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ABSTRACT. The Gorenstein derived category is introduced and studied via Verdier’s
localization of homotopy category respect to the saturated multiplicative system of
Gorenstein quasi-isomorphisms; the relation between the Gorenstein derived cate-
gory and the derived category is given; for a Gorenstein ring or a finite-dimensional
k-algebra, the corresponding bounded Gorenstein derived categories are realized
as the homotopy categories of Gorenstein projective objects. This interprets the
Gorenstein derived functors as the Hom functor of the corresponding bounded
Gorenstein derived category. The Gorensteinness of a ring is measured by its
Gorenstein singularity category; and the stable category of a Frobenius category is
embedded into the Gorenstein singularity category as a triangulated subcategory.
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0. Introduction

In the past thirty five years, the theory and the use of derived categories and triangu-
lated categories have enjoyed a vigorous development (see e.g. [Ver2], [I], [BBD], [Hapl],
[CPS], [Ricl], [Kel2], [KZ], [Ko], [GM], [N], [RV], [O1], [KS], [Rou]). On the other hand,
relative homological algebra, especially Gorenstein homological algebra, has been devel-
oped to an advanced level (see e.g. [EC]|, [AB], [AF], [Y], [EJ2], [Ch], [AM], [Hol3], [CFH],
[Vel], [J], [CV]).

In the theory of triangulated categories, one obtains a new triangulated category by
Verdier’s localization from a saturated multiplicative system of a triangulated category,
and what one gets is usually (but not always) algebraic in the sense that it is triangle-
equivalent to the stable category of a Frobenius category. One gets in this way the derived
category from the saturated multiplicative system of quasi-isomorphisms of homotopy
category; by the projective resolutions the bounded derived category Db(A) is simplified
as the homotopy category Kf'b(P) of upper bounded complexes of projective objects, with
only finitely many non-zero cohomology groups; and the classical right derived functors
Ext" can be interpreted as the Hom functor of D?(A).

*The corresponding author. Supported by the National Natural Science Foundation of China and of
Shanghai City (Grant No. 10725104 and ZR0614049).
nangao@sjtu.edu.cn pzhang@sjtu.edu.cn.
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In homological algebra ([CE]), projective and injective objects play a fundamental role.
In Gorenstein homological algebra, they are replaced respectively by Gorenstein projective
and Gorenstein injective objects, introduced by E. E. Enochs and O. M. G. Jenda ([EJ1]);
and one considers the Gorenstein projective and Gorenstein injective dimensions of objects
and of complexes (see e.g. [EJ1], [EJ2], [Ch], [Holl]-[Hol3], [AF], [AM], [Y], [T]). Note
that the existence of proper Gorenstein projective (resp. co-proper Gorenstein injective)
resolutions is a non-trivial problem (see [J]; also [AM], [Ch], [Holl], [T], [Vel]). Note
that the concept Gorenstein projective objects even goes back to M. Auslander and M.
Bridger [AB], where they introduced the G-dimension of finitely generated module M over
a two-sided Noetherian ring; and then L. L. Avramov, A. Martisinkovsky and I. Rieten
have proved that M is Goreinstein projective if and only if the G-dimension of M is zero
(the remark following Theorem (4.2.6) in [Ch]). Also note that the concept has also been
generalized to triangulated categories (see [AS], [Bell], [Bel2]).

It is then natural to have a theory of the so-called Gorenstein derived category, which
is the aim of this paper. Note that a chain map f* is a quasi-isomorphism if and only if it
is projectively quasi-isomorphism in the sense that Hom 4 (P, f*) is a quasi-isomorphism
for any projective object P, if and only if it is an injectively quasi-isomorphism. How-
ever, a Gorenstein projectively quasi-isomorphism is not a Gorenstein injectively quasi-
isomorphism. So, by Verdier’s localization of homotopy category respect to the saturated
multiplicative system of Gorenstein projectively quasi-isomorphisms we have the Goren-
stein projectively derived category Dgyp(A) and its upper bounded and bounded version,
and dually we have the Gorenstein injectively derived category Dgyi(.A), which is not

triangle-equivalent to Dgp(A).

The relation between the Gorenstein derived category and the derived category is given
(Corollary 2.6). Some basic results in derived category have been developed to this set-
ting up. For examples, the homotopy category K b(gP) of bounded complexes of Goren-
stein projective objects is a triangulated subcategory of DSP(A) (Theorem 2.11); for a
Gorenstein ring, or a finite-dimensional k-algebra, the corresponding bounded Gorenstein
derived category is realized as the homotopy category K ~'9P°(GP) of upper bounded com-
plexes X*® of Gorenstein projective objects, with only finitely many non-zero cohomology
groups H" Hom4(E, X*) for any Gorenstein projective object E (Theorem 3.5). This
permits to interpret the Gorenstein derived functors Extgp, established in [Hol3] (see also
[EJ1], [EJ2], [AM]), as the Hom functor of D%,(A) (Theorem 3.8).

As a Verdier’s quotient, the singularity category becomes an important topic in alge-
braic geometry and representation theory of algebras (see e.g. [Buc|, [Ric2], [Hap2], [Bell],
[01], [02], [Krx], [IK], [CZ]), as they measure the complexity of possible singularities. Also,
in Gorenstein homological algebra, one of the basic problems is to recognize Gorenstein
rings; and if no, to measure how far it is from the Gorensteinness (see e.g. [M], [J], [CV],
[IK], [Hap2], [Bell]). In the final section we introduce and study the Gorenstein singularity
category, and prove that a ring R is Gorenstein if and only if the left and right Gorenstein

injectively singularity categories of R are zero (Theorem 4.1); and in general we embed the
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stable category of a Frobenius category into the Gorenstein injectively singularity category

as a triangulated subcategory (Theorem 4.3).

1. Notations and Preliminaries

We recall some basic notion and facts, and fix some notations frequently used in this

paper.

1.1. Throughout A is an abelian category with enough projective objects unless stated
otherwise, K(A) (resp. K~ (A), and K"(A)) is the homotopy (resp. upper bounded
homotopy, and bounded homotopy) category of A; D(A) (resp. D™ (A), and D°(A)) is
the derived (resp. upper bounded derived, and bounded derived) category of A. For two
complexes X* and Y*, write Hom4(X*®,Y*) for the Hom complex. Then we have the
well-known formula Homg (4)(X*,Y*[n]) = H" Homa(X*,Y*), V n.

