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§ 0 – Reminder.

A BKM matrix is A ∈ Mn(R) with:

• aii = 2 or aii ≤ 0,

• if i 6= j, aij ≤ 0,

• aij = 0 ⇐⇒ aji = 0,

• if aii = 2 then aij ∈ Z for all j.

Write I = {1, . . . , n}. There are real indices

and imaginary indices:

Ire = {i ∈ I | aii = 2},

Iim = {i ∈ I | aii ≤ 0}.

Assume A symmetrisable, A = diag(ε1, . . . , εn)B.
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We have a vector space h and:

• simple roots, Π = {α1, . . . , αn} ⊆ h∗,

• simple coroots Π∨ = {α∨1 , . . . , α∨n} ⊆ h,

• real and imaginary simple roots (Πre, Πim),

• a non-degenerate symmetric bilinear form
(.|.) on h, with which we identify h and h∗.

Properties:

• 〈α∨i , αj〉 = aij,

• for all h ∈ h, (α∨i |h) = εi〈αi, h〉,

• α∨i = εi αi,

• (αi|αj) = bij,

• if aii 6= 0:

2(αi|λ)

(αi|αj)
=

2〈α∨i , λ〉
aii

(λ ∈ h∗).
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The BKM algebra g = g(A) is defined by

generators: e1, . . . , en, f1, . . . , fn, h

relations:

• [h, h] = 0,

• [h, ei] = αi(h) ei, for h ∈ h,

• [h, fi] = −αi(h) fi, for h ∈ h,

• [ei, fj] = δi,j α∨i ,

• (for i ∈ Ire, j ∈ I, i 6= j):{
(ad ei)

1−aij ej = 0,

(ad fi)
1−aij fj = 0,

• (for i, j ∈ I, i 6= j): if aij = 0, then

[ei, ej] = [fi, fj] = 0.
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Properties:

• root space decomposition:

g = h⊕
⊕

λ∈∆

gλ,

• positive and negative roots ∆±,

• triangular decomposition g = n− ⊕ h⊕ n+,

• (.|.) extends to a non-degenerate symmetric

invariant bilinear form on g, with

− if α + β 6= 0 then (gα|gβ) = 0,

− for α ∈ ∆, (.|.) is non-degenerate on

gα × g−α,

− for α, β ∈ ∆, x ∈ gα, y ∈ gβ:

[x, y] = (x|y)α.
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§ 1 – Weyl groups.

1.1. Definitions.

Let α ∈ h∗ with (α|α) 6= 0. Define rα ∈ GL(h)

to be:

rα :

 h → h

h 7→ h− 2(α|h)
(α|α) α,

the reflection w.r.t. the hyperplane α⊥.

Exercise:

• r2α = idh,

• for h, h′ ∈ h :
(
rα(h)

∣∣∣rα(h′)
)
= (h|h′),

• If both α, β non-isotropic:

rrβ(α) = rβ ◦ rα ◦ r−1
β .
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For i ∈ Ire, write simply ri := rαi for the

corresponding simple reflection.

Alternative formulas:

(∀λ ∈ h∗), ri(λ) = λ− 〈α∨i , λ〉αi,

(∀h ∈ h), ri(h) = h− 〈αi, h〉α∨i .

Definition (Weyl group):

W = 〈ri | i ∈ Ire〉 ⊆ GL(h).
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1.2. Properties of the Weyl group.

Immediate properties:

• For non-isotropic α ∈ h and all w ∈ W :

rw(α) = w ◦ rα ◦ w−1.

• The bilinear form (.|.) on h is W -invariant.

Proposition.

(1) W (∆) = ∆; in particular W (Π) ⊆ ∆.

(2) If α ∈ ∆ and w ∈ W , then:

mult(w(α)) = mult(α).
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1.3. Real and imaginary roots.

Define real and imaginary roots:

∆re = W (Πre), ∆im = ∆ r ∆re.

Exercise: α ∈ ∆re ⇒ −α ∈ ∆re.

Proposition. For α ∈ ∆re, we have:

(1) (α|α) > 0,

(2) rα ∈ W ,

(3) mult(α) = 1.

Proposition. For i ∈ Ire, we have:

ri(∆+ r {αi}) = ∆+ r {αi}.
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1.4. Complement: Presentation of W .

W is a Coxeter group, presented by:

generators: ri, for i ∈ Ire,

relations:

• r2i = 1,

• (ri rj)
mi,j = 1, with exponents:

aij aji 0 1 2 3 ≥ 4
mij 2 3 4 6 ∞
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§ 2 – Root systems.

2.1. Definitions.

• Q =
n∑

i=1

Z αi, the root lattice,

• Q+ =
n∑

i=1

N αi, the positive root lattice.

Support of α =
∑

miαi ∈ Q:

supp(α) = {i ∈ I | mi 6= 0}.
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The quasi-Dynkin diagram qDyn(A):

• vertices: 1 2 . . . n,

• edges: i — j iff. aij 6= 0.

Say supp(α) is connected if it is a connected

subset of qDyn(A).

Lemma. α ∈ ∆ ⇒ supp(α) is connected.
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2.2. Real roots.

Proposition. Let α ∈ ∆ and i ∈ Ire.

(1) The set {j ∈ Z | α + j αi ∈ ∆} is finite:

• it has the form {m, m + 1, . . . , M}.
• m + M = −〈α∨i , α〉.
• the sequence{

mult(α + j αi) | j = m, . . . , M
}

has bilateral symmetry, and the left half is

non-decreasing.

(2) (α|αi) > 0 ⇒ α− αi ∈ ∆+

(α|αi) < 0 ⇒ α + αi ∈ ∆+.

Corollary. (α ∈ ∆ and i ∈ Ire)

If α+αi 6∈ ∆ and α−αi ∈ ∆, then (α|αi) > 0.

12



2.3. Imaginary roots.

Proposition. Let i ∈ Iim and α ∈ ∆+ r {αi}
such that supp(α + αi) connected. Then:

(∀ j ∈ N), α + j αi ∈ ∆+.

Remark. If α ∈ ∆re, then:

Z α ∩∆ = {α,−α}.

If α ∈ ∆im, it may happen that Zα ⊆ ∆.
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Set h′R =
n∑

i=1

R αi.

Define the Positive Weyl chamber:

C∨ =
{
h ∈ h′R | 〈h, α∨i 〉 ≥ 0 ∀ i ∈ Ire

}
.

Lemma.

(1) ∆im
+ is W -invariant.

(2) For α ∈ ∆im
+ :

∃w ∈ W st. wα ∈ −C∨.

(3) For α ∈ ∆+:

α ∈ ∆im
+ ⇐⇒ (α|α) ≤ 0.

Corollary. A root α ∈ ∆ is real iff. (α|α) > 0.
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Let:

K =

α ∈ Q+ st.

{
〈α, α∨i 〉 ≤ 0 ∀ i ∈ Ire,
supp(α) connected.


◦
K = {α ∈ K st. |supp(α)| ≥ 2}.

Imaginary roots can be domestic or alien:

• ∆dom = W (Πim) ∪W (−Πim) ⊆ ∆im,

• ∆ali = ∆im r ∆dom.
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Theorem (imaginary roots of symmetrisable

BKM matrix).

(1) ∆ali
+ = W (

◦
K).

(2) ∆im
+ = W (

◦
K) ∪W (Πim).

Exercise: On the grid of next page (thanks to

Daiva for drawing it!), represent ∆+ in the case

A =

[
2 −1
−c −d

]
, where c > 0 and d ≥ 0.
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