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Abstract. — To any hyper-Kähler variety K of generalized Kummer type is associated
via Hodge theory a K3 surface SK . We show how they are related geometrically through
a moduli space of sheaves on SK . As a consequence, building fundamentally on the
works of O’Grady, Markman, Voisin, Varesco, we establish the Hodge conjecture for all
powers of any of these K3 surfaces as well as for all abelian fourfolds of Weil type with
discriminant 1 and their powers, strenghtening a result of Markman.

1. Introduction

A manifold of generalized Kummer type is by definition a compact Kähler manifold

which is deformation equivalent to the generalized Kummer varietyKn(A) on an abelian

surface A constructed by Beauville in [8]. Manifolds of generalized Kummer type give

examples of hyper-Kähler manifolds ([8, 31]) in each even dimension 2n, commonly

referred to as manifolds of Kumn-type; by a variety of Kumn-type we shall indicate

one such manifold which is projective. For any n > 1, these projective varieties form

countably many 4-dimensional families. Besides Beauville’s construction of generalized

Kummer varieties, other examples can be obtained by considering moduli of stable

sheaves on abelian surfaces [58]; however, it is known that the general projective variety

of generalized Kummer type cannot be realized from such a construction.

In this article we consider some K3 surfaces naturally attached via Hodge theory

to varieties of generalized Kummer type. Let K be a variety of Kumn-type. By the

Torelli theorem there exists a unique K3 surface SK such that there exists a Hodge

isometry H2
tr(SK ,Z)

∼−−→ H2
tr(K,Z)(2) of transcendental lattices, where on the right-

hand side the Beauville-Bogomolov form is multiplied by a factor 2. If K = Kn(A) is

the generalized Kummer variety on an abelian surface A, then SK is the Kummer K3

surface Km(A), which motivates our definition.
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We will explain how the K3 surface SK is related geometrically to K, for any vari-

ety K of Kumn-type. Indeed, there exists a natural subvariety WK of K which is a

hyper-Kähler variety of K3[m]-type where either 2m = n or 2m = n + 1, with the key

property of deforming everywhere together with K; i.e., WK is a trianalytic submani-

fold of K in the sense of Verbitsky [56]. It is obtained as the component of maximal

dimension of the fixed locus of an involution of K which acts trivially on the second co-

homology group; such automorphisms were studied already in [30, 9, 52, 38, 21] and

used to produce trianalytic cycles in [37]. Our contribution lies in the determination of

the period of WK : we show that the pull-back along ι : WK ↪→ K induces a primitive

embedding of lattices and Hodge structures ι∗ : H2
tr(K,Z)(2)

∼−−→ H2
tr(WK ,Z), where

on the left-hand side the form is multiplied by 2. It follows that WK ⊂ K is a smooth

and projective moduli space of stable sheaves on the K3 surface SK .

As a consequence of the above construction, we obtain the following result.

Theorem 1.1. — There exists an algebraic cycle on SK×K inducing a Hodge isometry

H2
tr(SK ,Q)

∼−−→ H2
tr(K,Q)(2).

This algebraic cycle gives in fact an isomorphism between the transcendental parts

of the homological motives of SK and K in degree 2, see Theorem 5.8.

Building on results of O’Grady [51], Markman [41], Voisin [57] and Varesco [55],

we use Theorem 1.1 to prove some cases of the Hodge conjecture.

Theorem 1.2. — Let K be any projective variety of Kumn-type, and SK be the K3

surface with transcendental lattice H2
tr(SK ,Z)

∼−→ H2
tr(K,Z)(2). Then:

(i) the Kuga-Satake correspondence is algebraic for SK ;

(ii) the Hodge conjecture holds for any power of SK .

The theorem gives countably many new families of K3 surfaces of general Picard

rank 16 for which it is possible to prove (i) and (ii), generalizing previous results from

[53, 35, 21]. Using that isogenies of K3 surfaces are algebraic by [14, 33], we show

that the conclusions of Theorem 1.2 hold for any K3 surface S such that there exists

an isometric embedding of rational quadratic spaces H2
tr(S,Q) ↪→ (U⊕3

Q ⊕ ⟨−m⟩Q) for

some positive integer m, where U denotes a hyperbolic plane; see Theorem 5.10.

Let us summarize the main points of the proof. Recall that the Kuga-Satake con-

struction ([40, 17]) produces an abelian variety KS(X) from a polarized hyper-Kähler

variety X, with an embedding of Hodge structures H2(X,Q)prim ↪→ H2(KS(S)2,Q)

called the Kuga-Satake correspondence; according to the Hodge conjecture, this em-

bedding should be induced by an algebraic cycle.
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It was shown by O’Grady [51] and Markman [41] that the Kuga-Satake variety

of a Kumn-variety is isogenous to a power of its third intermediate Jacobian J3(K),

which is an abelian fourfold of Weil type with discriminant 1. Moreover, varying K

in polarized families one obtains all complete up to isogeny families of such abelian

fourfolds (see also [28]). Abelian fourfolds of Weil type are characterized by the presence

of exceptional Hodge classes: there is a 2-dimensional space of Hodge classes in their

middle cohomology which cannot be represented as intersection of divisors (see [27,

45]). Markman has proven in [41] that these Hodge-Weil classes are algebraic for any

fourfold of Weil type of discriminant 1; his results further imply that the Kuga-Satake

correspondence is algebraic for any variety of Kumn-type, as shown by Voisin [57].

Theorem 1.2 is then obtained as follows. By definition, the Kuga-Satake variety of SK

is isogenous to a power of the Kuga-Satake variety ofK, and, hence, to a power of a Weil

fourfold with discriminant 1. We deduce Theorem 1.2.(i) from Theorem 1.1 and the

algebraicity of the Kuga-Satake correspondence for the Kumn-varietyK. Statement (ii)

is a consequence of (i) thanks to the work of Varesco [55].

The Hodge conjecture for a very general fourfold A of Weil type with discriminant 1

is proven by Markman in [41], which implies the Hodge conjecture alos for powers of

such A by [55, 42]. However, the results of [41] do not directly imply the Hodge conjec-

ture for an arbitrary Weil fourfold with discriminant 1. As application of our results we

complete the proof of the Hodge conjecture for all Weil fourfolds with discriminant 1,

and their powers.

Theorem 1.3. — Let A be an abelian fourfold of Weil type with discriminant 1. Then

the Hodge conjecture holds for A and all of its powers.

To prove this result, we show in Theorem 3.5 that if S is any K3 surface such that the

Kuga-Satake correspondence is algebraic and the Hodge conjecture holds for any power

of S, then the Hodge conjecture holds for any power of the Kuga-Satake variety of S

as well. We then obtain Theorem 1.3 from Theorem 1.2 using that any Weil fourfold

with discriminant 1 appears as isogeny factor of the Kuga-Satake variety of some K3

surface SK as in Theorem 1.2.
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2. Motives

2.1. — A neutral Tannakian category C is a Q-linear abelian rigid tensor category in

which End(1) = Q and which admits an exact faithful tensor functor ω : C → VectQ.

We refer the reader to [18] for more details. The group of tensor automorphisms of ω is

a (pro-)algebraic group G(C) with the property that C is ⊗-equivalent to the category

of finite-dimensional representations of G(C). Thus, neutral Tannakian subcategories

of C correspond bijectively to quotients of G(C). Given M ∈ C, we denote by ⟨M⟩C the

neutral Tannakian subcategory of C generated by M ; more directly, it is defined as the

smallest thick and full subcategory containing M and closed under direct sums, duals,

tensor products and subobjects. Then ⟨M⟩C is equivalent to the category of finite-

dimensional representations of a linear algebraic group GC(M) ⊂ GL(ω(M)), called

the Tannakian fundamental group of M .

2.2. — The category HS of polarizable pure Q-Hodge structures is an abelian and

semi-simple rigid tensor category, which is neutral Tannakian via the forgetful functor to

Q-vector spaces. The Tannakian fundamental group of a polarizable Hodge structure V

is a reductive and connected algebraic group over Q ([44]) denoted by MT(V ) ⊂ GL(V )

and called the Mumford-Tate group of V . By reductivity, it is equivalently defined as

the subgroup of GL(V ) which fixes all Hodge classes in any tensor construction

V ⊗i ⊗ V ∨,⊗j ⊗Q(k),

where Q(k) is the Tate Hodge structure of weight −2k. Provided that V is not entirely

of weight 0, there is a central torus Gm,Q ⊂ MT(V ) whose action induces the weight

decomposition of the objects in ⟨V ⟩HS.

