satisfy the same equation as x.

Ify = Z?:_(]l ¢’ (¢; € K) is an arbitrary element of L we obtain the “conjugates”
of y in L’ in the form

n—1
yj:E cxy forj=1,...,n.
i=0

The n x n-matrix X := (z}) has determinant d = [1;1(z; — ;) which is integral
over A. Obviously, d? is symmetric, hence fixed under the Galois group of L'/ K, and
so d* € K. Since d? is also integral over A we finally get d*> € A. From Cramer’s rule
we obtain

G Y1 1 Y1

=X = g AdIX)

Cn Yn Yn
This shows that if y is integral over A then so is de; for all 4, hence d?c; € A for all

i. This implies that d?A’ C Z?:_ol Az’ and so A’ is a finitely generated A-module.

(b) For the general case we use Noether’s Normalization Lemma (Theorem 3.1)
which states that A contains a polynomial ring Ay = Clzy,...,x,,] such that A is
finite over Ag. Thus A is integral over Ay and therefore, by Lemma 5.1(1)

A" ={x € L | x is integral over Ag}.

It follows from part (a) that A’ is a finitely generated Ag-module, hence also a finitely
generated A-module. O

DEFINITION 5.3. Let A be a finitely generated C-algebra with no zero-divisors
# 0. If L is a finite field extension of the field of fractions of A, then

A":={x € L | x is integral over A} D A

is called the integral closure of A in L. Clearly, A’ is integrally closed.
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Let X be an irreducible affine variety and denote by O(X)" C C(X) the integral
closure of O(X) in its field of fractions C(X). By Proposition 5.1 there is a normal

variety X and a finite birational morphism 7: X — X such that O(X) ~ O(X)".
More precisely, we have the following result.

LEMMA 5.3. Let X be an irreducible variety and n: X — X a morphism with the
following two properties:

(1) X is normal;

(2) n is finite and birational.

Then O(X) is the integral closure of n*(O(X)) in C(X) = n*(C(X)), and we have
the following universal property:

(P) If Y is a normal affine variety then every dominant morphism p: Y — X
factors through n: There is a uniquely determined ¢:Y — X such that
p=mnogp:

X

-~

3

-~
-
-

@
-~
©

Y

X

PROOF. Since 7 is birational we have n*(O(X)) C O(X) C
By (2) O(X) is finite, hence integral over n*(O(X)), and by (1
closure of n*(O(X)).

If Y is normal affine variety and ¢: Y — X a dominant morphism then

O(X) = " (O(X)) CO(Y) C C(Y).

Denote by O(X)" the integral closure of O(X) in C(X). Since O(Y) is integrally
closed it follows that ¢*(O(X)) C C(Y) is contained in O(Y). Since n* induces
an isomorphism O(X) = O(X) there is a uniquely determined homomorphism
p: O(X) — O(Y) which makes the following diagram commutative:

O(X)
O(X) |n
oY) O(X)

Clearly, the corresponding morphism ¢: Y — X is the unique morphism such that
p=mno¢p. O

C(X) = n*(C(X)).
) it is the integral

DEFINITION 5.4. The morphism 1: X — X constructed above is called normal-
ization of X . It follows from Lemma 5.3 that it is unique up to a uniquely determined
isomorphism.

EXERCISE 5.4. If ¢: X — Y is a finite surjective morphism where X is irreducible and
Y is normal, then #¢~!(y) < degp for all y € Y. (See Proposition 3.8 and its proof.)
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PROPOSITION 5.2. Let X be an irreducible variety. Then the set
Xnorm = {x € X | X is normal in x}
s open and dense in X.
PROOF. Let O(X)" C C(X) be the integral closure of O(X) and define
a:={fe€O0X)| fOX) C OX)}.
Then a is a non-zero ideal of O(X), because O(X)' is finite over O(X), and Xporm =
X\ Vx(a). In fact, for S := O(X) \ m, we have
Ox. = O(X)s C O(X)§
and the latter is the integral closure of Ox .. On the other hand, O(X)s = O(X)j
if and only if S N a # () which is equivalent to = ¢ Vx(a). O

EXERCISE 5.5. Consider the morphism ¢: C? — C*, (x,%) — (z, zy, ¥, 9°).
(1) ¢ is finite and p: C2 — Y := ¢(C?) is the normalization.
(2) 0 € Y is the only non-normal and the only singular point of Y.
(3) Find defining equations for Y C C* and generators of the ideal I(Y").

