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Integrable representations

Weight spaces, multiplicities

Let A be a symmetrisable BKM matrix over a field k, g := g(A).

Let (7, V) be a representation of g.
For x € g, v € V, we write just xv instead of m(x)v.

For A € b*, set
Vi:={veV|hr=XAh)vVheh} =:weight space

If V), # 0, we say that A is a weight of the representation (m, V).

We set
multv(>\) =dimg V)

and call this the multiplicity of A in (m, V') (or in V).
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Integrable representations

h-diagonalisability, characters

We denote by P(V) C h* the set of weights of the representation
(7, V).

A representation (m, V) is called h-diagonalisable (and V an
bh-diagonalisable module), if

1. dim V), < oo for all A € b*, and
2. V= @iepv) V-

If V is h-diagonalisable, we set

chV:= ) (dimg V) e
AEP(V)

and call this the character of V.
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Integrable representations

Characters — continued

chV:= > (dimg Vy)- e
AeP(V)

The value of chV at h € b is defined as

(chV)(h) = D (dimy Vi) - e,
AeP(V)

if the sum converges. (In this case, this can be rewritten as:

(chV)(h)= > try(e"™),

AEP(V)

which is the trace of the linear operator ("))
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Integrable representations

Integrability & invariance of the character under Weyl group action

Let V be an h-diagonalisable g-module. If 7(e;) and 7(f;) act on
V locally nilpotently for all i € I'¢, then V is called integrable.

If V is integrable, then also e, and f, act locally nilpotently for all
a € A", If we set

ro\é/ — eﬂ’(fa)e7r(7eo¢)e7r(fa)7
then

vev, = rCl/VE Vra)\
It follows:

If V is an h-diagonalisable integrable g-module, then chV is
invariant under the action of the Weyl group.
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Integrable representations

Highest weight modules and highest weight vectors

Let V be an h-diagonalisable integrable g-module. If there exists a
A € P(V) and an element 0 # vy € V with the following
properties

1. xvp =0 for all x € ny, and

2. d(g)-wva =V,
then V is called highest weight representation (or highest weight
g-module) with highest weight \ and v a highest weight vector.

Note that:
U(g) = U(n-) - Y(h) - Ulny)
(by the PBW-Theorem) and that this implies that already

L[(l‘lf) s VA = %
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Integrable representations

Properties of highest weight modules and vectors

If V is a highest weight g-module with highest weight A, then we
have:

» Any X € P(V) can be written as

A=N— Enzm,'oz,'
i=1

with m; € Zzo.
> Vp =Cwy (dimk Vph = ].)
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Integrable representations

Verma modules

Since
il(n,) VA = \/,

the linear map f : Y(n_) — V, x — xv, is clearly surjective.

If f is also injective, then we call V a Verma module. We denote
the Verma module with highest weight A by M(A).

It can be shown that, given a A € h*, a Verma module with
highest weight A exists (explicit construction) and that it is unique
(using universal properties).
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Integrable representations

Characters of Verma modules

We get a basis of the Verma module M(A) if we have a basis of
U(n_), because f : U(n_) — V, x +— xvp is a linear isomophism.

We take a basis of n_, from which we can construct by the
PBW-Theorem a basis of £l(n_).

From this basis (and an application of the geometric series) we

obtain:
/\
ChM H —« mult(a)
OAEA+

We set R:=[],en, (1 - e~®)™u()  Then: chM(A) = %
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Integrable representations

Singular and primitive vectors and weights

The second condition for highest weight modules does not imply
that they are irreducible. To study what can happen, we will now
take a look at “maximal weights” for invariant subspaces.

Let V be a highest weight g-module and A € P(V) with X # A,
the highest weight of V.
We call a vector 0 # v € V),

» a singular vector of weight X\ if ejv =0 for all i € /

» a primitive vector of weight X if there is an invariant subspace
UcCVsit

1. v¢ U, and
2. ggve Uforalliel.

If there is a singular (primitive) vector of weight A, we call X a
singular (primitive) weight.
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Integrable representations

The action of the Casimir element

Casimir element

dimb

—2Q+Zuu,~l—2 Z e,a

aEAy

Forget about the exact definition. The following properties are
more important.
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Integrable representations

The action of the Casimir element

Casimir element Q

If V is a highest weight g-module with highest weight A, then Q is
a scalar operator with eigenvalue (A|A + 2p), where g is the half
sum of the positive roots.

Idea of proof: Use the definition and show the identity for va. Now
use that U(n_) - vo = V and that the action of the Casimir
element commutes with the action of g.

Further, if X is a primitive weight, then
(AA + 20) = (AN + 20).