For basics on triangulated categories and derived categories we refer to [Har], and also
[Verl], [Ver2], [1], [BBD], [Hapl], [Kel2], [N], [GM], [KS]. In particular, by definition, tri-
angulated subcategories are full subcategories; and for a saturated multiplicative system
S of a triangulated category K, we refer to [Har] (see also [Verl] and [I]) for the construc-
tion of the quotient triangulated category S~'K via Verdier’s localization, in which each
morphism f : X — Y is given by an equivalence class of right fractions £ presented by
X &7 -5 Y withse€ S, Z € K. We emphasize that the definition of a multiplicative
system we use (as in [Har|, [Verl], and [I]) is self-dual, it follows that we can also use left
fractions, and then get a quotient triangulated category isomorphic to ™!/, and these

two isomorphic quotient triangulated categories will be identified (this is needed in 2.7).

1.2. A complete A-projective resolution ([EJ1]) is an exact sequence
P*=. —P —P—P —pPl— ..

of projective objects of A, such that Hom4(P*, P) is exact for every projective object P
of A; and an object E of A is Gorenstein projective if there is a complete A-projective
resolution P°® such that E = Im(Py — P°). It is clear that a projective object of A is
Gorenstein projective; and that in a complete A-projective resolution, all the images and
hence all the kernels and cokernels are Gorenstein projective. Denote by A-GP, or simply
GP, the full subcategory of A of Gorenstein projective objects. Note that GP is closed
under extensions, the kernel of an epimorphism, arbitrary coproducts (if A has arbitrary

coproducts) and direct summands. For more facts we refer to [EJ2] and [Holl].

If A is the left module category R-Mod of ring R, then we write R-GP for A-GP;
if A is the finitely generated module category R-mod of R, then we write R-Gproj for
A-GP. Note that one can construct the Gorenstein projective modules concretely by the
technique of upper triangular matrix artin algebras developed in [ARS] and [Rin]. See
[GZ].

If A has enough injective objects, then one has the dual concept of Gorenstein injective
objects, and the dual notations of GZ, R-GZ, and R-Ginj.
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Lemma 1.1. (i) Let E be a Gorenstein projective object of A. Then Exty(E,P) =
0, Vi > 1, for any projective object P.

(ii) Let--- — Pp — Py — P® — P' — ... be a complete projective resolution
such that E = Im(Py — PY). Then the sequences

- — Homy(P', P) — Hom4(P°, P) — Hom(E, P) — 0

and
0 — Homu(E, P) — Homu(FPo, P) — Homa (P, P) — - -+

are exact for any projective object P.

(#i7) Let R be a ring. Then R-Gproj C (R-GP) N R-mod. If in addition R is left
coherent then R-Gproj = (R-GP) N R-mod.

Proof. These are easy and well-known (for (ii¢) see e.g. [Chen)). [ |

1.3. Let A be a finite-dimensional k-algebra, and —* := Homg(—, k). Denote by A-proj
and A-inj the full subcategories of A-mod of the projective A-modules and of the injective
A-modules, respectively; and by v the Nakayama functor Homa(—, A)* & A* ®4 — :
A-mod — A-mod. Then v : A-proj — A-inj is an equivalence with a quasi-inverse
vt =Homa(—*, A) = Homa(A*, ) = (—*®a4 A*)*; and there is a natural isomorphism
Homa (P, —)* 2 Homa(—,vP) for P € A-proj. Thus, if A is a self-injective algebra, then
v is an auto-equivalence of A-mod, and v is the Serre functor of A-proj. See [ARS] and
[Rin].

Proposition 1.2. (i) The Nakayama functor v induces an equivalence A-Gproj = A-
Ginj with a quasi-inverse v=1.
(1) For E € A-Gproj there is a natural isomorphism Homa (F,—)* = Homu(—,vE)

on the full subcategory of A-mod of the modules with finite projective dimension.

Proof. Let E € A-Gproj with complete projective resolution P* = --- — P71 —
P — P' — ... such that E = Im(P~* — P°), where all P’ are finite-dimensional
and projective. Then Hom4(P*, A), and hence vP*® is acyclic, with vE = Im(vP~! —

VPO). For any finite-dimensional injective module I = v P with P projective, we have
Homu (I,vP*) 2 Homa (vP,vP*) = Homa (P, P*),

and hence Homa (I,vP*®) is exact. Therefore, vP® is a complete injective resolution of
vE. Similarly one has v~ (A-Ging) C A-Gproj.

By Lemma 1.1(ii) 0 — vE — vP® — v P! is exact, and hence by the left exactness
of v™1 the sequence 0 — v 'wE — v 'wP® — =Pt is exact. Since v~y P! 2 P!
it follows that v~ 'vF & E functorially. Similarly vv ™! 4_gin; = id. This proves (i).

By Lemma 1.1(ii) we have the exact sequence Homa(P', P) — Homu(P°, P) —

Homa (E, P) — 0 for any (finite-dimensional) projective module P, it follows that
Homa (P, X) — Homa(P°, X) — Homa(E,X) — 0
and

Hom(P', A) ®4 X — Homa(P°, A) ®4 X — Homa(E,A) ®4 X — 0
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are exact for any module X with finite projective dimension. Then by the Five Lemma
Homa(E,A) ®4 X =2 Homy (F, X). Thus

Homa(E, X)* = Homy(Homa(E, A) ®4 X, k)
>~ Homa (X, Homy (Homa (E, A), k))
= Homa (X, vE). |

Corollary 1.3. (i) The Nakayama functor v induces a triangle equivalence Kb(A-
Gproj) — K°(A-Giny).

(ii) For any E*® € K°(A-Gproj), there is a natural isomorphism Homa(E®, —)* —
Homa(—,vE®) on the bounded homotopy category of complexes of modules with finite

projective dimension.

Proof. (i) is clear by Proposition 1.2(z); and (i¢) follows an argument in [Hapl], p. 37.
We omit the details. |

2. Gorenstein derived categories

This section is to introduce and study the Gorenstein derived category, as Verdier’s
quotient of homotopy category respect to the thick triangulated subcategory of Goren-
stein projectively acyclic complexes, or equivalently, as Verdier’s localization of homotopy
category respect to the saturated multiplicative system of Gorenstein projectively quasi-

isomorphisms.

Throughout this section A is an abelian category with enough projective objects, unless

stated otherwise.

2.1. A complex C* is Gorenstein projectively acyclic, or simply, GP-acyclic, if Homa(E, C*)

is acyclic for all Gorenstein projective objects E.

It follows from (i) below that a GP-acyclic complex is acyclic.

Lemma 2.1. (i) A complex C* is acyclic if and only if Homa(P,C®) is acyclic for any
projective object P.

(#1) ([CFH]) A complex C* is Gorenstein acyclic if and only if Homa(E®,C*®) is
acyclic for any E* € K~ (GP), or equivalently, Homga)(E®,C*[n]) =0, V n € Z.