EXERCISE 5.6. If X is a normal variety then so is X x C™.
Discrete valuation rings and smoothness. Let K be a field.

DEFINITION 5.5. A discrete valuation of the field K is a surjective map v: K* :=
K\ {0} — Z with the following properties:
() v(ay) = V() + v(y):
(b) v(z +y) = min(v(z), v(y))-
To simplify the notation one usually defines v(0) := oco.

EXAMPLE 5.2. Let K = Q and p € N a prime number. Define v,(z) :=r € Zif p
occurs with exponent r in the rational number z # 0. Then v,: Q* — Z is a discrete
valuation of Q.

The following lemma collects some facts about discrete valuations. The easy
proofs are left to the reader.

LEMMA 5.4. Let K be a field and v: K* — 7Z a discrete valuation.
(1) A:i={z € K |v(z) > 0} is a subring of K.

)

) {z € K |v(z) =0} are the units of A.

) For every non-zero x € K we have x € A or x71 € A.

) m = (x) for every x € K with v(z) = 1.

) mF ={x € K|v(z) >k} and these are all non-zero ideals of A.

) If m = (z) then every z € K has a unique expression of the form z = ta*
where k € Z and t is a unit of A.

DEFINITION 5.6. A domain A is called a discrete valuation ring if there is a
discrete valuation v of its field of fractions K such that A = {x € K | v(z) > 0}. In
particular, A has all the properties listed in Lemma 5.4 above.

EXERCISE 5.7. Let A be a discrete valuation ring with field of fraction K. If B C K is
a subring containing A then either B= A or B = K.
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In the sequel we will use the following characterization of a discrete valuation
rings (see [AtM69, Proposition 9.2]).

PROPOSITION 5.3. Let A be a Noetherian local domain of dimension 1, i.e. the
maximal ideal m # (0) and (0) are the only prime ideals in A. Then the following
statements are equivalent:

(i) A is a discrete valuation ring.
(ii) A is integrally closed.
(iii) The mazimal ideal m is principal.
(iv) dimg/mm/m? = 1.
(v) Every non-zero ideal of A is a power of m.
(vi) There is an x € A such that every non-zero ideal of A is of the form (x*).

PRrROOF. (i)=-(ii): If x € K and = ¢ A then Alzx] = K which is not finite over A.

(ii)=-(iii): Let a € m, @ # 0. Then m* C (a) and m*~ ! Z (a) for some k& > 0.
Choose an element b € m*~'\ (a) and put z := ¢. Then z7'm = Lom C ImF C A.
If z7'm C m then 2=! would be integral over A and so 7! € A, contradicting the
construction. Thus z7'm = A and so m = ().

(iii)=>(iv): If m = (z) then m/m? = A/m - (z +m?), and m? # m.

(iv)=(v): Let a C A be a non-zero ideal. Then y/a = m and so m* C a for some
k € N. Put A := A/m* and denote by m C A the image of m. Since m = () + m?
we get m = (z) +m* for all k € N and so m = (Z) C A. Now it is easy to see that
a=m" for some r < k, and so a = m’".