Idea of proof: Show the identity for singular vectors and use that
primitive vectors are singular vectors in V/U!
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Integrable representations

Properties of integrable highest weight representations

Let V be a highest weight g-module with highest weight A. If V is
integrable, then

(N, o)) € Zsg forall i € 1.

The converse is in general not true!
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Integrable representations

More on Verma modules and highest weight modules

One can show:

Every highest weight g-module V with highest weight A is
isomorphic to a quotient of the Verma module M(A) by an
appropriate invariant subspace U:

V = M(A)/U

(Construct U explicitly!)

Let us denote by vp a highest weight vector for V, and by V a
highest weight vector for M(A).
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Integrable representations

Characterisation of integrability

If A € h* with
</\7 OCY> € ZZO

for all i € I, define Uy C M(A) as follows:
Uo:= Y t(n) £ g,
ielre

(Here, (A,aY) =: m; is the minimal possible integer with f™+1y, =0.)

Then:
» Up is an invariant subspace of M(A), and
» if U is an invariant subspace of M(A), then

V := M(A)/U is integrable < Uy C U.
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Integrable representations

Kac-Moody vs. Borcherds case: Integrability does not imply irreducibility

g(A) is a Kac-Moody Lie algebra < ™ = |
So, the elements of the set {f; | i € I} contain all generators of
n_.

One can show that in the Kac-Moody case, the subspace Uy as
defined above is a maximal proper invariant subspace. So every U
with Uy C U is already Up.

From this, one can derive that in the Kac-Moody case, every
integrable highest weight g-module is irreducible.

In the non Kac-Moody case, a U for which Uy C U is not unique.
There exist integrable highest weight g-modules which are not
irreducible if g is not a Kac-Moody Lie algebra. In particular, if
I"® = (), then all highest weight modules are integrable.
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Integrable representations

Maximal proper invariant submodules and irreducible highest weight modules

If V is a highest weight module with highest weight A € b*, then
there is a maximal proper invariant submodule of V.

For A € h*, we denote the maximal proper invariant subspace of
the Verma module M(A) by Jj.

For A € h*, there is a unique irreducible highest weight module
L(A) with highest weight A, namely L(A) = M(A)/Ja.
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Integrable representations

Category O

Category O7
For A € b*, set

D) ={pebh |p<A={A-alacQi}.

(Q+ = positive root lattice)

The objects of the category O are the h-diagonalisable g-modules
V such that there exist A1,..., Ax € h* with

k
P(V) c @ D).
i=1
The morphisms are homomorphisms of g-modules.
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Integrable representations

Properties of the category O, primitive and singular weights

» The category O is closed under taking subobjects and
quotients.

» For an object in the category O, there are only finitely many
maximal weights.

» X € P(V) is called primitive weight, if there exists 0 # v € V),
and an invariant subspace U C V with

1. v¢ U, and
2. eve Uforall 1 <i<n.

» If U =0, then we call \ a singular weight.

For an object V in the category O, primitive vectors of sub- and
factor objects give rise to primitive vectors for V itself.
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Integrable representations

Further properties of the category O

If V is an object in the category O, then there is a proper invariant
submodule U of V such that V/U is an irreducible g-module.

In particular, if one takes one of the maximal weights A of V/, then
there exists a proper invariant submodule U of V such that

V/U=L(N).
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Integrable representations

A (first) character formula for objects in the category O

Let V be an object in the category O.
Then there exists a series

e CWegpncWec---CcWi W=V

such that
1. Wy /Wyy1 are irreducible g-modules, k =0,1,2,..., and

If we have such a series and we denote the highest weights (# 0)
of Wk/Wk+1 by Mk, k=0,1,2,..., then

chV =" chL(u).

k
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Integrable representations

A character formula for Verma and highest weight modules

Rewriting the formula for Verma modules, we get:

chM(A)= > b(AA)chL()),
A<A,
IA+el2=|A+o|?

where b(A, \) € Z>¢ are uniquely determined by M(A) and
b(A,N) = 1.