Proof. (i) The sufficiency: by the exactness of Hom (P, C'*) we get Hom 4 (P, Ker d*/ im d*~*)
= 0. Since A has enough projective objects, we have an epimorphism P — Ker di/ imd~?
for some P. Thus Kerd’/Imd"™' =0, V i.

(i1) We refer to Prop. 2.4 in [CFH] for a proof. [ ]

2.2. A chain map f°®: X°®* — Y* is a Gorenstein projectively quasi-isomorphism, or
in short, a GP-quasi-isomorphism, if Homa(E, f*) is a quasi-isomorphism, i.e., there are
isomorphisms of abelian groups

H"Homu(E, f*): H"Homu(E,X®) = H"Homa(E,Y*), Vn € Z,
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for all Gorenstein projective objects E.

By (¢) below a GP-quasi-isomorphism is a quasi-isomorphism.

Lemma 2.2. (i) A chain map f°*: X* — Y* is a quasi-isomorphism if and only if
Homa (P, f*) is a quasi-isomorphism for all projective objects P.

(#¢) ([CFH]) A chain map f® : X* — Y* is a GP-quasi-isomorphism if and only if
there are isomorphisms for any E* € K~ (GP):

Hompg () (E®, f*[n]) : Homga)(E®, X°*[n]) = Homg ) (E*,Y*[n]), Vn € Z.
Proof. (i) By applying the cohomological functor Hom g4 (P, —) to the distinguished
triangle

X* —Y*® — Con(f*) — X°[1]

we get the exact sequence

- — Homy () (P, Con(f*)[n — 1]) — Homg () (P, X*[n]) — Hompa)(P,Y *[n])

— Homy 4y (P, Con(f*)[n]) — ---.
By rewriting we have the exact sequence
- H" ' Homu(P, Con(f*)) — H" Homu(P,X*) " "I pn oma (P, Y*)

— H"Homu (P, Con(f*)) — ---,
from which and Lemma 2.1(¢) the assertion follows.

(#1) We refer to Prop. 2.6 in [CFH] for a proof. [ ]
Lemma 2.3. (i) Let E* € K™ (GP), and f*:X®* — E*® be a GP-quasi-isomorphism.
Then there exists g° : E®* — X* such that f*g° is homotopic to Idge.

(i) Let f* : E®* — Q° be a GP-quasi-homomorphism with E°®, Q°* € K~ (GP).
Then f* is a homotopy equivalence.

Proof. (i) By Lemma 2.2(7i) we have an isomorphism
HOIIlK(A) (E., f.) . HOII]K(A) (E'.7 X.) = HOIIlK(A) (E., E.),

from which the assertion follows.

(it) By (i) there exists g* : @* — E* such that f*®¢® is homotopic to Idge. It is clear
that ¢° is also a GP-quasi-isomorphism. Again by (i) there exists h® : E®* — Q° such
that g®*h® is homotopic to Idge. It follows that f® is a homotopy equivalence. ]

2.3. The relation between GP-quasi-isomorphisms and GP-acyclic complexes is same as

the one between quasi-isomorphisms and acyclic complexes.

Lemma 2.4. (i) A chain map f*: X* — Y* is a GP-quasi-isomorphism if and only
if Con(f*®) is a GP-acyclic complez.
(ii) The collection of GP-quasi-isomorphisms is a saturated multiplication system of

K (A), compatible with the triangulation.
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Proof. (i) By the similar argument as in the proof of Lemma 2.2(i).

(¢¢) This follows from (7) and the well-known correspondence between the thick tri-
angulated subcategories and the compatible saturated multiplication systems (see e.g.
[Verl], [Ver2], or [N]). [ ]

2.4. Denote by K,c(A) (resp. K,.(A), and K2.(A)) the homotopy category of (resp.
upper bounded, and bounded) acyclic complexes of objects of A, and by Kgpac(A) (resp.
K pac(A), and Kgpac(A)) the homotopy category of (resp. upper bounded, and bounded)
GP-acyclic complexes. Then Kgpac(A), Kypac(A), and Kp,.(A) are thick (epaisse) tri-

angulated subcategories of Ku.(A), K5.(A), and K2 (A), respectively.
Define

Dygp(A) == K(A)/Kgpac(A), Dyp(A) := K~ (A)/K gpac(A)
and
DYy (A) = K" (A) /K pac(A),

which are respectively called the Gorenstein projectively derived category, the upper bounded
Gorenstein projectively derived category, and the bounded Gorenstein projectively derived

category, respectively.

Remark. Let X be an additive full subcategory of A. Then Dgp,(X) := K(X)/Kgpac(X),

Dy (X) == K™ (X)/K gpace(X), and D}, (X) := K°(X)/K}pa.(X), are also well-defined,

where Kgpac(X) is the homotopy category of GP-acyclic complexes of objects in X.
Before giving the relation between Dg,(A) and the derived category D(A), we first

give a general result in the theory of triangulated categories.

2.5. Let K2 be a triangulated subcategory of triangulated category K. Recall that the
quotient IC//C2 is defined via the Verdier localization IC/KC2 := 871K7 where

S={f:X—Y inK| Con(f) € K2}

is the compatible multiplicative system of K determined by KCo. If K2 is thick then S is
saturated, and in this case X 220 in /K2 implies X € K2. Assume K; is a triangulated
subcategory of I and K2 is a full subcategory of 1. Then K2 is a triangulated subcategory
of K1 and

{f: X —YinkKi| Con(f) ez} =8nK;.

It follows that SNy is the compatible multiplicative system of K determined by K2, and
hence we have the quotient IC1 /K2 := (S ﬂlCl)fllCL It is clear that the canonical functor
from K1 /K2 to K/KC2 is fully faithful, and hence K1 /K2 can be viewed as a triangulated
subcategory of /K2, and if K1 is saturated in K then K1 /K. is saturated in K/Kz.

The following result should be well-known, however there are no references.

Theorem 2.5. Let K1 and K2 be triangulated subcategories of triangulated category K,

and ICo be a full subcategory of K1. Then there is an isomorphism of triangulated categories

(K/K2)/(K1/K2) = K/Kq.
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Proof. This is a standard application of the universal property. By the universal property

of K/K2, we get a unique triangle functor F such that the diagram

i Q1 K/K:

K/Ks

commutes. Further by the universal property of (K/K2)/(K1/K2) we get a unique triangle
functor G such that the diagram

K/K2 K/K:

\/

(K/K2) /(K1 /KCz)

commutes. Set F’ := @Qg. By the universal property of K/K1 we get a unique triangle
functor G’ such that the diagram

(K/K2)/(K1/K2)

\/

K/K:

commutes.

By an easy verification we have the following commutative diagram

(K/K2)/(K1/K2) .