(v)=>(vi): We have m # m?. Choose x € m \ m?. Then, by assumption, (z) =m
for some k£ > 1, and so m = ().

k

(vi)=-(i): By assumption, every element a € A has a unique expression of the
form a = tz* where k € N and ¢ a unit of A. Define v(a) := k. This has a well-
defined extension to K* by setting v() := v(a) —v(b) for a,b € A, b # 0. One easily
verifies that v is a discrete valuation of K and that A is the corresponding valuation
ring. U

If Y be an irreducible curve, i.e. dimY = 1, then the local rings Oy, satisfy the
assumptions of the proposition above. The equivalence of (i), (ii) and (iv) then gives

the following result. (In fact, we do not need to assume that Y is irreducible; cf.
Theorem 4.1.)

PROPOSITION 5.4. Let Y be an affine variety and y € Y such that dim,Y = 1.
Then the following statements are equivalent:

(1) The local ring Oy, is a discrete valuation ring.
(ii) Y is normal in y.
(iii) Y is smooth in y.
In particular, a normal curve is smooth and an irreducible smooth curve is normal.

REMARK 5.1. Let X be an irreducible variety and H C X an irreducible hyper-
surface, i.e. codimyx H = 1. The ideal p := I(H) of H is a minimal prime ideal # (0)
and thus the localization Ox y := O(X), is a local Noetherian domain of dimension
1. If X is normal it follows from Proposition 5.3 that Ox p is a discrete valuation
ring which corresponds to a discrete valuation vy : C(X)* — Z.



5. NORMAL VARIETIES AND DIVISORS 57

E.g. if f € Clzy,...,z,] is a non-constant irreducible polynomial and H :=
V(f), then the valuation vy has the following description: For a rational function
r € C(zy,...,z,) we have vy(r) = m if f occurs with exponent m in a primary
decomposition of r.

Normal varieties. We start with the following generalization of the previous
result saying that normal curves are smooth (Proposition 5.4). Recall that the sin-
gular points X, of an affine variety form a closed subset with a dense complement
(Proposition 4.1).

PROPOSITION 5.5. Let X be a normal affine variety. Then codimx Xgne > 2.

PROOF. (a) Let H C X be an irreducible hypersurface and assume that I(H) =
(f). We claim that if + € H is a singular point of X then x is a singular point
of H, too. In fact, O(H) = O(X)/(f) and mp, = m,/fO(X). Thus mp,/m} , =
(m,/m2)/C- f and so dim T, H > dimT, X —1 > dim X — 1 = dim H.

(b) Now assume that codimyx Xgne = 1, and let H C X, be an irreducible
hypersurface of X. If p := I(H) is a principal ideal it follows from (a) that H
consists of singular points. But this contradicts the fact that the smooth points of
an irreducible variety form a dense open set.

In general, the localization Oy g is a discrete valuation ring (Remark 5.1) and
therefore its maximal ideal pOx g is principal (Proposition 5.3). This implies that
we can find an element s € O(X) \ p such that the ideal pO(X), C O(X)s = O(Xy)
is principal. Since pO(X), = I(H N X;) we arrive again at a contradiction, namely
that all points of H N X are singular. U

Another important property of normal varieties is that regular functions can be
extended over closed subset of codimension > 2.

PROPOSITION 5.6. Let X be a normal affine variety and r € C(X) a rational
function which is defined on an open set U C X. If codimx X \ U > 2 then r is a
reqular function on X.

PROOF. Define the ”ideal of denominators” a := {qg € O(X) | ¢-r € O(X)}. By
definition U C V' \ Vx(a) and so, by assumption, codimy Vx(a) > 2.