Remark 2.1. — Let V ∈ HS be a Hodge structure of odd weight. We will denote

by ⟨V ⟩evHS the full subcategory of ⟨V ⟩HS of Hodge structures of even weight, which is

a neutral Tannakian subcategory of HS. If w : Gm,Q → MT(V ) denotes the inclusion

of the weight torus, the objects of ⟨V ⟩evHS are precisely the Hodge structures in ⟨V ⟩HS
on which w(−1) acts trivially. Hence, we have MT(⟨V ⟩evHS) = MT(V )/w(−1). It fol-

lows that if W is a Hodge structure of even weight in ⟨V ⟩HS such that the induced

surjective morphism ϕ : MT(V ) → MT(W ) of Mumford-Tate groups is an isogeny of

degree 2, we then have the equality ⟨V ⟩evHS = ⟨W ⟩HS of subcategories of HS. Indeed,

since W has even weight, it belongs to ⟨V ⟩evHS, and therefore, ϕ factors as the compo-

sition of the projection ψ : MT(V ) → MT(⟨V ⟩evHS) followed by a surjective morphism

ϕ′ : MT(⟨V ⟩evHS) → MT(W ) of algebraic groups. But both ϕ and ψ are isogenies of

degree 2, and, hence, ϕ′ is an isomorphism; it follows that ⟨W ⟩HS = ⟨V ⟩evHS.
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2.3. — An algebraic class on a smooth and projective complex variety X is a coho-

mology class α ∈ H2k(X,Q) which is Q-linear combination of fundamental classes of

subvarieties of X. Any algebraic class is a Hodge class, and the Hodge conjecture pre-

dicts that, conversely, all Hodge classes are algebraic. A correspondence from X to Y

of degree k is by definition an algebraic class in H2k+2dimX(X×Y,Q); correspondences

may be composed ([26]). Grothendieck’s theory of motives is very useful in the study of

algebraic cycles; in brief, the main insight is to use correspondences as morphisms. We

denote by Mot the category of homological motives over C with rational coefficients,

see [5]. Its objects are triples (X, p, n) where X ∈ SmProjC, p ∈ H2 dimX(X × X,Q)

is an idempotent correspondence, and n is an integer. Morphisms from (X, p, n) to

(Y, q,m) are defined to be the correspondences f ∈ H2m−2n+2dimX(X × Y,Q) of de-

gree m − n such that f ◦ p = q ◦ f . There is a realization functor R : Mot → HS

which sends (X, p, n) to p∗(H
•(X,Q)(n)). Moreover, there is a contravariant functor

h : SmProjC → Mot which attaches to the smooth and projective variety X its motive

h(X) := (X,∆X , 0), where ∆X ∈ H2 dimX(X ×X,Q) is the class of the diagonal. The

composition R ◦ h is the functor H• : SmProjC → HS which associates to the smooth

and projective complex variety X its rational Hodge structure H•(X,Q).

2.4. — The category Mot of homological motives is a pseudo-abelian tensor cate-

gory via the product of varieties. However, it is not known to be abelian nor Tan-

nakian: these properties are conditional to the validity of Grothendieck’s standard

conjectures [29]. By the work of Jannsen [36] and André [4], we have the follow-

ing. Given m ∈ Mot, we let ⟨m⟩Mot be the smallest thick and full subcategory of Mot

containing m and closed under direct sums, duals, tensor products and subquotients.

Theorem 2.2 ([6, Theorem 4.1]). — Let X be a smooth and projective variety. The

standard conjectures hold for X if and only if ⟨h(X)⟩Mot is a semisimple abelian neutral

Tannakian category.

Thus, provided that the standard conjectures hold for X, we can attach to it a

reductive algebraic group GMot(h(X)) over Q, whose representation category is equiv-

alent to ⟨h(X)⟩Mot. The algebraic group GMot(h(X)) is characterized as the subgroup

of
∏
j GL(Hj(X,Q)) fixing exactly the algebraic classes in H2j(Xk,Q(j)), for any j

and k. There is a canonical inclusion iX : MT(H•(X,Q)) ↪→ GMot(h(X)), which is

an isomorphism if and only if the Hodge conjecture holds for X and all of its powers.

Moreover, any object of ⟨h(X)⟩Mot admits a weight decomposition induced by the ac-

tion of the weight torus Gm ⊂ MT(H•(X,Q)) ⊂ GMot(X). In particular, we have the

Künneth decomposition h(X) =
⊕

i h
i(X) in Mot.
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Remark 2.3. — Let X be a smooth and projective variety and assume that the

Künneth component h2(X) of h(X) is well-defined. Thanks to Lefschetz theorem on

divisors, this motive splits as h2(X) = h2tr(X)⊕h2alg(X): the realization of h2alg(X) is the

Néron-Severi group NS(X)Q while that of h2tr(X) is the transcendental partH2
tr(X,Q) of

H2(X,Q), the smallest sub-Hodge structure whose complexification contains H2,0(X).

Remark 2.4. — In light of Theorem 2.2 we shall say that the standard conjectures

hold for a motive m ∈ Mot if the category ⟨m⟩Mot is an abelian and semisimple neutral

Tannakian category, thus equivalent to the category of representations of a reductive

algebraic group GMot(m). When this happens, the realization functor R : ⟨m⟩Mot → HS

is conservative (see [5, Corollaire 5.1.3.3]), i.e., a morphism in ⟨m⟩Mot is an isomorphism

if and only if its realization is an isomorphism of Q-Hodge structures.

Remark 2.5. — Let m ∈ Mot be a motive for which the standard conjectures hold.

The torus w : Gm,Q ↪→ GMot(m) inducing the weight decomposition for the objects in

⟨m⟩Mot coincides with the weight torus Gm,Q ⊂ MT(R(m)) from Hodge theory. Assume

that m is a motive of odd weight and let ⟨m⟩evMot be the full subcategory of ⟨m⟩Mot

of objects of even weight, which is again abelian, semisimple and neutral Tannakian.

Analougously to Remark 2.1, the motives in ⟨m⟩evMot correspond to the representations of

GMot(m) on which w(−1) acts trivially. Therefore, the natural morphism of algebraic

groups GMot(m) → GMot(⟨m⟩evMot) is an isogeny of degree 2. Moreover, by the same

argument given in Remark 2.1, if n ∈ ⟨m⟩Mot is a motive of even weight such that the

corresponding morphism GMot(m) → GMot(n) is an isogeny of degree 2, we then have

the equality ⟨n⟩Mot = ⟨m⟩evMot of subcategories of Mot.

2.5. — The standard conjectures are known to hold for curves, surfaces and abelian

varieties; they hold for varieties X and Y if and only if they hold for X × Y , see [39].

The standard conjectures are not known to hold in general for hyper-Kähler varieties.

They hold for the varieties of K3[n], OG10 and OG6-type built via moduli spaces of

sheaves on K3 or abelian surfaces by [13, 22, 20], and for some hyper-Kähler varieties

admitting a Lagrangian fibration [2]. The standard conjectures have been fully proven

for varieties of K3[n]-type by Charles and Markman [16]. Recently, Foster [24] proved

that they hold in certain degrees for varieties of Kumn-type; for later reference we state

the following consequence of his results (see also [23, Remark 3.2]).

Theorem 2.6 ([24]). — Let K be a variety of Kumn-type. The Künneth projector

H•(K,Q) → H2(K,Q) is algebraic. Moreover, the standard conjectures hold for the

Künneth component h2(K) ∈ Mot of the motive of K.
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3. The Kuga-Satake construction

3.1. — Let V be a Q-vector space equipped with a non-degenerate symmetric bilinear

form q. The Clifford algebra

C(V ) :=
⊕
j⩾0

V ⊗j/⟨v · v − q(v, v)⟩v∈V

is naturally Z/2Z-graded: C(V ) = C+(V )⊕C−(V ). The Clifford algebra acts on itself

via left and right multiplication. We fix a vector v0 ∈ V such that q(v0, v0) ̸= 0. Setting

µ(v)(a) := v · a · v0 we obtain an embedding

(1) µ : V ↪→ End(C+(v)).

Remark 3.1. — We denote by EndC+(C+(V )) the algebra of linear endomorphisms

of C+(V ) commuting with the action of C+(V ) on itself by right multiplication. There

is a canonical isomorphism C+(V ) = EndC+(C+(V )), i.e., any f ∈ EndC+(C+(V )) is

induced by left multiplication by some αf ∈ C+(V ); see [17, §3] or [3, §4.2].

3.2. — Assume now that (V, q) is a polarized Q-Hodge structure of K3-type, by which

we mean that V is an effective Hodge structure of weight 2 with Hodge numbers (1, k, 1).

Following [40] and [17], the Hodge structure on V determines an effective polarizable

Hodge structure of weight 1 on C+(V ). This thus defines an abelian variety KS(V ) up

to isogeny, such that H1(KS(V ),Q) ∼= C+(V ). With a suitable Tate twist to make V

of weight 0, the embedding µ : V (1) → End(H1(KS(V ),Q)) of (1) is a morphism of

Hodge structures (for any choice of the vector v0 ∈ V ).

Remark 3.2. — It is explained by Deligne [17, §4] how the Hodge structure on C+(V )

is induced through the action of the Clifford group CSpin(V ), which is a subgroup

of C+(V )∗ acting on C+(V ) via left multiplication. This means that the Mumford-

Tate group of H1(KS(V ),Q) is contained in CSpin(V ) ⊂ GL(C+(V )). Moreover the

morphism MT(H1(KS(V )),Q) → MT(V ) induced by the embedding µ is an isogeny of

degree 2, being the restriction of the double cover CSpin(V ) → GO(V ), where GO(V )

is the group of linear automorphisms of V preserving the form up to scalar.

3.3. — Let S be a polarized K3 surface or hyper-Kähler variety, and consider the

polarized Hodge structure of K3-type V = H2(S,Q)prim, the orthogonal to the given

polarization, equipped with the restriction q of the form. We may also take for q the

restriction of the Beauville-Bogomolov form, a natural pairing on the second cohomol-

ogy of a hyper-Kähler manifold ([8]). We define the Kuga-Satake variety KS(S) of S as
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the abelian variety obtained from (V, q) via the Kuga-Satake construction. As above,

we have an embedding of Hodge structures

µ : H2(S,Q)prim(1) ↪→ End(H1(KS(S),Q));

identifying H1(KS(S),Q)∨ with H1(KS(S),Q)(1) by means of a polarization, we get

the embedding of Hodge structures

(2) µ′ : H2(S,Q)prim ↪→ H1(KS(S),Q)⊗2 ⊂ H2(KS(S)2,Q).