’C F
A 4

K/K2

On ther other hand we have by definition F’ = @:Qg. It follows from the uniqueness we
Yy

have @vl = G’G@vl7 i.e., we have the commutative diagram

K/Ks (K/K2)/(Ki/K2) .

\/

(K/K2)/(K1/K2)

By the uniqueness we obtain G'G = Id(x /xc,)/ (k4 /KCa) -
Similarly (but much easier) we have GG’ = Idj/k, . This completes the proof. ]

2.6. We immediately have

Corollary 2.6. There is an isomorphism of triangulated categories
D(A) 2 Dgp(A)/(Kac(A)/Kgpac(A)); D™ (A) = Dy, (A)/(Kie(A)/ K gpac(A))

and

D"(A) = Dy, (A)/(Kde(A)/Kgpac(A))-
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In particular, the dimension of Dj,(A) is less or equal to the one of D'(A) as trian-

gulated categories.

Corollary 2.7. The following are equivalent

(i) D(A) ~ Dgp(A) (resp. D™ (A) ~ Dy, (A); D°(A) ~ D}, (A));

(1) KaclA) = Kopac(A) (resp. Kau(A) = Kopae(A); KLu(A) = Kpac(A);

(ii1) Any quasi-isomorphism in K(A) (resp. in K~ (A); in K°(A)) is a GP-quasi-
isomorphism;

(iv) Any Gorenstein projective object is projective.

(v) Any Gorenstein projective object is of finite projective dimension.

Proof. (i) <= (i) follows from Corollary 2.6. (i) <= (¢i) follows from Lemma 2.4(3)
and Verdier’s correspondence between the thick triangulated subcategories and the com-
patible saturated multiplication systems.

(#i1) = (iv): Let E be a Gorenstein projective object, and 0 — X — Y Lz

be an arbitrary short exact sequence. Then g induces a quasi-isomorphism ¢°:

.

By the assumption g° is a GP-quasi-isomorphism, thus 0 — Hom4(E, X) — Homa (E,Y")
— Homu(E, Z) — 0 is exact, i.e., E is projective.
(iv) = (4i7) follows from Lemma 2.2(¢); and (v) = (4v) is Prop. 10.2.3 in [EJ2]: the

projective dimension of a Gorenstein projective object is either zero or infinite. ]

2.7. The following is well-known (see e.g. ([Kel2], Lem. 10.3; or [KS], Prop. 10.2.6).

Lemma 2.8. Let B and D be two triangulated subcategories of a triangulated category
C. If one of the following conditions are satisfied then the canonical triangle functor
D/DNB — C/B is fully faithful.

(i) Each morphism X — B with B € B and X € D admits a factorization X —
B' — B with B e DN B.

(i3) Each morphism B — Y with B € B and Y € D admits a factorization B —
B' — Y with B € DN B.

Theorem 2.9. D}, (A) and D,,(A) are triangulated subcategories of Dgp(A).

Proof. We first prove Dg,(A) := K™ (A)/Kgpa.(A) is a triangulated subcategory of
Dyp(A) := K(A)/Kgpac(A), by using Lemma 2.8(). Let f*: X* — B*® be a chain map
with B® € Kgpac(A) and X* € K~ (A). We may assume that X* = 0 for i > 0. Let B’®
be the complex with B"* = B for i < 0, B = Imd® and B” = 0 for j > 2. Then f*
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admits the following natural factorization:

X° Xfl XO 0 0
Bl. . B71 BO Imdo 0
B B71 BO Bl B2

It remains to prove that B’® is GP-acyclic. Since B® is GP-acyclic it suffices to prove
that

Hom 4 (E,d ™!
—

Hom(E,B™") ) Hom(E, BY) Hom 4 (£,4%) Homa(F,Imdo) — 0 (%)

is exact for any Gorenstein projective object E, where d: B® — Im d° is induced by d°.
By Lemma 2.1(i) B*® is acyclic it follows that 0 — Im d° — B' — B? is exact, and
hence 0 — Hom4(E,Imd") -2 Hom4(E, B') — Hom(F, B?) is exact. Consider the

following commutative diagram

71Hom(E,d*1 0 Hom(E,d®) 1Hom(E,dli_I 9
Hom(E, B~ ") — Hom(E, B") Hom(E, B*') — Hom(E, B*)

Hm /

Hom(FE, Im d°)

with the first row exact, by the GP-exactness of B®. Since o is injective, it follows that
KerHomA(E,JO) = Ker Homu (E, d").
Also
Im Hom 4 (E, d°) 2 Im Hom 4 (E, d°) = Ker Hom 4 (E, d") = Hom 4(E, Im d°),
ie., HomA(E7J)) is surjective. Thus (%) is exact.

Dually, we can prove D}, (A) := K°(A)/K}p..(A) is a triangulated subcategory of
Dy, (A) .= K™ (A)/Kgpac(A), by using Lemma 2.8(%4). |

Remark 2.10. The proof above also proves that if (B®,d) is GP-acyclic, so is the trun-

cation - -+ — B*"! — B — Imd* — 0, for each i.

2.8. The following result makes the morphisms in Dyp(A) easier to understand.

Theorem 2.11. Let E* € K~ (GP) and Y* be an arbitrary complex. Then Q : f* —

e gwes an isomorphism of abelian groups

HOIIlK(A) (E., Y.) = HOIIngp(_A) (E., Y.).

In particular, K*(GP) and K~ (GP) can be viewed as triangulated subcategories of
Db (A) and Dy, (A), respectively.
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Proof. If % = 0, then by the calculus of right fractions there exists a GP-quasi-
isomorphism ¢* : X* — E* such that f°t* is homotopic to zero. By Lemma 2.3(¢) there
exists a GP-quasi-isomorphism ¢g* : E®* — X*® such that ¢°¢*® is homotopic to Idge. Thus
f® ~ foIdge ~ f°t°g® ~ 0, i.e., Q is injective.

For any ’Sc—: € Homp,,4)(E®, Y*), again by Lemma 2.3(i) there is a Gorenstein quasi-

isomorphism ¢® : E°®* — X°® such that s*¢® is homotopic to Idge. By the calculus of

right fractions this implies that
fr_ e

=Q(f%9*),

s°® - Idge o

i.e., @ is surjective. |

Final Remark 2.12. Assume that .4 has enough injective objects. Then one has
the dual concept: a GZ-acyclic complex (i.e., a complex C*® such that Hom4(C*®, F) is
acyclic for all Gorenstein injective objects E); a GZ-quasi-isomorphism (i.e., a chain map
f*:X® — Y* such that Homa(f*, E) is a quasi-isomorphism for all Gorenstein injective
objects E); and the Gorenstein injectively derived category Dgi(A), the lower bounded
Gorenstein injectively derived category D;@(A), and the bounded Gorenstein injectively
derived category D};(A). For example, DY, (A) is defined as D}, (A) :== K*(A)/K},,.(A),
where K giac(.A) denotes the homotopy category of bounded GZ-acyclic complexes. Then
all the dual results hold. We need these in Section 4.