Applying this to a general highest weight module V = M(A)/U of
highest weight A € h* we obtain:

chV= Y (A A)chL(}),
A<A,
A+ol?=|A+ol?

where ¢(A,\) € Z and c(A,N\) = 1.
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Character formula and denominator identity

Dominant integral weights

Let A be a BKM matrix. We set:
» P :={Aebh*| ()\,a,\/> € Zx>o Vi € I"®}
> Pryi={ e Py | (\a))yeZViel®}

> P(+) = {)\ € Py | ()\,O&Y) >0Vie /}
=: dominant integral weights

Aim:
Compute chp := chL(A), where L(A) is the irreducible highest
weight g-module with highest weight A € P(4).
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Character formula and denominator identity

Application of the character formula for highest weight modules to irreducible modules

cha= Y c(AA)chM(X)
A<A,
[A+el2=[A+el?
1
= Z c(A, \)et
R A<A,
[A+ol2=[A+o|?
1
= D cAxnerte

A<A,
[Aol?=|A+o|?
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Character formula and denominator identity

Calculation of coefficients

Since chp is W-invariant and w(e?) = e(w)e? for w € W, we get:

> If A\, € P(A) with w(p+0) =X+pand |u+ 0= A+ 0
then
(A A) = e(w)e(A, p).

> If c(A, ) #0, then w(pn+ ) < A+ pforall we W.

From this we obtain:
If A€ Piyy and p € b* with w(p+ o) <A+ forall we W, then
there exists wy € W with

(wo(p + 0),a)) >0Viel™

Idea of proof: Use the heights of the corresponding vectors.
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Character formula and denominator identity

Calculation of coefficients — non zero coefficients and simplification of the character
formula

It follows from a direct calculation, that

rilp+0) =p+o
) =0, and therefore (using the skew symmetry
that

if (wo(u + 0), )
w.r.t. W above)

c(A, ) =0.
Taking into account that now (wo(p + o), @) > 1 has to be
fulfilled, one can show that one has to summerise in the character
formula only over the © € Py, and that all the y are such that

pw~+ 0= w(A+ o) for some w € W.

So, the character formula simplifies to

e’R - chp = Z e(w) Z c(A, N)e"Fo),

weW AePy
A<A, [A+eol?=[A+el?
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Character formula and denominator identity

Calculation of coefficients — non zero coefficients

For simplification, we set:

Sp = Z c(A, N)e ),

AeP,
AZA, |A+ol?=|A+o|2

Now, the question is: What are the A € P, satisfying the two
conditions
A <A, and

A+of =[A+0of 7
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Character formula and denominator identity

Calculation of coefficients — characterisation of non zero coefficients

Let A be a symmetrisable BKM matrix and A € Py and A € h*
with A < A and (A + p|a;) > 0 for all i € I". Then:
> If i € supp(A —X)N 1", then (A + A+ 2p|a;) > 0.
> If i € supp(A — A) N 1™, then (A + X+ 2g|a;) > 0.
> A+ o = A+ of?
> Write A=A =3, , mja; with J C I and m; € Z>g. Then:
IN+ 0% = |A + 0/? if and only if
Jc '™ and
if i € J, then (AJa;) =0, and
if i,j € J with i # j, then (cj|aj) =0, and
if i € J [with a; < 0], then m; = 1.

vV vyVvyy
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Character formula and denominator identity

Calculation of coefficients

Claim:

If c¢(A,\) # 0, then
c(A,A) = (=)

for J defined as above.
Since (A|aj) =0 for i € J, it follows that

fivp € /\/I(/\)

is a singular vector. Thus it cannot appear in the irreducible
representation L(A). It follows that A — «; is not a weight of L(A).
So the coefficient c(A, N — «;) is zero.
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Character formula and denominator identity

Calculation of coefficients

Now, compare the two hand sides in the simplified character
formula!

Let now i, ..., ik € J be distinct roots. Then A —aj —... —
cannot be a weight of L(A), this follows from the fact that the «;,
are pairwise orthogonal (and some calculations).

But the expression e™ %1~ %k appears in the expansion of

R — H (1 - e—a)mult(a)‘

acAy

It can only be obtained from
(1= €)oo (1 - %),

since one can show that «j, + «@j, cannot be a root.
So, the coefficient is (—1), as stated above.
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Character formula and denominator identity

The character formula for BKM algebras

Theorem

If g(A) is a symmetrisable BKM Lie algebra, then, for A € Py,

chp = QR Z W(S/\)

weWw
. ) A-o—(aj, +ta;
with Sp := ZkeZZO;il,.“,ikelim;(i),(ii)(_1)ke et where
(i) (Mlej)=0forj=1,....k
(ii) i, ..., i distinct with ..., «j, pairwise orthogonal.
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Character formula and denominator identity

The character formula: the Kac-Moody case

From the previous considerations, one can derive that only element
A fulfilling all the conditions above (and over which we have to
summerise in the expression Sp) is A itself.

So we get:
Theorem

If g(A) is a symmetrisable Kac-Moody Lie algebra, then, for
A€ Pi(=Py),

1
— = w(A+o)
chy = R E e(w)e .
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