Conjecture 3.3. — The morphism µ′ is induced by an algebraic cycle on S×KS(S)2.

This is the Kuga-Satake Hodge conjecture, which is of course a special case of the

Hodge conjecture. It has been proven for many K3 surfaces of Picard rank at least 17

([47]), but it is widely open otherwise. In [53] and [35] the conjecture is proven for

two 4-dimensional families of K3 surfaces of general Picard rank 16; countably many

more such families of K3 surfaces for which the conjecture holds are found in [21]. The

paper [10] proves Conjecture 3.3 for a 9-dimensional family of K3 surfaces related to

certain cubic fourfolds. The Kuga-Satake Hodge conjecture has been proven for all

hyper-Kähler varieties of generalized Kummer type by Markman [41] and Voisin [57].

Remark 3.4. — As a variant, we may define KS′(S) as the Kuga-Satake variety

built from the smaller Hodge structure of K3-type H2
tr(S,Q); then the Kuga-Satake

variety KS(S) built from H2(S,Q)prim is isogenous to a power of KS′(S) (see [32,

Chapter 4, Example 2.4]). Moreover, Conjecture 3.3 is equivalent to the statement

that the embedding µ′ : H2
tr(S,Q) ↪→ H1(KS′(S),Q)⊗2 ⊂ H2(KS′(S)2,Q) analogous

to (2) is induced by an algebraic cycle.

3.4. — We are now ready to prove the main result of this section.

Theorem 3.5. — Let S be a projective K3 surface. Assume that the Kuga-Satake

Hodge conjecture holds for S. Then the Hodge conjecture holds for all powers of S if

and only if it holds for all powers of its Kuga-Satake variety KS(S).

We will deduce this result from the following proposition. Recall (§2.5) that the

standard conjectures hold for S as well as for KS(S).

Proposition 3.6. — Let S be a projective K3 surface. Assume that the Kuga-Satake

Hodge conjecture holds for S. Then, the motive h2(S) belongs to the subcategory

⟨h1(KS(S))⟩Mot of the category Mot of homological motives and the induced morphism

of algebraic groups GMot(h
1(KS(S))) → GMot(h

2(S)) is an isogeny of degree 2.
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Proof. — By Theorem 2.2, the subcategory ⟨h(KS(S)×S)⟩Mot of Mot is an abelian and

semisimple neutral Tannakian category. Hence, if Conjecture 3.3 holds for S, then the

motive h2(S) is a direct summand of h2(KS(S)2), and so it belongs to ⟨h1(KS(S))⟩Mot.

We obtain the commutative diagram

GMot(h
1(KS(S))) GMot(h

2(S))

MT(H1(KS(S),Q)) MT(H2(S,Q))

ψ

iA

ϕ

iS

We know from Remark 3.2 that the morphism ϕ is an isogeny of degree 2; we will show

that ker(ψ) = ιA(ker(ϕ)), which implies that ψ is also an isogeny of degree 2.

To ease notation, we let A := KS(S) and V := H2(S,Q)prim; we denote by q the

polarization form on V . By Remark 3.2, the action of C+(V ) on H1(A,Q) via right

multiplication commutes with MT(H1(A,Q)), i.e., C+(V ) acts via Hodge endomor-

phisms. By Lefschetz (1,1)-theorem, any such endomorphism is algebraic. Therefore,

GMot(h
1(A)) ⊂ GL(H1(A,Q)) commutes with the C+(V )-action given by right multi-

plication. By Remark 3.1, we can thus identify GMot(h
1(A)) with a subgroup of C+(V )∗,

the group of units in the Clifford algebra, acting on C+(V ) via left multiplication.

Let g ∈ ker
(
ψ : GMot(h

1(A)) → GMot(h
2(S))

)
; then g : H1(A,Q) → H1(A,Q) is left

multiplication by some αg ∈ C+(V )∗. We claim that αg is a central element of C+(V ).

By assumption, the embedding µ : V (1) ↪→ End(H1(A,Q)) is induced by an algebraic

cycle. As g ∈ ker(ψ), it follows that g commutes with the image of µ. Recall (§3.1)

that the definition of µ depends on a vector v0 ∈ V with q(v0, v0) ̸= 0, such that

µ(v)(β) := v · β · v0. In the Clifford algebra we have v2k0 = q(v0, v0)
k · e where e is the

identity element, and any β ∈ C+(V ) is a linear combination of products v1 · · · v2k of

an even number of vectors in V . As g commutes with µ(v) for any v ∈ V , we find:

αg(v1v2 · · · v2k) =
1

q(v0, v0)k
· αg · (v1v2 · · · v2k) · v2k0

=
1

q(v0, v0)k
·
(
g ◦ µ(v1) ◦ µ(v2) ◦ . . . ◦ µ(v2k)

)
(e)

=
1

q(v0, v0)k
·
(
µ(v1) ◦ µ(v2) ◦ . . . ◦ µ(v2k) ◦ g

)
(e) = (v1v2 · · · v2k)αg.

Therefore, ker(ψ) is contained in the center of C+(V ). But V = H2(S,Q)prim has

odd dimension 21, and in such case C+(V ) is a central simple algebra ([17, p. 216]).

The units in the center of C+(V ) thus form a torus Gm,Q acting on C+(V ) via scalar

multiplication; this torus induces the weight filtration on objects of ⟨H1(A,Q)⟩HS and

so it is contained in MT(H1(A,Q)). Hence, ker(ψ) is contained in iA(ker(ϕ)).
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Proof of Theorem 3.5. — One direction is immediate: as Conjecture 3.3 holds for S by

assumption, we have h2(S) ∈ ⟨h1(KS(S))⟩Mot, and the Hodge conjecture for all powers

of KS(S) clearly implies the Hodge conjecture for all powers of S.

Let us prove the converse implication. The Hodge conjecture for all powers of KS(S)

predicts that the realization functor R : Mot → HS induces a surjection

(3) HomMot(Q(−j), h2j(KS(S)k)) → HomHS(Q(−j), H2j(KS(S)k,Q)),

for any k and j. Only motives and Hodge structures of even weight are involved

in (3), and so these Hom-spaces are actually taken in the categories ⟨h1(KS(S))⟩evMot

and ⟨H1(KS(S),Q)⟩evHS, respectively. Proposition 3.6 and Remark 2.5 yield the equal-

ity ⟨h1(KS(S))⟩evMot = ⟨h2(S)⟩Mot of subcategories of Mot; in particular, h2j(KS(S)k)

belongs to ⟨h2(S)⟩Mot for any j and k. Therefore, the map in (3) is the map

Hom⟨h2(S)⟩Mot
(Q(−j), h2j(KS(S)k)) → Hom⟨H2(S,Q)⟩HS(Q(−j), H2j(KS(S)k,Q))

given by the realization functor R. If the Hodge conjecture holds for all powers of S,

then R : ⟨h2(S)⟩Mot → ⟨H2(S,Q)⟩HS is full, and the maps in (3) are surjective.

3.5. — For later use, we recall the following functoriality property of the Kuga-Satake

construction, following Varesco [54]. Let X and Y be hyper-Kähler varieties, not

necessarily deformation equivalent and possibly of different dimensions. Assume that

ϕ : H2
tr(X,Q) → H2

tr(Y,Q) is a rational Hodge similitude, i.e., ϕ is an isomorphism of

Q-Hodge structures which multiplies the Beauville-Bogomolov form on the left-hand

side by some non-zero k ∈ Q. As in Remark 3.4, let KS′(X) and KS′(Y ) be the Kuga-

Satake varieties constructed from H2
tr(X,Q) and H2

tr(Y,Q), respectively. It is then

proven in [54, Proposition 3.1] that there exists an isogeny Ψ: KS′(X) → KS′(Y ) of

abelian varieties such that the following diagram

H2
tr(X,Q) H2

tr(Y,Q)

H1(KS′(X),Q)⊗2 H1(KS′(Y ),Q)⊗2

µ′X

ϕ

µ′Y

Ψ∗

commutes, where µ′X and µ′Y are the respective Kuga-Satake correspondences and the

bottom arrow is the isomorphism induced by the isogeny Ψ.

Remark 3.7. — With notation as above, assume that ϕ : H2
tr(X,Q) → H2

tr(Y,Q) is

induced by an algebraic cycle on X × Y . Then, Conjecture 3.3 for Y implies Conjec-

ture 3.3 for X. Indeed, the above diagram yields µ′X = (Ψ∗)
−1 ◦ µ′Y ◦ ϕ; note that

(Ψ∗)
−1 : H1(KS′(Y ),Q)⊗2 → H1(KS′(X),Q)⊗2 is induced by an algebraic cycle, so

that the Kuga-Satake correspondence µ′X is algebraic if µ′Y is so.
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4. Some K3[m]-type submanifolds of generalized Kummer varieties

4.1. — Let A be an abelian surface. We denote by Kn(A) the generalized Kummer

variety on A of dimension 2n introduced in [8]. It is a hyper-Kähler variety constructed

as follows: consider the Hilbert scheme A[n+1] of 0-dimensional subschemes of A of

lenght n+1, which is a crepant resolution ν : A[n+1] → A(n+1) of the symmetric product.