3. Bounded Gorenstein derived categories of Gorenstein rings

and finite-dimensional algebras

This section is to study the bounded Gorenstein derived categories of the full subcate-
gory of A of objects with finite Gorenstein projective dimension, and of finite-dimensional
k-algebras. As an application we obtain a description of the bounded Gorenstein derived
categories of Gorenstein rings. This also permit us to interpret the Gorenstein derived
functors, introduced in [Hol3] and [AM], as the Hom functor of the corresponding bounded

Gorenstein derived category.

Throughout this section A is an abelian category with enough projective objects, unless

stated otherwise.

3.1. An object M of A has a proper Gorenstein projective resolution if there is an exact
sequence E®* = .. — E; — Ey — M — 0 such that all F; are Gorenstein projective,
and that Hompg(E, E*®) stays exact for any Gorenstein projective object E. The second
requirement guarantee the uniqueness of such a resolution in the homotopy category (the
Comparison Theorem. See [EJ2], Exercise 8.1.2). The existence of a proper Gorenstein
projective resolution is a non-trivial problem (see [J]. Also [AM], [Ch], [Holl], [T], [Vel]).
We need the following two results due to H. Holm, and P. J¢rgensen, respectively.

Lemma 3.1. ([Holl], Theorem 2.10) If an object M has finite Gorenstein projective
dimension, then M admits a proper Gorenstein projective resolution G* — M — 0
with G* € K*(GP).
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For the definition of a dualizing complex over non-commutative rings we refer to [YZ],
Definition 1.1, or [J], Setup 1.4’. Note that if A is a finite-dimensional k-algebra then A
has a dualizing complex A* = Homyg (A, k) . Combined with Setup 1.4, Theorems 1.10
and 2.11 of J¢rgensen [J] we have

Lemma 3.2. ([J]) If A is a finite-dimensional k-algebra, then each module M (not
necessarily finitely generated) admits a proper Gorenstein projective resolution G* —
M — 0 with G* € K~ (GP).

3.2. Denote by K '9"°(GP) the full subcategory of K~ (GP) of upper bounded com-
plexes X*® with only finitely many non-zero cohomology groups H" Hom4 (F, X*) for any
Gorenstein projective object E. Note that K9P°(GP) is a triangulated subcategory of
K~ (GP). By the same argument as in the proof of Lemma 2.1(7) we know that any object

in K ~9"°(GP) has only finitely many non-zero cohomology groups.

Denote by fGP the full subcategory of A of objects with finite Gorenstein projective
dimension. Then fGP is an additive category and hence K°(fGP) is a triangulated

category.

Proposition 3.3. (i) There exists a functor G : K*(fGP) — K®(GP), and a GP-quasi-
isomorphism $xe : GX* — X* in K°(fGP) for X* € K*(fGP), which is functorial in
X°.

Moreover, the inclusion K*(GP) — K°(fGP) is a left adjoint of G.

(i) Let A be a finite-dimensional k-algebra. Then there exists a functor G : K®(A-Mod)
— K79(A-GP), and a GP-quasi-isomorphism d¢xe : GX* — X* in K~ (A-Mod) for
X* € K*(A-Mod), which is functorial in X°.

Proof. First, construct F' on objects by induction on w(X®) with X* € K°(X), where X
is fGP for (i), or A-Mod for (i7). If w(X*®) = 1, then we have a GP-quasi-isomorphism
¢xe : GX®* — X°* by assumption, and GX* is unique by the Comparison Theorem
([EJ2], Exercise 8.1.2). Assume w(X*®) > 2, with X? # 0 and X* = 0 for 4 < j. Then we
have the distinguished triangle in K®(X)

XP XS o X XI]

with X? = X°*SJ[—1], X3 := X*>7 where X°*SJ denotes the brutal trunction. By

induction there exist GP-quasi-isomorphisms
$1:GXT — X1, ¢2:GX5 — X3
with GX?, GX3 € K9 (A-GP). By Lemma 2.2(ii) we have an isomorphism
Homy - (1) (GX7, GX3) — Homp— (3 (GX7, X3).

It follows that there exists f® : GX{ — GX3 such that ¢20 f®* = uo¢1. By embedding
f°* (uniquely) into a distinguished triangle in K~ (GP)

axr Il axs — axt — a



GORENSTEIN DERIVED CATEGORIES AND GORENSTEIN SINGULARITY CATEGORIES 13

we get a unique GX* € K~ (GP). By the axiom of a triangulated category, there exists a

morphism ¢xe : GX®* — X°* such that the following diagram commutes

I .
GX? GX3 GX* G1[1]
¢1\L ¢>2l bxe l ¢1[1]l
X —— X3 X Xt

For any Gorenstein projective object () we have the commutative diagram with exact rows

(¢1)*\L (¢>2)*\L (¢X.)*\L (¢1[1])*\L (¢>2[1])*l

(@,X7) — (@, X3) —— (@, X*) —— (@, X7[1]) —— (@, X7[1])

where (Q, —) denotes the functor Homy -4y (Q,[n] o —). Since ¢1 and ¢2 are GP-quasi-
isomorphisms, it follows that (¢1)«, (¢2)«, (#1[1])«, (#2[1])« are isomorphisms, and hence
(¢xe)« is an isomorphism for each n, i.e., ¢xe is a GP-quasi-isomorphism. Since X* is
bounded and ¢xe : GX®* — X°® is a GP-quasi-isomorphism, it follows that GX* is in
K®(GP) for (i), or in K9P°(GP) for (is).

Secondly, for f®: X®* — Y°, since ¢ye : GY* — Y*® is a GP-quasi-isomorphism, it
follows that from Lemma 2.2(i¢) that

Homy - (x)(GX*, GY*) = Homg— x)(GX®, Y°).