Using NOETHER’S Normalization Lemma (Theorem 3.1) we can find a finite
surjective morphism ¢: X — C". We have p(Vx(a)) = V(a N Clzy,...,z,]) and
dimp(Vx(a)) = dimV(a N Clxy,...,x,]) < n — 2. This implies that we can find
two polynomials ¢1, g2 € aNClzy,. .., z,] with no common divisor (see the following

Exercise 5.8). As a consequence, we can find py, ps € O(X) such that r = bi_ D2

q1 q2
If r = v r® 7@ are the conjugates of r in some finite field extension

L/C(xq,...,x,) of degree d containing C(X) we have

PO S R o R T I
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where the pgi) are the conjugates of p; and the pg) the conjugates of ps. The element
r € C(X) satisfies the equation

d d
[Jt=rD) =t4+> b7 =0
i=1 j=1
where the coefficients b; € C(xy,...,z,) are given by the elementary symmetric

functions s; in the following form:

1 1
by =£s; (V0 @) = £, o) = 01 B,

a; 43
Since py,pe € O(X) are integral over Clzy, ..., z,] we see that both s; (pgl), - ,p&d))
and s, (pgl), o ,pgd)) belong to Clz1, ..., x,]. Since ¢; and ¢ have no common factor
this implies that b; € Clzy, ..., x,]. As a consequence, r is integral over Clzy, ..., z,]
and thus belongs to O(X). O

EXERCISE 5.8. Let a C Clz1,...,z,] be an ideal with the property that any two
elements fq, fo € a have a non-trivial common divisor. Then there is a non-constant h
which divides every element of a.

COROLLARY 5.1. If X is a normal variety then O(X) = (1, O(X), where p runs
through the minimal prime ideals # (0).

PROOF. Let v € [],0(X), and define a := {g € O(X) | ¢-r € O(X)}. It
follows that a & p for all minimal primes p # 0, and so Vx(a) does not contain an
irreducible hypersurface. This implies that codimyx Vx(a) > 2 and so r is regular by
the Proposition 5.6 above. 0

We thus have the following characterization of normal varieties. An irreducible
variety X is normal if and only if the following two condition hold:

(a) For every minimal prime p # (0) the local ring O(X)y is a discrete valuation
ring;
(b) O(X) =, 0(X), where p runs through the minimal prime ideals # (0).
We have seen in examples that there are bijective morphisms which are not
isomorphisms. This cannot happen if the target variety is normal.

PROPOSITION 5.7. Let X be an irreducible and Y a normal affine variety and let
p: X =Y be a dominant morphism. Assume

(a) codimy Y \ p(X) > 2, and
(b) degp = 1.

Then ¢ is an isomorphism.

PROOF. By assumption (b), we have the following commutative diagram:

|

oY) —— 0O(X)
C(Y)
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If H C Y is an irreducible hypersurface then, by assumption (a), H meets the image
©(X) in a dense set and so ¢(p~'(H)) = H. This implies that there is an irreducible
hypersurface H' C X such that p(H') = H. If we denote by p := I(H) C O(Y) and
p' = I(H') C O(X) the corresponding minimal prime ideals we get p’' N O(Y) = p.
Thus

O(Y), CO(X)y S C(Y) =C(X).
Since O(Y), is a discrete valuation ring this implies O(Y), = O(X)y (see Exer-
cise 5.7). Thus, by Corollary 5.1,

O(X) C[OX)y =[O ), = O(Y),

and the claim follows. O

There is a partial converse of Proposition 5.5 which is a special case of the so-
called SERRE Criterion for Normality which we will explain below without giving a
proof.

PrROPOSITION 5.8. Let H C C™ be an irreducible hypersurface. If the singular
points Hgne have codimension > 2 in H, then H is normal.

EXAMPLE 5.3. Let Q,, := V(2] + 23+ -+ 22) C C". Then dim@Q,, =n — 1 and
0 € @, is the only singular point. Thus @),, is normal for n > 3.

EXERCISE 5.9. Show that the nilpotent cone N := {A € M | A nilpotent} is a normal
variety.

PROPOSITION 5.9 (SERRE’S Criterion). Let X C C™ be the zero set of fi1,..., fr €
Clzy, .. .yxp): X :=V(f1,..., fr). Define
X' ={zx e X |rkJac(fi,..., fr)(x) <r}.
(1) If X \ X' is dense in X then I(X) = (fi1,..., fr) and X' = Xng.
(2) If codimx X \ X' > 2 then X is normal.