Denoting by Σ: A(n+1) → A the summation map Σ(a1, . . . , an+1) =
∑n+1

i=1 ai, the

variety Kn(A) is defined as the fibre of Σ ◦ ν over 0 ∈ A. We let A
(n+1)
0 ⊂ A(n+1) be

the fibre of Σ over 0; the Hilbert-Chow morphism ν restricts to a crepant resolution

ν : Kn(A) → A
(n+1)
0 . For n = 1, the construction yields nothing but the Kummer K3

surface Km(A) associated to A, that is, the minimal resolution of the quotient A/⟨−1⟩.
We will study certain natural subvarieties ofKn(A), n ⩾ 2. Consider the morphisms:

f : Am → A
(2m)
0 , (a1, . . . , am) 7→ (a1,−a1, . . . , am,−am);

f ′ : Am → A
(2m+1)
0 , (a1, . . . , am) 7→ (a1,−a1, . . . , am,−am, 0).

(4)

Definition 4.1. — (i) If n is odd, n = 2m− 1, we let ι : W ↪→ Kn(A) be the strict

transform of the image of f : Am → A
(2m)
0 under ν : Kn(A) → A

(2m)
0 .

(ii) If n is even, n = 2m, we let ι : W ↪→ Kn(A) be the strict transform of the image

of f ′ : Am → A
(2m+1)
0 under ν : Kn(A) → A

(2m+1)
0 .

Notice that the automorphism −1 of A naturally acts on Kn(A) for all n, as the

natural action of −1 on A[n+1] stabilizes Kn(A). It is known that −1 acts trivially

on H2(Kn(A),Z), see [9]. The map f (resp. f ′) factors through an embedding of

A/⟨−1⟩(m) into A
(2m)
0 (resp. into A

(2m+1)
0 ); a natural crepant resolution of A/⟨−1⟩(m)

is given by Km(A)[m], the Hilbert scheme of points on the Kummer K3 surface Km(A).

Lemma 4.2. — For any n ⩾ 2, the subvariety W ⊂ Kn(A) is the unique component

of maximal dimension of the fixed locus of −1 acting on Kn(A). Moreover, if n = 2m

(resp. n = 2m − 1), then f ′ (resp. f) induces an embedding ι : Km(A)[m] ↪→ K2m(A)

(resp. ι : Km(A)[m] ↪→ K2m−1(A)) with image W .

Proof. — The lemma is proven by Kamenova-Mongardi-Oblomkov [38]. They show

in [38, Theorem 1.3] that the fixed locus of −1 on Kn(A) is the union of components

which are varieties of K3[k]-type or points, and that there exists a unique component

of maximal dimension 2m for n = 2m− 1 or n = 2m. As our W ⊂ Kn(A) is evidently

fixed by −1, it must be the component of maximal dimension of the fixed locus. The

local study done in [38, Appendix B] shows that the birational map Km(A)[m] 99K W

induced by f ′ if n = 2m or f if n = 2m− 1 extends to an isomorphism.
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The main result of this section is the following.

Proposition 4.3. — Let ι : W ↪→ Kn(A) denote the embedding of Definition 4.1.

Then the pull-back along ι induces a primitive embedding

ι∗ : H2(Kn(A),Z)(2) ↪→ H2(W,Z)

of lattices and Hodge structures, where on the left-hand side the form is multiplied by

a factor 2.

The cases n = 2 and n = 3 may be deduced from [30] and [19], respectively.

4.2. — Let us fix some notation for the cohomology groups of the varieties we shall

consider. By [8], for n ⩾ 2 there is a canonical primitive embedding of H2(A,Z) into
the second cohomology of Kn(A). We have

(5) H2(Kn(A),Z) = H2(A,Z)⊕ Z · ξ,

where ξ is half the class of the divisor E ⊂ Kn(A) parametrizing non-reduced sub-

schemes, which is the exceptional divisor of the Hilbert-Chow resolution. The class ξ

has square −2(n + 1) with respect to the Beauville-Bogomolov form; as a lattice,

H2(Kn(A),Z) is thus isometric to U⊕3 ⊕ ⟨−2(n+ 1)⟩.
The Kummer surface Km(A) associated to A contains 16 exceptional curves Cτ ,

parametrized by the 2-torsion points τ ∈ A2. The pushforward along the rational map

π : A 99K Km(A) induces a primitive embedding of H2(A,Z)(2) into H2(Km(A),Z)
whose orthogonal is the Kummer lattice ([49]), which is the saturation of the sublat-

tice generated by the 16 pairwise orthogonal (−2)-classes [Cτ ]. Hence, H2(Km(A),Z)
contains with finite index the sublattice H2(A,Z)(2)⊕ ⟨[Cτ ]⟩τ∈A2 .

For the cohomology of the Hilbert scheme Km(A)[m], m ⩾ 2, we have by [8] a

canonical primitive embedding of H2(Km(A),Z) into H2(Km(A)[m],Z), and

(6) H2(Km(A)[m],Z) = H2(Km(A),Z)⊕ Z · δ,

where δ is half the class of the divisor D ⊂ Km(A)[m] of non-reduced subschemes; the

Beauville-Bogomolov square of δ is −2(m−1). Under the embedding of H2(Km(A),Z)
into H2(Km(A)[m],Z), the class [Cτ ] of the exceptional curve over the node given by

τ ∈ A2 corresponds to the class [Rτ ] of the divisor Rτ of subschemes whose sup-

port intersects Cτ . Therefore, H
2(Km(A)[m],Z) contains with finite index a sublattice

H2(A,Z)(2)⊕⟨[Rτ ]⟩τ∈A2 ⊕⟨δ⟩ and the saturation of ⟨[Rτ ]⟩τ∈A2 is the Kummer lattice.
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4.3. — The next lemma is the first step towards Proposition 4.3.

Lemma 4.4. — Consider the embedding ι : W ↪→ Kn(A), for n ⩾ 2.

(i) For n = 2, the pull-back along ι : Km(A) ↪→ K2(A) yields

ι∗(ξ) = [C0] +
1

2

∑
τ∈A2

[Cτ ] in H
2(Km(A),Z).

(ii) For n = 2m− 1, the pull-back along ι : Km(A)[m] ↪→ K2m−1(A) yields

ι∗(ξ) = 2δ +
1

2

∑
τ∈A2

[Rτ ] in H
2(Km(A)[m],Z).

(iii) For n = 2m ⩾ 4, the pull-back along ι : Km(A)[m] ↪→ K2m(A) yields

ι∗(ξ) = 2δ + [R0] +
1

2

∑
τ∈A2

[Rτ ] in H
2(Km(A)[m],Z).

Notice that 1
2

∑
τ [Cτ ] is indeed an integral class, see [32, Chapter 14, §3.3]. The

proof of the lemma will be reduced to some local computations.

Example 4.5. — Consider the involution −1: C2 → C2. The quotient C2/ ± 1 has

a nodal singularity at the image 0 of the origin, which is resolved by the blow-up

Bl0(C2/± 1) → C2. We denote by C ⊂ Bl0(C2/± 1) the exceptional curve.

(a) The graph map ϕ̂ : C2 → (C2)2 given by y 7→ (y,−y) yields a Cartesian diagram

(7)

Bl0(C2/± 1) C[2]

(C2/± 1) (C2)(2);

ϕ

ν ν

ϕ̄

by [38, Lemma 3.13], the image of ϕ is the fixed locus of −1 acting on C[2]. Let

F ⊂ C[2] be the divisor of non-reduced subschemes. Then, as divisors, ϕ∗(F ) = C;

indeed, the image of ϕ and F intersect transversely in the curve ϕ(C).

(b) Consider now the map ϕ̂ : C2 → (C2)3 given by y 7→ (y,−y, 0). It induces the

Cartesian commutative diagram

(8)

Bl0(C2/± 1) C[3]

(C2/± 1) (C2)(3);

ϕ

ν ν

ϕ̄

by [38, Lemma 3.13], the fixed locus of −1 acting on C[3] consists of the image

of ϕ and an isolated fixed point. Let F ⊂ C[3] be the divisor of non-reduced

subschemes. Then we claim that, as divisors, we have ϕ∗(F ) = 3C.
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To see this, let B ⊂ (C2)[3] be the Briançon variety at 0, that is, the subvariety

B := ν−1((0, 0, 0)) that parametrizes subschemes fully supported at 0 ∈ C2, and

let j : B ↪→ C[3] denote the embedding. The set-theoretic intersection of F and

the image of ϕ is ϕ(C), which is contained in B. In our case, by [11, IV.2], the

Briançon varietyB is isomorphic to the weighted projective plane P(1, 1, 3); follow-
ing [30, §4], there exists a closed embedding P(1, 1, 3) ↪→ P4 realizing B as the cone

over the twisted cubic curve and the restriction j∗(O(C2)[3](F )) equals OB(−2H),

where we denote by OB(H) the line bundle which induces the embedding B ↪→ P4.

Moreover, −1: C[3] → C[3] acts on B with fixed locus the vertex of the cone and the

twisted cubic curve at the base, which is thus identified with ϕ(C). The embedding

ϕ|C : C ↪→ (C2)[3] factors as the composition of embeddings C
ϕ′−→ B

j−→ (C2)[3].