Thus, there exists a unique Gf°® : GX* — GY* such that ¢ye o Gf* = f* o ¢pxe. This
shows that G is a functor, and also that ¢xe : GX°®* — X°* is functorial in X°.
Observe that in the case (i), again by the GP-quasi-isomorphism ¢ye : GY* — Y*

and Lemma 2.2(77) it is clear that

Hom s (1gpy(Q°,Y*) = Hompe (gp) (Q°, GY'®),

which is functorial both in Q® € K°(GP) and Y* € K°(fGP), i.e., G is a right adjoint of
the inclusion K*(GP) — K"(fGP). This completes the proof. |

3.3. Denote by K gmc( fGP) the bounded homotopy category of GP-acyclic complexes of
objects in fGP. Then Kf;pac(ng) is a thick triangulated subcategory of K°(fGP). Put
Db (fGP) := K'(fGP)/KLac(fGP) (note that fGP is not an abelian category in general.
However D}, (fGP) is still well-defined. cf. 2.4 Remark). By Lemma 2.4 the saturated
multiplicative system determined by K gmc( fGP) is the class of GP-quasi-isomorphisms
in K°(fGP). It follows that Q(f*) is an isomorphism in D},(fGP) if and only if f* :
G* — X* is a GP-quasi-isomorphisms in K°(fGP), where Q : K°(fGP) — Dgp (fGP)

is the canonical localization functor.

Note that in general DY, (fGP) is not a full subcategory of Dy, (A). However, with the

similar argument as in the proof of Theorem 2.11 we have
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Lemma 3.4. Let E* € K°(GP) and Y* € K°(fGP). Then Q : f°* — % gives an

isomorphism of abelian groups
Hom o (pgp) (E%,Y*") = Hompy (rgp) (E*,Y).

In particular, Kb(gP) can be viewed as a triangulated subcategory of Dlg’p(ng).

3.4. Now we state the main result of this section.

Theorem 3.5. (i) Let A be an abelian category with enough projective objects. Then

there is a triangle-equivalence

DY, (fGP) ~ K"(GP).

(i1) Let A be a finite-dimensional k-algebra. Then there is a triangle-equivalence

D}, (A-Mod) ~ K~9"(A-GP).

Proof. (i) Let F : K°(GP) — D},(fGP) be the composition of the embedding
K*(GP) — K"(fGP) and the localization functor Q : K*(fGP) — Dj,(fGP). By
Proposition 3.3(¢) F is dense; and by Lemma 3.4 F is fully faithful.

(i5) Let F : K 9"(A-GP) — Dg,,(A-Mod) be the composition of the embed-
ding K~9P*(A-GP) — K~ (A-Mod) and the localization functor @ : K~ (A-Mod) —
D,,(A-Mod). For any complex X* € K 9**(A-GP), say, with H' Hom4(FE,X*) = 0 for
1 < m, by the left exactness of Hom4(E, —) it is clear that the following chain map is a

GP-quasi-isomorphism

X' . e > Xn72 anl Xn Xn+1 Xn+2
vye . AN 0 Kerd™ X" Xn+1 Xn+2

It follows that the image of F falls in D%,(A-Mod) (note that D, (A-Mod) is a full sub-
category of D,,(A-Mod) by Theorem 2.9), and hence F' induces a functor, again denoted
by F: K9"(A-GP) — D},(A-Mod). Then by Proposition 3.3(ii) F is dense; and by
Theorems 2.11 and 2.9 F is fully faithful. ]

3.5. Recall that a ring R is Gorenstein if R is two-sided Noetherian and R has finite
injective dimension, both as the left and the right R-module. If R is a Gorenstein ring, then
each left and right R-module has finite Gorenstein projective dimension ([EJ2], Theorem
11.5.1). It follows from Theorem 3.5(i) we have

Corollary 3.6. Let R be a Gorenstein ring. Then there is a triangle-equivalence
D!, (R-Mod) ~ K°(R-GP).
For a finite-dimensional Gorenstein k-algebra A, it follows from Theorem 3.5(i7) that

the embedding K°(A-GP) — K 9°(A-GP) is an equivalence. This means

Corollary 3.7. Let A be a finite-dimensional Gorenstein k-algebra. Then any complex
in K9 (A-GP) is homotopical equivalent to a compex in K°(A-GP).
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3.6. Let R be a ring. If an R-module M has a proper Gorenstein projective resolu-
tion G* — M — 0, then for any R-module N the Gorenstein right derived functor
Exth-gp(—, N) of Homg(—, N) is defined as

Extg-gp(M, N) := H"Homg (G*,N).

See [EJ1], [EJ2], [Hol3], [AM]. Note that Extk-gp(—, N) is only well-defined on the full

subcategory of objects with proper Gorenstein projective resolutions.

Theorem 3.8. Let R be a Gorenstein ring, or a finite-dimensional k-algebra. Then for
R-modules M and N we have

Extr-gp(M, N) = Homps (r-roay (M, N[nl), n = 0.

Proof. If R is a Gorenstein ring, then each left and right R-module has finite Gorenstein
projective dimension ([EJ2], Theorem 11.5.1), and hence by Theorem 2.10 in [Holl] (see
Lemma 3.1) any module M has a finite proper Gorenstein projective resolution, say G* —
M — 0. Thus M = G* in D}, (R-Mod). It follows from Corollary 3.6 that

Hongp(R-Mod) (M, N[n]) = Hongp(R-Mod) (G.7 Nin])
= Hom b (p-moay (G, N[n])
= H"Hompg(G*,N)
= Extg-gp(M, N).

The case for finite-dimensional k-algebras can be similarly proved. |

Final Remark 3.9. Assume that A has enough injective objects. Dully we have
the concept of a co-proper Gorenstein injective resolution of an object M (i.e., an exact
sequence F* =0 — M — E° — E' — ... such that all E; are Gorenstein injective,
and that Hompg(E®, E) stays exact for any Gorenstein injective object E). Then all the
dual results of this section hold for D};(A) (cf. Final Remark 2.12). Note that Lemma
3.1 has the dual version (Theorem 2.15 in [Hol3]).

For example, the dual of Corollary 3.6 says that if R is a Gorenstein ring, then there

is a triangle-equivalence
D};(R-Mod) ~ K"(R-GT).

‘We need this remark in the next section.

4. Gorenstein singularity categories: a measure of Gorensteinness

A fundamental problem in relative homological algebra is to recognize Gorenstein rings;
and if no, to measure how far it is from the Gorensteinness (see e.g. [J], [CV], [IK], [M],
[Hap2]). In this section we prove that a ring R is Gorenstein if and only if the left and
right Gorenstein injectively singularity categories of R are zero; and in general we embed
the stable category of a Frobenius category into the left (or right) Gorenstein injectively

singularity category as a triangulated subcategory.
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4.1. Let Rbearing. By the dual version of Theorem 2.11 the canonical functor K°(R-GT)
— D};(R-Mod), which is the composition of the embedding K*(R-GZ) — K°(R-Mod)
and the localization K°(R-Mod) — D};(R-Mod), is fully faithful. Thus K°(R-GT) can
be viewed as a thick triangulated subcategory of Dlg’i(R-Mod). It is natural to consider
Verdier’s quotients D%, (R-Mod)/K"(R-GT) and D};(Mod-R)/K"(GZ-R), which are called
the left and right Gorenstein injectively singularity category of R, respectively, where Mod-
R and GZ-R are respectively the right R-module category and the category of the right

Gorenstein injective R-modules.