EXAMPLE 5.4. let N := {A € M,, | A nilpotent} the nilpotent cone in M,,. We
claim that NV is a normal variety.

PRrROOF. Consider the morphism 7: M,, — C", w(A) := (tr A, tr A%, ... tr A").
Then N = 771(0). If P € N is a nilpotent element of rank n — 1 then rkdnp = n. In
fact, tr(P +eX)* = tr(P* + ekP*1X) = ek tr(P*~1X). Taking P in Jordan normal
form one easily sees that drp: X — (tr X, tr PX, tr P2X, ... tr P""1X) is surjective.
It follows that rkJac(fy,..., f,)(P) = n for the functions f;(A) := tr A7 and for
P € N’ := {nilpotent matrices of rank n —1}. Now one shows that codimy N\ N’ =
2. U

Divisors. Let X be a normal affine variety. Define
H :={H C X | H irreducible hypersurface}.

DEFINITION 5.7. A divisor on X is a finite formal linear combination

D= ZnH-H where ny € Z.
HeH
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We write D > 0 if ng > 0 for all H € ‘H. The set of divisors forms the divisor group

DivX =Pz H
HeH
Recall that for any irreducible hypersurface H € H we have defined a discrete

valuation vy : C(X)* — Z whose discrete valuation ring is the local ring Ox g (see
Remark 5.1).

DEFINITION 5.8. For f € C(X)* we define the divisor of (f) by
(F) =) vu(f)- H.

HeH
Such a divisors is called a principal divisor.

REMARKS 5.2. (1) (f) is indeed a divisor, i.e. vy (f) # 0 only for finitely

many H € 'H.
(This is clear for f € O(X)\{0}, because vy (f) > 0if and only if H C V(f),
and follows for a general f = £ because (f) = (p) — (¢), by definition.)

(2) (f-h)=(f)+ (h) for all f,h e C(X).

(3) (f) > 0if and only if f € O(X).
(We have vy (f) > 0if and only if f € Ox g. Since (e Ox,n = O(X) the
claim follows.)

(4) (f) =0 if and only if f is a unit in O(X).
(If (f) = 0 then, by (3), f € O(X) and f~' € O(X).)

DEFINITION 5.9. Two divisors D, D’ € Div X are called linearly equivalent, writ-
ten D ~ D' if D — D' is a principal divisor. The set of equivalence classes is the
divisor class group of X:

Cl X := Div X/{principal divisors}
It follows that we have an exact sequence of commutative groups
1 -0X)"-C(X)"-DivX - ClX —0

REMARK 5.3. We have C1.X = 0 if and only if O(X) is a unique factorization
domain. In fact, a unique factorization domain is characterized by the condition that
all minimal prime ideals p # (0) are principal.

EXAMPLE 5.5. Let C' C C? be a smooth curve. If f € O(C) and f € Clz,y] a
representative of f, then
(f) = Z mp - P7
PeCNV(f)
and the integers mp > 0 can be understood as the intersection multiplicity of C

and V(f) in P. E.g. if the intersection is transversal, i.e., TpC' N TpV(f) = (0) then
mp = 1 (see the following Exercise 5.10).

EXERCISE 5.10. Let C, E C C? be two irreducible curves, I1(C) = (f) and I(E) = (h).
If P € CNE define mp := dime Clx, y]/(f, h). Show that

(1) If C is smooth and h = h|c € O(C), then (k) =Y pccnpmp - P
(2) f PeCNE and TpCNTpE = (0) then mp = 1.
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EXERCISE 5.11. (1) For the parabola C' = V(y — x?) we have C1C = (0).
(2) For an elliptic curve E = V(y? — x(z? — 1)) every divisor D is linearly equivalent
to 0 or to P for a suitable point P € E.
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