Therefore,

(9) deg
(
O(C2)[3](F )|ϕ(C)

)
= deg

(
OB(−2H)|ϕ′(C)

)
= −6,

as H is a hyperplane divisor in P4 and the twisted cubic curve has degree 3. If k

denotes the multiplicity of ϕ∗(F ) at C, we have −2k = deg
(
O(C2)[3](F )|ϕ(C)

)
= −6,

and we conclude that k = 3.

To justify the last claim, consider a smooth and projective surface Y with an

involution θ with isolated fixed points. Each fixed point gives a node on the

quotient Y/θ; the blow-up of these nodes is a smooth and projective surface X.

We choose a fixed point p ∈ Y , and let Cp ⊂ X be the exceptional curve over the

corresponding node. We then have the Cartesian diagram of projective varieties

X Y [3]

Y/θ Y (3),

ϕ

ν ν

ϕ̄

induced by the map Y → Y 3 sending y to (y, θ(y), p). We can find an analytic

neighborhood U ⊂ Y of p stable under θ which is identified with a neighborhood V

of the origin in C2 in such a way that the action of θ on U corresponds to the action

of −1 on V . Thus, denoting by F the exceptional divisor of Y [3] → Y and by k

the multiplicity of ϕ∗(F ) at Cp, we have to show that −2k = deg
(
OY [3](F )|ϕ(Cp)

)
.

But ϕ∗(F ) is supported over the exceptional curves Cq of X → Y/θ, which are

pairwise orthogonal (−2)-curves. Therefore, by the projection formula, we have

−2k =

∫
X
[Cp] · [ϕ∗(F )] =

∫
Y [3]

[ϕ(Cp)] · [F ] = deg
(
OY [3](F )|ϕ(Cp)

)
.
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Proof of Lemma 4.4. — The exceptional divisor E ⊂ Kn(A) is the restriction

to Kn(A) ⊂ A[n+1] of the exceptional divisor of the Hilbert-Chow resolution

A[n+1] → A(n), which we still denote by E. We consider the Cartesian diagram

(10)

Km(A)[m] A[n+1]

(A/± 1)(m) A(n+1),

ι

ν

ῑ

where n = 2m or n = 2m−1: in the first case, ῑ(a1, . . . , am) = (a1,−a1, . . . , am,−am, 0),
while in the second ῑ(a1, . . . , am) = (a1,−a1, . . . , am,−am). It is immediate to check

that, if m ⩾ 2, the restriction ι∗(E) is supported over the union of the Hilbert-Chow

divisor D ⊂ Km(A)[m] and the 16 divisors Rτ ⊂ Km(A)[m], for τ ∈ A2, while if m = 1

then ι∗(E) is supported over the 16 exceptional curves Cτ ⊂ Km(A), τ ∈ A2, which we

will also denote by Rτ to ease notation. We now have the following cases to consider.

Case 1: let τ ∈ A2 be a point of order 2; if n is even, assume further that τ ̸= 0.

We claim that then ι∗(E) has multiplicity 1 along the divisor Rτ .

Indeed, the image in (A/ ± 1)(m) of a general subscheme ζ ∈ Rτ is a point of the

form (τ , a2, . . . , am) with the ai pairwise distinct smooth points of A/± 1, while ι(ζ) is

a subscheme in A[n+1] supported over the point (τ, τ, a2,−a2, . . . , am,−am) of A(n+1) if

n = 2m− 1 is odd or over (τ, τ, a2,−a2, . . . , am,−am, 0) if n = 2m is even. Let U be an

analytic neighborhood of ι(ζ) in A[n+1] stable under −1, and let V be the neighborhood

ι−1(U) of ζ in Km(A)[m]. Assume first that n = 2m− 1, for some m ⩾ 2. Choosing U
small enough, diagram (10) restricts to

V ∼=
(
Blτ (Uτ/± 1)×

∏m
j=2 Uj

)
U ∼=

(
U

[2]
τ ×

∏m
j=2(Uj × U−

j )
)

(Uτ/± 1)×
∏m
j=2 Uj U

(2)
τ ×

∏m
j=2(Uj × U−

j )

ι

ν

ῑ

where: Uτ ⊂ A is a neighborhood of τ stable under −1; Uj ⊂ A is a neighborhood of

aj and U
−
j := −1(Uj), for j = 2, . . . ,m; the morphism ν is the product of the Hilbert-

Chow resolution U
[2]
τ → U

(2)
τ with the identity of each factor (Uj ×U−

j ); the morphism

ῑ is given by ῑ(α, α2, . . . , αm) = ((α,−α), α2,−α2, . . . , αm,−αm). If instead n = 2m is

even, choosing U small enough diagram (10) restricts to

V ∼=
(
Blτ (Uτ/± 1)×

∏m
j=2 Uj

)
U ∼=

(
U

[2]
τ ×

∏m
j=2(Uj × U−

j )× U0

)

(Uτ/± 1)×
∏m
j=2 Uj U

(2)
τ ×

∏m
j=2(Uj × U−

j )× U0

ι

ν

ῑ
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where: Uτ ⊂ A is a neighborhood of τ stable under −1; Uj ⊂ A is a neighborhood of aj

and U−
j := −1(Uj), for j = 2, . . . ,m; U0 ⊂ A is a neighborhood of 0; the morphism ν is

the product of the Hilbert-Chow resolution U
[2]
τ → U

(2)
τ with the identity of each factor

(Uj × U−
j ) and of U0; we have ῑ(α, α2, . . . , αm) = ((α,−α), α2,−α2, . . . , αm,−αm, 0).

In both cases, we have E|U = pr∗1(F ), where pr1 : U → U
[2]
τ is the projection onto

the first factor and F ⊂ U
[2]
τ is the divisor of non-reduced subschemes. Moreover,

the divisor Rτ |V equals pr∗1(C), where pr1 : V → Blτ (Uτ/ ± 1) is the projection and

C ⊂ Blτ (Uτ/± 1) is the exceptional curve. We thus have the commutative diagram

V U

Blτ (Uτ/± 1) U
[2]
τ

ι

pr1 pr1

ϕ

where ϕ coincides with the restriction of the map Bl0(C2/ ± 1) → (C2)[2] of Exam-

ple 4.5.(a) in a neighborhood of the exceptional curve C ⊂ Bl0(C2 ± 1). We deduce

that, as divisors, we have

ι∗(E|U ) = (ι ◦ pr1)∗(F ) = (pr∗1(ϕ
∗(F ))) = pr∗1(C) = Rτ |V .

Hence, ι∗(E) has mutliplicity 1 along the divisor Rτ ⊂ Km(A)[m].

Case 2: let n = 2m be even and consider the divisor R0 of Km(A)[m]. We claim

that ι∗(E) has multiplicity 3 along the divisor R0.

Indeed, the image in (A/±1)(m) of a general subscheme ζ ∈ R0 is a point of the form

(0, a2, . . . , am) with the ai pairwise distinct smooth points of A/ ± 1, while ι(ζ) is a

subscheme in A[n+1] supported over the point (0, 0, a2,−a2, . . . , am,−am, 0) of A(n+1).

Let U be an analytic neighborhood of ι(ζ) in A[n+1] such that −1(U) = U , and let

V be the analytic neighborhood ι−1(U) of ζ in Km(A)[m]. Choosing U small enough,

diagram (10) restricts to

V ∼=
(
Bl0(U0/± 1)×

∏m
j=2 Uj

)
U ∼=

(
U

[3]
0 ×

∏m
j=2(Uj × U−

j )
)

(U0/± 1)×
∏m
j=2 Uj U

(3)
0 ×

∏m
j=2(Uj × U−

j )

ι

ν

ῑ

where: U0 ⊂ A is a neighborhood of 0 stable under −1; Uj ⊂ A is a neighborhood

of aj and U−
j := −1(Uj), for j = 2, . . . ,m; the morphism ν is the product of the

Hilbert-Chow resolution U
[3]
0 → U

(3)
0 with the identity of each factor (Uj × U−

j ); we

have ῑ(α, α2, . . . , αm) = ((α,−α, 0), α2,−α2, . . . , αm,−αm). Then E|U = pr∗1(F ), where

pr1 : U → U
[3]
0 is the projection and F ⊂ U

[3]
0 is the divisor of non-reduced subschemes.
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Moreover, R0|V = pr∗1(C), where pr1 : V → Bl0(U0/ ± 1) is the projection and C ⊂
Bl0(U0/± 1) is the exceptional curve. We have the commutative diagram

V U

Bl0(U0/± 1) U
[3]
0

ι

pr1 pr1

ϕ

where ϕ coincides with the restriction of the map Bl0(C2/ ± 1) → (C2)[3] of Exam-

ple 4.5.(b) in a neighborhood of C ⊂ Bl0(C2/± 1), and we deduce that

ι∗(E|U ) = (ι ◦ pr1)∗(F ) = (pr∗1(ϕ
∗(F ))) = pr∗1(3C) = 3R0|V

as divisors. Hence, ι∗(E) has multiplicity 3 along the divisor R0 ⊂ Km(A)[m].

Case 3: assume now that m ⩾ 2 and consider the Hilbert-Chow divisor D ⊂
Km(A)[m]. We claim that ι∗(E) has multiplicity 2 along D.

In fact, the image in (A/ ± 1)(m) of a general subscheme ζ ∈ D is a point

(x, x, a3, . . . , am), for m − 1 distinct smooth points x, a3, . . . , am of (A/ ± 1). The

subscheme ι(ζ) in A[n+1] is supported over (x, x,−x,−x, a3,−a3, . . . , am,−am) if

n = 2m − 1 is odd, or over (x, x,−x,−x, a3,−a3, . . . , am,−am, 0) if n = 2m is even.