Theorem 4.1. A two-sided Noetherian ring R is Gorenstein if and only if
DY (R-Mod)/K*(R-GT) = 0, and D};(Mod-R)/K"(GZ-R) = 0.

Proof. By Final Remark 3.9 and its right module version it remains to prove the suffi-
ciency. Assume that D};(R-Mod)/K"(R-GT) = 0. Then for any left module M there is
a GZ-quasi-isomorphism (see Final Remark 2.12) f* : M — G*® with G* € K*(R-GT),
where M is viewed as the complex concentrated at component 0. Suppose G* = 0 for
i < t. Then t < 0. We may assume ¢ = 0: in fact, if ¢ < 0 then by the exactness of
Homp(G*,G") we see that G*~! — G* splits, and hence G*® can be shorten. In this way
we have a co-proper Gorenstein injective resolution 0 — M — G°®, thus M has finite
Gorenstein injective dimension. In particular, the left R-module R has finite Gorenstein
injective dimension. It follows from Theorem 2.1 in [Hol2], which claims that if M has
finite projective dimension then the injective dimension of M is equal to the Gorenstein
injective dimension of M, that the left R-module R has finite injective dimension.

The same argument shows that the right R-module R has finite injective dimension.
That is, R is Gorenstein. [ |

Remark The reason of not using the Gorenstein projectively singularity categories of R
in Theorem 4.1 is caused by the definition of a Gorenstein ring: although there is also
an equivalent definition of Gorensteinness in terms of the projective dimensions of injec-
tive modules ([EJ2], Theorem 9.1.11), but it needs the projective dimensions of injective

modules are bounded.

However, if A is a finite-dimensional k-algebra, then by the same argument we have:

A is Gorenstein if and only if

D}, (A-Mod)/K"(A-GP) = 0, and D%,(Mod-A)/K"(GP-A) = 0.

4.2. By Theorem 4.1, the (left, or right) Gorenstein injectively singularity category could
be taken as a measure of how far a ring is from the Gorensteinness. In this and next
subsections we measure how big DY, (R-Mod)/K"(R-GT) is by embedding canonically the

stable category of a Frobenius category into it.

Fix some notations. Let R be a ring and GZ be the full subcategory of R-Mod consisting

of R-modules with co-proper Gorenstein injective resolutions. Define

GI*97 .= { M € GT | Exth.gz(R-GI,M) =0, Vi>1}.
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Recall that if an R-module M has a co-proper Gorenstein injective resolution 0 —
M — G*, then for any R-module N the Gorenstein right derived functor Exti-gz (N, —)
of Hompg (N, —) is defined as

Extg-g7(N, M) := H"Homgr (N, G*®).
See [Hol3] and [EJ2]. Note that Extk-g7 (N, —) is only well-defined on GT.
Denote by R-GZ(M, N) the subgroup of Homg(M, N) of R-maps from M to N which
factor through the Gorenstein injective modules, and by GZ197 the stable category of

GZ9T modulo R-GZ, i.e., the objects of GZ9T are same as those of QIJ‘QI7 and the
morphism space from M to N of GZ97 is the quotient group Homg (M, N)/R-GZ(M, N).

Lemma 4.2. Let R be a ring. If M € aI and N € GI*97, then there is a canonical

isomorphism
Hompr (M, N)/R-GI(M, N) =~ Homps (p-roa)/ b (r-gz) (M, N).

Consequently, GI9% is a full subcategory of DY;(R-Mod)/K"(R-GT).

In particular, if R is Gorenstein then GI+97 = R-GT.

Proof. In what follows, a doubled arrow means a morphism belonging to the saturated
multiplicative system, determined by the thick triangulated subcategory K b(R—gZ) of
Db, (R-Mod) (see [Har], [Verl], or [I]). A morphism from M to N in D%, (R-Mod)/K"(R-GT)
is denoted by right fraction ¢ : M <= Z* —*5 N, where Z* € D};(R-Mod). Note that the
mapping cone Con(s) lies in K”(R-GT). We have a distinguished triangle in D};(R-Mod)

Z* =% M — Con(s) — Z°[1]. (%)

Consider the map ¢ : Homg(M,N) — Hompo (g ioq) it (r-gz)(M; N), given by
gi
o(f) = ﬁ. First, we prove that 6 is surjective. By M € GZ we can take a co-proper
Gorenstein injective resolution

0 M S gt &, gn

Since M is GZ-quasi-isomorphic to the complex G* =0 — G° — G! — ..., and G*
is GT-quasi-isomorphic to the complex 0 — G° — ... — G'™! — Kerd' — 0 for each
I > 2, it follows that M is isomorphic in D};(R-Mod) to 0 — G°® — -+ — G —

Kerd' — 0 for each [ > 2. This complex induces a distinguished triangle in Dlg’,-(R-Mod)
G*<'-1] — Kerd'[-1] == M -5 G*<L. (%)

Note that s’ is in the saturated multiplicative system since the mapping cone G*<! of s’
lies in K°(GZ). Since Exth g7 (Kerd', R-GI) = 0, ¥ i > 1, and Con(s) € K°(R-GT), it
follows that there exists lop > 0 such that for each [ > lg

Hongi(R_Mod)(Kerdl[—lL Con(s)) = 0.
(To see this, let Con(s) be of the form 0 — W — . S W' — 0 with ¢/, £ >0,
and each W' € R-GZ. Consider the distinguished triangle in D}, (R-Mod)

Con(s)<*[~1] — W'[~t] — Con(s) — Con(s)<".
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Take lp to be t 4+ 1, and apply the cohomological functor Homev(R_Mod)(Kerdl[—l], —) to
gi
this distinguished triangle. Then by the dual of Theorem 3.8 the assertion follows from
induction and Ext% gz (Kerd', R-GT) =0, Vi > 1.)
Write E = Kerd'?, and take [ = lo in (x*). By applying Hom o (porjoa)(E[—lo], —) to
gi
(%) we get h : E[—lo] — Z* such that s’ = s o h. So we have 2 = m;—/h)

Apply Home_(R_Mod)(—, N) to (xx), we get an exact sequence
gi
Hongi(R—Mod)(Mv N) — Hongi(R—Mod)(E[_lo]v N) — Hongi(R—l\/Iod)(G.<lo [—1], V).