Let U ⊂ A[n+1] be an analytic neighborhood of ι(ζ), and let V ⊂ Km(A)[m] be its

preimage ι−1(U). If n = 2m − 1 is odd, shrinking U if necessary, there exist neigh-

borhoods Ux of x and Uj of aj in A for j = 3, . . . ,m, such that diagram (10) restricts

to

V ∼=
(
U

[2]
x ×

∏m
j=3 Uj

)
U ∼=

(
U

[2]
x × (U−

x )[2] ×
∏m
j=3(Uj × U−

j )
)

U
(2)
x ×

∏m
j=3 Uj U

(2)
x × (U−

x )(2) ×
∏m
j=3(Uj × U−

j )

ι

ν

ῑ

where: U−
x and U−

j denote the image via −1 of Ux and Uj respectively, the map ν

is the product of the Hilbert-Chow morphisms U
[2]
x → U

(2)
x and (U−

x )[2] → (U−
x )(2)

with the identity of each factor (Uj × U−
j ) for j = 3, . . . ,m, and ῑ is given by

ῑ((x1, x2), α3, . . . , αm) = ((x1, x2), (−x1,−x2), α3,−α3, . . . , αm,−αm). If instead

n = 2m is even, there exist neighborhoods Ux ⊂ A of x and Uj ⊂ A of aj for

j = 3, . . . ,m, and a neighborhood U0 ⊂ A of 0 such that diagram (10) restricts to

V ∼=
(
U

[2]
x ×

∏m
j=3 Uj

)
U ∼=

(
U

[2]
x × (U−

x )[2] ×
∏m
j=3(Uj × U−

j )× U0

)

U
(2)
x ×

∏m
j=3 Uj U

(2)
x × (U−

x )(2) ×
∏m
j=3(Uj × U−

j )× U0

ι

ν

ῑ
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where: U−
x and U−

j denote the image via −1 of Ux and Uj respectively, the map ν

is the product of the Hilbert-Chow morphisms U
[2]
x → U

(2)
x and (U−

x )[2] → (U−
x )(2)

with the identity of U0 and of each factor (Uj × U−
j ) for j = 3, . . . ,m, and we have

ῑ((x1, x2), α3, . . . , αm) = ((x1, x2), (−x1,−x2), α3,−α3, . . . , αm,−αm, 0).
In both cases, the divisor E|U breaks into two components E1 and E2 such that

E1 = pr∗1(F ) and E2 = pr∗2(F
−), where pr1 : U → U

[2]
x and pr2 : U → (U−

x )[2] denote

the projections and F ⊂ U
[2]
x (resp. F− ⊂ (U−

x )[2]) is the divisor of non-reduced

subschemes. Moreover, D|V = pr∗1(F ), where pr1 : V → U
[2]
x is the projection. Notice

that −1 ∈ Aut(A) induces an isomorphism −1: U
[2]
x → (U−

x )[2] which identifies F

with F−. From the commutative diagram

V U

U
[2]
x U

[2]
x × (U−

x )[2]

ι

pr1 pr1×pr2

id×(−1)

we deduce that ι∗(E1) = D|V = ι∗(E2), and therefore ι∗(E) has multiplicity 2 at the

divisor D ⊂ Km(A)[m].

Conclusion. Recalling that we have [E] = 2ξ in H2(Kn(A),Z) and [D] = 2δ in

H2(Km(A)[m],Z), the 3 cases discussed above yield (i), (ii) and (iii).

4.4. — The key property of the embedding ι : Km(A)[m] → Kn(A) of Definition 4.1

is that it deforms together with Kn(A). More precisely, we have the following.

Proposition 4.6. — Let K → B be a smooth proper family of complex manifolds of

Kumn-type over a connected manifold B, such that for some 0 ∈ B we have K0 =

Kn(A), for some abelian surface A. Let ι0 : Km(A)[m] → Kn(A) be the embedding

discussed above, where n = 2m − 1 or n = 2m. Then, up to a finite étale base-

change, there exist a smooth and proper family W → B of manifolds of K3[m]-type with

W0 = Km(A)[m] and a closed embedding ι : W ↪→ K over B extending ι0.

Proof. — By [30, Theorem 2.1], the group Aut0(X) of automorphisms inducing the

identity on H2(X,Z) is deformation invariant, for any hyper-Kähler manifold X. It

was computed in [9] that for Kn(A) we have Aut0(K
n(A)) = An+1 ⋊ ⟨−1⟩; thus, any

K of Kumn-type admits an action of Aut0(K) ∼= (Z/(n+ 1)Z)4 ⋊Z/2Z. In particular,

if K → B is a family as in the statement, the action of −1 ∈ Aut(A) on the fibre

K0 extends to a fibrewise automorphism of K → B, up to a finite étale base-change

possibly needed in order to trivialize the monodromy action on Aut0(K0). For each

b ∈ B, the action of −1 on Kb is a symplectic involution. By [15], each component Y of

the fixed locus K(−1) is a smooth and proper family Y → B of hyper-Kähler manifolds
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or just the image of a section of K → B. By Lemma 4.2, for n = 2m or n = 2m − 1

there exists a unique such component W of maximal relative dimension 2m, such that

W0 = Km(A)[m] is embedded into K0 via ι0 : Km(A)[m] ↪→ Kn(A). We thus have

obtained the desired subfamily W → B of manifolds of K3[m]-type.

As a consequence, the cohomology class [ι(Km(A)[m])] remains algebraic, and in

particular a Hodge class, on any deformation of Kn(A).

Definition 4.7. — A canonical Hodge class on a hyper-Kähler manifold X is a Hodge

class η ∈ H2k(X,Q) which remains Hodge on any deformation of X.

The most obvious examples are given by the Chern classes of X. Any canonical

Hodge class α ∈ H4k(X,Q) on X satisfies the generalized Fujiki relation [25]: there

exists a constant C(α) ∈ Q such that for any γ ∈ H2(X,Q) we have∫
X
α · (γ)2n−2k = C(α) · qX(γ, γ)n−k,

where dimX = 2n and qX is the Beauville-Bogomolov form on H2(X,Q). The constant

C(1) is called the Fujiki constant of X.

Let now K → B be a family of manifolds of Kumn-type as in Proposition 4.6. Up to

a finite étale base-change, that proposition yields a subfamily W → B of manifolds of

K3[m]-type, where n = 2m or n = 2m− 1. We let ι : W → K denote the embedding.

Lemma 4.8. — For any b ∈ B, the pull-back ι∗b : H
2(Kb,Z) → H2(Wb,Z) is injective

and multiplies the form by a factor 2.

Proof. — Extending our family K → B if necessary, we may assume that the very

general fibre has Picard rank 0, so that H2(Kb,Z) is an irreducible Hodge structure for

very general b. A symplectic form on Kb restricts to a symplectic form on Wb (see [15,

Proposition 3]), and hence ι∗b is not zero. But then ι∗b : H
2(Kb,Q) → H2(Wb,Q) must

be an embedding of rational Hodge structures for very general b ∈ B. Since H2(Kb,Z)
is torsion-free, we conclude that ι∗b : H

2(Kb,Z) → H2(Wb,Z) is injective, for all b ∈ B.

For the second assertion, it suffices to consider ι : Km(A)[m] → Kn(A). Assume

first that n = 2 and m = 1. The cohomology class [ι(Km(A))] ∈ H4(K2(A),Z) is a

canonical Hodge class and, hence, there exists a constant C such that

qKm(A)(ι
∗(γ), ι∗(γ)) =

∫
Km(A)

ι∗(γ)2 =

∫
K2(A)

[Km(A)] · γ2 = C · qK2(A)(γ, γ),

for any γ ∈ H2(K2(A),Z). For the class ξ ∈ H2(K2(A),Z), we have qK2(A)(ξ, ξ) = −6

while qKm(A)(ι
∗(ξ), ι∗(ξ)) = −12 by Lemma 4.4.(i), and we get C = 2.
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Consider next the case when n = 2m − 1 is odd, with m ⩾ 2. The cohomology

class [ι(Km(A)[m])] ∈ H4m−4(K2m−1(A),Z) is a canonical Hodge class. Using the

generalized Fujiki relation for [ι(Km(A)[m])] and Fujiki relation for Km(A)[m], there

exists a constant C such that

cK3[m] · qKm(A)[m](ι∗(γ), ι∗(γ))m =

∫
Km(A)[m]

ι∗(γ)2m = C · qK2m−1(A)(γ, γ)
m,(11)

for any γ ∈ H2(K2m−1(A),Z), where cK3[m] =
(2m)!
m!2m is the Fujiki constant of K3[m]-

manifolds (computed in [8]). For the class ξ ∈ H2(K2m−1(A),Z) which is half the

class of the divisor of non-reduced subschemes, we have qK2m−1(A)(ξ, ξ) = −4m, and,

by Lemma 4.4.(ii), we have qKm(A)[m](ι∗(ξ), ι∗(ξ)) = −8m. We thus obtain

(2m)!

m!2m
· (−8m)m = C · (−4m)m,

which gives C = (2m)!
m! . Therefore, for any γ ∈ H2(K2m−1(A),Z) equation (11) yields

qKm(A)[m](ι∗(γ), ι∗(γ))m = 2m ·qK2m−1(A)(γ, γ)
m, and, hence, ι∗ multiplies the form by 2

(for m even, the sign is determined as ι∗ sends Kähler classes to Kähler classes).

Finally, assume n = 2m ⩾ 4 is even. As above, there exists a constant C such that

cK3[m] · qKm(A)[m](ι∗(γ), ι∗(γ))m =

∫
Km(A)[m]

ι∗(γ)2m = C · qK2m(A)(γ, γ)
m,(12)

for all γ ∈ H2(K2m(A),Z). For the class ξ ∈ H2(K2m(A),Z) which is half the

class of non-reduced subschemes, we have qK2m(A)(ξ, ξ) = −4m − 2, while we have

qKm(A)[m](ι∗(ξ), ι∗(ξ)) = −8m− 4 by Lemma 4.4.(iii). We thus obtain

(2m)!

m!2m
· (−8m− 4)m = C · (−4m− 2)m,

and, hence, C = (2m)!
m! ; by (12), we have qKm(A)[m](ι∗(γ), ι∗(γ))m = 2m · qK2m(A)(γ, γ)

m

for any γ ∈ H2(K2m(A),Z), and again we deduce that ι∗ multiplies the form by 2.

4.5. — We can finally conclude our study of the pull-back ι∗.

Proof of Proposition 4.3. — Thanks to Lemma 4.8, it remains to show that the im-

age of ι∗ : H2(Kn(A),Z) ↪→ H2(Km(A)[m],Z) is a saturated sublattice. As in (5), we

have H2(Kn(A),Z) = H2(A,Z) ⊕ ⟨ξ⟩, and the Hodge structure on H2(Kn(A),Z) is

determined by that on H2(A,Z) via this equality. Moreover, the Hodge structure

on H2(Km(A)[m],Z) is determined by that on its primitive sublattice H2(A,Z)(2)
(§4.2). Deforming to a very general complex torus A such that H2(A,Z) is an irre-

ducible Hodge structure, we see that the restriction ι∗ necessarily maps the summand

H2(A,Z) of H2(Kn(A),Z) to the sublattice H2(A,Z)(2) of H2(Km(A)[m],Z). In fact,
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the restriction of ι∗ to H2(A,Z) ⊂ H2(Kn(A),Z) is surjective onto H2(A,Z)(2) ⊂
H2(Km(A)[m],Z), as follows from the discriminant-index formula (see [32, Chapter

14]) since ι∗ is injective and multiplies the form by 2 by Lemma 4.8.

Assume first that n = 2 and m = 1. Then the image of ι∗ is the sublattice of

H2(Km(A),Z) generated by H2(A,Z)(2) and the class [C0] +
1
2

∑
τ∈A2

[Cτ ]. This sub-

lattice is saturated: if w := αu + β ·
(
[C0] +

1
2

∑
τ∈A2

[Cτ ]
)
is an integral class in

H2(Km(A),Z), for some primitive u ∈ H2(A,Z)(2) and some rational numbers α

and β, then from qKm(A)(w, [Cτ ]) = −β for any τ ̸= 0 we deduce that α and β are

integers, and therefore w belongs to im(ι∗).

For m ⩾ 2, the lattice H2(Km(A)[m],Z) contains with finite index the sublattice

H2(A,Z)(2) ⊕ ⟨[Rτ ]⟩τ∈A2 ⊕ ⟨δ⟩. If n = 2m − 1, then the image of ι∗ is the sublattice

of H2(Km(A)[m],Z) generated by H2(A,Z)(2) and the class 2δ+ 1
2

∑
τ∈A2

[Rτ ], while if

n = 2m the image of ι∗ is the sublattice of H2(Km(A)[m],Z) generated by H2(A,Z)(2)
and the class 2δ + [R0] +

1
2

∑
τ∈A2

[Rτ ]. The same argument used above shows that in

both cases the image of ι∗ is a saturated sublattice of H2(Km(A)[m],Z).

Remark 4.9. — A Kumn-manifold K admits at least (n + 1)4 involutions acting

trivially on the second cohomology, whose fixed loci are union of K3[j]-manifolds

by [38]. Our results adapt immediately to all components of maximal dimension.

For a lower dimensional component ι : Z ↪→ K, the argument of Lemma 4.8 gives

that ι∗ : H2(K,Z) → H2(Z,Z) is injective and multiplies the form by some positive

constant k; however, determining this constant and the saturation of the image of ι∗

becomes more difficult.

5. K3 surfaces associated to varieties of generalized Kummer type

5.1. — In this section we shall conclude the proof of our main results.

Definition 5.1. — Let K be a variety of Kumn-type. The associated K3 surface SK

is the K3 surface with transcendental lattice Hodge isometric to H2
tr(K,Z)(2).

In the special case of the generalized Kummer varietyKn(A) on an abelian surface A,

we have H2
tr(K

n(A),Z) = H2
tr(A,Z), and the K3 surface SKn(A) is isomorphic to the

Kummer K3 surface Km(A). This motivates our Definition 5.1. Note that for K very

general, SK is projective of Picard rank 16, and thus it is not a Kummer K3 surface.

Lemma 5.2. — The K3 surface SK exists and it is unique up to isomorphism.
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Proof. — The lattice H2
tr(K,Z)(2) has rank at most 6 and signature (2, k). Any such

lattice can be embedded primitively in the K3 lattice and, by the Torelli theorem, there

exists a K3 surface SK whose transcendental lattice H2
tr(SK ,Z) is Hodge isometric to

H2
tr(K,Z)(2) (see [46, Corollary 2.10]). The K3 surface SK is necessarily projective, of

Picard rank at least 16, and it is determined up to isomorphism because projective K3

surfaces with Hodge isometric transcendental lattices and Picard rank at least 12 are

isomorphic (see [32, Chapter 16, Corollary 3.8]).

The K3 surfaces associated to varieties of generalized Kummer type can be easily

characterized via the Torelli theorem.

Lemma 5.3. — Let S be a projective K3 surface. Then S is isomorphic to the K3

surface SK associated to some variety K of Kumn-type if and only if there exists a

primitive embedding of lattices H2
tr(S,Z) ↪→ U(2)⊕3 ⊕ ⟨−4n− 4⟩.

Proof. — The lattice U(2)⊕3 ⊕⟨−4n− 4⟩ is the Beauville-Bogomolov lattice ΛKumn(2)

of Kumn-manifolds with the form multiplied by 2. Thus, by definition, for the K3

surface SK associated to a variety K of Kumn-type we have a primitive embedding

of H2
tr(SK ,Z) into the lattice U(2)⊕3 ⊕ ⟨−4n − 4⟩. Conversely, assume that S is a

projective K3 surface and l : H2
tr(S,Z) ↪→ ΛKumn(2) is a primitive embedding. Let

T ⊂ ΛKumn be the primitive sublattice such that im(l) = T (2), and equip T with the

Hodge structure induced by that on H2
tr(S,Z). By the surjectivity of the period map for

hyper-Kähler manifolds ([31, Theorem 8.1]), there exists a manifold K of Kumn-type

with H2
tr(K,Z) Hodge isometric to T . By construction, we have a Hodge isometry

H2
tr(S,Z)

∼−−→ H2
tr(K,Z)(2);

K is projective by [31, Theorem 3.11], since its transcendental lattice has signa-

ture (2, k). Moreover, the K3 surface S is isomorphic to SK , as they have Hodge

isometric transcendental lattices and Picard rank at least 16.

Passing to rational coefficients, a similar argument yields the following.

Lemma 5.4. — Let S be a projective K3 surface. The following are equivalent:

(i) there exists a rational Hodge isometry H2
tr(S,Q)

∼−−→ H2
tr(SK ,Q), where SK is

the K3 surface associated to a variety K of Kumn-type, for some n ⩾ 2;

(ii) there exists an isometric embedding of H2
tr(S,Q) into

(
U⊕3 ⊕ ⟨−m⟩

)
⊗Z Q, for

some positive integer m.

Proof. — For any non-zero rational number k, we have U(k)⊗ZQ ∼= U⊗ZQ. If (i) holds,

then H2
tr(S,Q) is Hodge isometric to H2

tr(K,Q)(2), and, hence, it embeds isometrically
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into
(
U(2)⊕3 ⊕ ⟨−4n − 4⟩

)
⊗Z Q ∼=

(
U⊕3 ⊕ ⟨−n − 1⟩

)
⊗Z Q. Conversely, if S is a

projective K3 surface with an embedding H2
tr(S,Q) ↪→

(
U⊕3 ⊕ ⟨−m⟩

)
⊗Z Q for some

positive m ∈ Z, we find as well an isometric embedding

j : H2
tr(S,Q) ↪→

(
U(2)⊕3 ⊕ ⟨−4n− 4⟩

)
⊗Z Q,

for some n ⩾ 2. The quadratic space on the right-hand side is ΛKumn(2) ⊗Z Q. We

choose a primitive sublattice T ⊂ ΛKumn such that im(j) coincides with T (2) ⊗Z Q;

under this identification, the Hodge structure on H2
tr(S,Q) induces a Hodge structure of

K3-type on T . By the surjectivity of the period map, there exists a projective variety K

of Kumn-type such that H2
tr(K,Z) is Hodge isometric to T , equipped with this Hodge

structure. Hence, by construction, H2
tr(S,Q) is Hodge isometric to H2

tr(SK ,Q).