We claim that Hongi(R_Mod) (G*<l[~1],N) = Hongi(R_Mod)(G'do, N[1]) = 0.
(In fact, apply Hompo (p-noa)(—, V[1]) to the distinguished triangle
gi

Go<l071[_1] N Gl071[1 _ lO] . Go<l0 . Go<l071

in Dg,—(R-Mod). Then the assertion follows from induction and the assumption N €
GItoz)
Thus, there exists f : M — N such that fos’" = aoh. So we have ¢ = (ach) —

S
(’Iz—,sl) = L. This shows that 6 is surjective.

Tdar
On the other hand, if f : M — N with 0(f) = = = 0 in Dj;(R-Mod)/K"(R-GT),
then there exists s : Z* = M with Con(s) € K°(R-GZ) such that fos = 0. Use the
same notation as in (x) and (**). By the argument above we have s’ = s o h, and hence
fos" =0. Therefore, by applying HomDSi(R_Mod)(—, N) to (xx) we see that there exists
f':G*<lo — N such that f' oe = f.
Consider the following distinguished triangle in Dgi(R-Mod)

GO[—l] N (Go<l0)>0 N Go<l0 L) GO7

where 7 is the natural morphism. Again since N € GZ+97, it follows from induc-
tion and the dual of Theorem 3.8 that HOngi(R—l\/Iod)((G.<l0)>07N) = 0. By applying

Hongi(R_Mod)(—, N) to the above triangle we obtain an exact sequence
0 o<l
Hongi(R—Mod)(G N) — HomDSi(R—Mod)(G °,N) —0.

It follows that there exists g : G — N such that gor = f’. Hence f = go(moe), it follows
that f factors through G° in R-Mod. This proves that the kernel of 6 is R-GZ(M, N),
which completes the proof. |

A very special case of this lemma is that if D};(R-Mod) = D°(R-Mod) (i.e., the Goren-
stein injective modules are exactly the injective modules), then Z1 is a full subcategory
of D*(R-Mod)/K"(Z), which is well-known (see e.g. [Hap2]).

4.3. We refer to Appendix A in [Kell] (also [Q], and p.10 in [Hapl]) for the definition of
an exact category. An exact category (A, &) is a Frobenius category, if (A, £) has enough
injective objects and enough projective objects, such that the injective objects coincide
with the projective objects. Denote by A its stable category. For a morphismu: X — Y

in A, denote its image in A by u.
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Let R be a ring. Denote by a(GZ) the full subcategory of R-Mod of modules M 2

Ker d®, where
E*=... gt _>God_0>G1 — .
is exact with all G* € R-GZ, satistying the following conditions:
(7)) Homg(E®,G) is exact for any G € R-GT;
(i) Ext}_g,(R-GI,Kerd') =0 for j > 1, i <O0.

Since Ker d® € ﬁ7 it follows that Ext%_gI(R-gL Ker di) is well-defined. It is clear that
GT C a(GT) C GI197 (cf. 4.2).

Let £ be the class of all the GZ-acyclic complexes 0 — X — Y — Z — 0 in
a(GZ), i.e., 0 — Homg(Z,G) — Homg(Y,G) — Hompg(X,G) — 0 is exact for any
G € RGTI.

Theorem 4.3. Let R be a ring. Then (a(GZ),E) is a Frobenius category with R-GT as
the projective-injective objects; and the natural functor a(GZ) — Db, (R-Mod)/K"(R-GT)
is a fully faithful triangle functor.

Proof. By the definition of £ any Gorenstein injective module is injective in a(GZ); and
it is also projective in a(GZ): this follows from the following claim, which follows from
Theorem 8.2.5 in [EJ2].

Claim: Let 0 — X — Y — Z — 0 be an element in £, and G € R-GZ. Then

there is the long exact sequence of abelian groups
0 — Hompg (G, X) — Homg(G,Y) — Homg(G, Z) — Extpgz(G, X)
— Bxthrg7(G,Y) — Bxtgr g7 (G, Z) — -+ — Ext} g7(G, X) — - -

For any X € a(GZ), by an easy argument we have 0 — X — G(X) — S(X) — 0
in £ with G(X) € R-GZ. This implies that a(GZ) has enough injectives. If X is injective
in a(GZ), then by applying Hompg(—, X) we see that the short exact sequence splits, and
hence X € R-GT.

Similarly a(GZ) has enough projectives, and any projective object in a(GZ) is a Goren-
stein injective module. That is, (a(GZ),&) is a Frobenius category with R-GZ as the

projective-injective objects.

Since a(GZ) C QILQI, it follows from Lemma 4.2 that there is a canonical embedding
o: a(GT) — D};(R-Mod)/K"(R-GT). It remains to show that o is a triangle functor.

Let0—>Xi>YL>Z—>0beanelementin57and0—>Xi—X>G(X)TF—X>

S(X) — 0 be an element in £ with G(X) € R-GZ. Then X —Y — Z —5 S(X) is a
distinguished triangle in a(GZ), where w is an R-map such that the following diagram is

commutative

(4.1) 0 X Y
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and any distinguished triangle in a(GZ) is given in this way.
On the other hand, we have a distinguished triangle in D, (R-Mod)

(4.2) Xy %z X[
with right fraction

’ pPx
(4.3) w="—¢€ HomDSi(R-Mod)(Z7X[1D7

,U/

where px : Con(u) — X[1] is the natural chain map, and v’ : Con(u) — Z is the GZ-
quasi-isomorphism induced by v. Denote by p’x : Con(ix) — X[1] the natural morphism
of complexes, and 7 : Con(ix) — S(X) the GZ-quasi-isomorphism induced by mx.
Then right fraction Sx := — X s in HomDSi(R_MOd) (S(X), X[1]). We claim that w’' =

X
—Bxw in D};(R-Mod), and hence by (4.2), X —>Y - Z “PXP X[1] is a distinguished
triangle in D;(R-Mod), and then a distinguished triangle in D;(R-Mod)/K®(R-GT).

In fact, by (4.3) the claim is equivalent to px = —SBx(wv’) in D};(R-Mod). Denote
by p’ the chain map Con(u) — Con(ix) induced by p. Then —83x (wv') = (%)(wv') =
pxp’ = px, where the second equality follows from the calculus of right fractions and
wy =7xp in (4.1).

By the distinguished triangle X 2x, G(X) — Con(ix) 2 X[1] in DY;(R-Mod) we
get the corresponding one in DY;(R-Mod)/K"(R-GT) with G(X) = 0, it follows that p,
and hence fx, is an isomorphism in D});(R-Mod)/K®(R-GZ). This shows that 3 : 00§ —

[1] o o is a natural isomorphism. This completes the proof. ]

Remark 4.4. It seems to be interesting to know when a(GT) = D};(R-Mod)/K®(R-GT).
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