5.2. — A priori, the K3 surface SK and the variety K of Kumn-type are only related

at the level of lattices and Hodge structures. But in fact they are related geometrically,

as follows. Choose a family K → B of manifolds of Kumn-type, with one fibre Kb0 = K

and another fibre Kb1 = Kn(A) isomorphic to the generalized Kummer variety on an

abelian surface A. By Proposition 4.6, up to a finite étale base-change, we obtain

a family W → B of K3[m]-manifolds with an embedding ι : W → K over B, where

n = 2m − 1 or n = 2m, which extends the embedding ιb1 : Km(A)[m] ↪→ Kn(A) of

Lemma 4.2. Taking the fibre over b0, we get a submanifold ι : WK ↪→ K of K3[m]-type.

Lemma 5.5. — The pull-back along ι : WK ↪→ K induces a primitive embedding of

lattices and Hodge structures

ι∗ : H2(K,Z)(2) ↪→ H2(WK ,Z).

In particular, ι∗ induces a Hodge isometry H2
tr(K,Z)(2)

∼−−→ H2
tr(WK ,Z) of transcen-

dental lattices.

Proof. — The lemma follows immediately from Proposition 4.3 as ι : WK ↪→ K deforms

to the embedding Km(A)[m] ↪→ Kn(A) there considered.

We refer to [34, 12, 7] for background on moduli spaces of sheaves on K3 surfaces.

Proposition 5.6. — Let SK be the K3 surface associated to the Kumn-variety K.

Then, WK ⊂ K is a smooth and projective moduli space of stable sheaves on SK , for

some primitive Mukai vector and a v-generic Bridgeland stability condition.

Proof. — By Lemma 5.5 and the definition of SK , there exists a Hodge isometry

H2
tr(WK ,Z)

∼−−→ H2
tr(SK ,Z) of transcendental lattices. The proposition follows ap-

plying [43, Proposition 2.3] or [1, Proposition 4].
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5.3. — Let S be a projective K3 surface, and let M = MS,σ(v) be a smooth and

projective moduli space of stable sheaves, for a primitive Mukai vector v and a v-generic

Bridgeland stability condition σ. Then, following [48, 50], there exists a quasi-universal

sheaf U over S ×M of similitude ρ, such that the map

α 7→ 1

ρ
· prM,∗

[
ch(U)∨ ·

√
td(S) · pr∗S(α)

]
3

induces a Hodge isometry θ : H2
tr(S,Z)

∼−−→ H2
tr(M,Z) of transcendental lattices, where

the notation [−]3 indicates that we take the Künneth component in H6(S × M,Z)
and prM , prS denote the projections from S ×M onto the two factors. The standard

conjectures hold for both the surface S and the K3[n]-variety M , as we recalled in §2.5.

Hence, they hold for S×M , and it follows that θ is the correspondence induced by the

algebraic cycle
[
1
ρch(U)

∨ ·
√

td(S)
]
2
on S ×M .

Remark 5.7. — In fact, the Künneth components h2(S) and h2(M) as well as their

transcendental parts h2tr(S) and h2tr(M) are well-defined homological motives; the Hodge

isometry θ is the realization of an isomorphism of motives Θ: h2tr(S) → h2tr(M) in Mot.

This again uses the standard conjectures for S×M and in particular the conservativity

of the realization functor when restricted to ⟨h(S ×M)⟩Mot (Remark 2.4).

5.4. — Let K be a variety of Kumn-type. By the results of Foster [24] recalled

in Theorem 2.6, the Künneth component h2(K) of the motive of K is well-defined

in Mot and ⟨h2(K)⟩Mot is a semisimple and abelian neutral Tannakian category; the

transcendental part h2tr(K) of h2(K) is also a well-defined homological motive. The

next result implies Theorem 1.1 from the introduction.

Theorem 5.8. — Let K be a variety of Kumn-type and let SK be the K3 surface

associated to K. There exists an isomorphism

h2tr(SK)
∼−−→ h2tr(K)

of motives, whose realization is a Hodge isometry H2
tr(SK ,Q)

∼−−→ H2
tr(K,Q)(2).

Proof. — For n = 2m or n = 2m − 1, we find as in §5.2 a K3[m]-variety WK which is

a moduli space of stable sheaves on SK and admits an embedding ι : WK ↪→ K such

that the restriction induces a Hodge isometry ι∗ : H2
tr(K,Z)(2)

∼−−→ H2
tr(WK ,Z).

As ι∗ is clearly induced by an algebraic cycle, it is the realization of a morphism

t : h2tr(K) → h2tr(WK) of motives. But in fact t is a morphism in the subcategory

⟨h2tr(K)⊕h2tr(WK)⟩Mot, which is an abelian and semisimple neutral Tannakian category

as the standard conjectures hold for WK and h2(K). Since the realization of t is an

isomorphism of rational Hodge structures, it follows that t is an isomorphism of motives.
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Moreover, as MK is a moduli space of stable sheaves on SK by Proposition 5.6, we

obtain from Remark 5.7 an isomorphism of motives Θ: h2tr(SK)
∼−−→ h2tr(MK), whose

realization is a Hodge isometry H2
tr(SK ,Z)

∼−−→ H2
tr(MK ,Z). We conclude that the

composition t−1◦Θ: h2tr(SK) → h2tr(K) is an isomorphism of motives, whose realization

is the desired Hodge isometry H2
tr(SK ,Q)

∼−−→ H2
tr(K,Q)(2).

Thanks to the works of O’Grady, Markman, Voisin, Varesco, recalled in the intro-

duction, Theorem 5.8 yields the following result, which was stated as Theorem 1.2.

Theorem 5.9. — Let K be a variety of Kumn-type with associated K3 surface SK .

Then:

(i) the Kuga-Satake correspondence for SK is algebraic;

(ii) the Hodge conjecture holds for any power of SK .

Proof. — By Theorem 5.8 there exists an algebraic cycle inducing a Hodge isometry

H2
tr(SK ,Q)

∼−−→ H2
tr(K,Q)(2).

The Kuga-Satake Hodge conjecture (Conjecture 3.3) holds for K by [57, Theorem 0.5].

By Remark 3.7, the same conclusion holds for SK , and we obtain (i).

The K3 surfaces SK come in countably many 4-dimensional families of general Picard

rank 16, corresponding to the polarized families of varieties of generalized Kummer

type. By construction (see §3.5) the Kuga-Satake variety of SK is isogenous to a power

of KS(K), and, hence, to a power of a Weil fourfold with discriminant 1 by [41, 51].

As Conjecture 3.3 holds for any of the K3 surfaces SK , we can apply [55, Theorem 0.2]

to deduce that the Hodge conjecture holds for all powers of the K3 surfaces SK .

5.5. — We can finally complete the proof of our results.

Theorem 5.10. — Let S be a projective K3 surface such that there exists an isometric

embedding H2
tr(S,Q) ↪→

(
U⊕3 ⊕ ⟨−m⟩

)
⊗Z Q for some positive integer m. Then:

(i) the Kuga-Satake correspondence for S is algebraic;

(ii) the Hodge conjecture holds for any power of S.

Proof. — Let S be as in the statement. By Lemma 5.4, for some n ⩾ 2 there exist a

variety K of Kumn-type and a rational Hodge isometry ϕ : H2
tr(S,Q)

∼−−→ H2
tr(SK ,Q).

By [14, 33], ϕ is algebraic and the motives of S and SK are isomorphic. Therefore, by

Remark 3.7 and Theorem 5.9.(i), the Kuga-Satake correspondence for S is algebraic,

and, by Theorem 5.9.(ii), the Hodge conjecture holds for any power of S.

We next prove Theorem 1.3, which we state again below.
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Theorem 5.11. — Let A be an abelian fourfold of Weil type with discriminant 1.

Then the Hodge conjecture holds for A and any of its powers.

Proof. — By [51] and [41], there exists a Kumn-variety K such that A is isogenous to

the intermediate Jacobian J3(K); moreover, the Kuga-Satake variety of K is isogenous

to a power of A. The Kuga-Satake variety of the K3 surface SK associated to K

is thus also isogenous to a power of A. By Theorem 1.2, the Kuga-Satake Hodge

conjecture holds for SK and the Hodge conjecture holds for any power of SK . Therefore,

Theorem 3.5 implies that the Hodge conjecture holds for A and all of its powers.

We conclude with the following corollary, which follows from a result of Varesco [54].

Corollary 5.12. — Let S be a projective K3 surface and let K be a projective variety

of Kumn-type. Assume that ϕ : H2
tr(SK ,Q)

∼−−→ H2
tr(K,Q)(k) is a Hodge isometry,

where on the right-hand side the form is multiplied by some positive k ∈ Q. Then ϕ is

induced by an algebraic cycle on S ×K.

Proof. — As ΛKumn = U⊕3 ⊕ ⟨−2n− 2⟩ and U(k)⊗Z Q ∼= U⊗Z Q for any 0 ̸= k ∈ Q,

there exists by hypothesis an isometric embedding

H2
tr(SK ,Q) ↪→ U⊕3

Q ⊕ ⟨−m⟩Q,

for some positive integerm. Hence, by Theorem 1.2, the Kuga-Satake Hodge conjecture

holds for S. Moreover, this conjecture holds for K by [57, Theorem 0.5], and the

Lefschetz standard conjecture in degree 2 for K is proven in [24, Theorem 1.1]. We

can therefore apply [54, Corollary 4.6] to obtain that ϕ is algebraic.
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