
x21 + x22 + � � � + x2n = x1x2 � � �xnHelmut Postl, Torsten Sillke �June 19981 Introdu
tionWe are looking for integral solutions of the equation x21 + x22 + � � � + x2n = �x1x2 � � �xn. This problem is
alled Hurwitz equation and it is known that only for 1 � � � n there are integral solutions [1, se
tionD12: Marko� numbers℄ [2℄. And for any n there is a �nite set of solutions whi
h generate all others. Thespe
ial 
ase n = � = 3 it is 
alled Marko� equation. The spe
ial 
ase � = 1 was stated by Karl S
herer [3℄.The related equation x1 + x2 + � � � + xn = x1x2 � � �xn is partially analyzed in [4℄ [1, se
tion D24℄. In thispaper we will e�e
tively 
onstru
t all solutions for a given n. We will show that the number of solutions with2x2i � x1x2 � � �xn is �nite for every n. These solutions we 
all basi
 solutions [5℄. All other solutions 
an be
onstru
ted from this ones.2 Trivial 
asesIf one xi is zero then the produ
t is zero and therefore all xi must be zero. This gives the zero solution. Soassume in the following all xi are positive integers.Case n=1: The equation x21 = x1 that is x1(x1 � 1) = 0 has only one positive solution x1 = 1.Case n=2: The equation x21 + x22 = x1x2 has no positive solution as x21 + x22 � 2x1x2. This follows from(x1 � x2)2 � 0.In the following we assume n � 3.3 Redu
tion to basi
 solutionLet Pk = Qni=k xi and Sk =Pni=k x2i Then we have a quadrati
 equation x1P2 = x21 + S2 in the variable x1.Is x1 a root of the equation so is P2 � x1 the other using Vieta.A solution is 
alled basi
 if 2x2k � P1 for all 1 � k � n. The transformationxk  � P1xk � xk (1)generates further solutions. Ea
h solution 
ontains at most one k for whi
h we have 2x2k > P1. Assumeon the 
ontrary there were a solution with 2x21 > P1 and 2x22 > P1. Then we had 2x1x2 > P1 and thismeans 2 > P3 that is P3 = 1 whi
h is impossible. Therefore we have for ea
h solution a unique redu
tionpath to its basi
 solution. in other words { the graph of solutions is a forest. Note: If we have for a solutiond = g
d(x1; x2; : : : ; xn) then d is the g
d for all solutions of the same tree, as d is a fa
tor of the transformation.We will see that d = 3 for n = 3 and d = 2 for n = 4. Otherwise d = 1 as the basi
 solutions 
ontain thevalue one.4 Determing the basi
 solutionsIn the following let x1 � x2 � � � � � xn. For a basi
 solution (x1; x2; : : : ; xn) we have x1 � P22 . Then x1 isdetermined by the quadrati
 equation x1P2 = x21 + S2 asx1 = P22 �rP 224 � S2: (2)�e{mail: Torsten.Sillke�uni-bielefeld.de



From the inequality 2x2 � 2x1 = P2 � pP 22 � 4S2 we derive pP 22 � 4S2 � P2 � 2x2. Dividing x2 andsquaring gives P3 � S2x22 + 1 or the inequality P3 � S3x22 + 2: (3)Now we 
an bound S3 as S3 =Pni=3 x2i � (n� 2)x22 whi
h gives us P3 � n. As P3 must be at least three wehave 3 � P3 � n (4)and therefore we have �nitely many ve
tors (x3; x4; : : : ; xn) whi
h 
an o

ur in a basi
 solution. With inquality3 we derive x23 � x22 � S3P3 � 2 � S3: (5)This proves the theoremTheorem 1 For ea
h n the number of basi
 solutions is �nite.The lower bound for P3 is sharp as there are in�nitely many basi
 solutions with P3 = 3. These are32x2 � x1 � x2 � 3 = x3 > x4 = � � � = xn = 1. In this 
ase n is determined by n = x1x2 � (x1 � x2)2 � 6.On the other hand the upper bound P3 � n is only sharp for n = 4. The basi
 solutions x1 = x2 = � � � =xk = 2 > 1 = xk+1 = � � � = xn with k � 4 have n = 2k � 3k and P3 = 2k�2. So there are basi
 solutionshaving P3 = 14n+O(log(n)).5 A question of Karl S
hererNow it is easy to answer a question of Karl S
herer, who wanted to know: Given an integer x what is theminimal n� for whi
h x is member of a solution? As we know every x � 3 is member of a P3 = 3 basi
solution. So the sequen
e of S
herer is well de�ned. In the following table this sequen
e is 
al
ulated uptox = 120 showing that the 
onstu
tion method given in this note is very e�e
tive.n�(x) 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 201 4 3 5 5 3 13 10 5 7 13 5 10 8 3 14 13 7 25 10+20 14 4 5 34 13 46 23 13 10 28 5 25 5 23 5 14 7 35 3 22+40 25 23 47 5 38 19 10 10 25 86 39 8 27 39 37 58 5 7 13 5+60 53 38 13 73 19 46 7 62 30 35 14 74 13 19 23 26 70 14 26 49+80 5 4 13 130 53 23 3 49 23 67 43 79 13 14 10 65 59 70 35 37+100 73 3 127 25 19 54 5 10 25 8 34 49 193 86 13 13 65 67 7 38As an example we derive a solution with x = 84 for n = 130 from a basi
 solution. (9; 8; 4; 1127) �!(23; 8; 4; 1127) �! (84; 23; 4; 1127).6 Number of basi
 solutionsThe number of basi
 solution of at most n terms is a slow growing fun
tion s(n).n 3 4 5 6 7 8 9 10 11 12 13 14 15 20 50 100 200 500 1000s(n) 1 2 3 3 4 5 5 6 6 6 7 9 9 13 45 110 286 989 2544It is a open question to determine an asymptoti
 formula for this fun
tion.
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7 Table of basi
 solutionsTo save spa
e the solutions are given in run-length en
oding. E. g. 33 reads as 3; 3; 3.n S1 = P1 S2 P2 S3 P3 x1; x2; : : :3 27 18 9 9 3 334 16 12 8 8 4 245 36 20 9 11 3 4; 32; 127 24 15 8 11 4 3; 23; 138 32 16 8 12 4 4; 23; 1410 48 32 12 16 3 42; 3; 1713 60 35 12 19 3 5; 4; 3; 11014 72 36 12 20 3 6; 4; 3; 11114 36 27 12 18 4 32; 22; 11017 32 28 16 24 8 25; 11219 75 50 15 25 3 52; 3; 11619 48 32 12 23 4 4; 3; 22; 11519 64 48 16 32 4 43; 11622 60 35 12 26 4 5; 3; 22; 11823 90 54 15 29 3 6; 5; 3; 12023 72 36 12 27 4 6; 3; 22; 11925 105 56 15 31 3 7; 5; 3; 12226 80 55 16 39 4 5; 42; 12327 54 45 18 36 6 33; 2; 12328 64 48 16 32 4 42; 22; 12428 48 39 16 35 8 3; 24; 12330 108 72 18 36 3 62; 3; 12731 96 60 16 44 4 6; 42; 12834 112 63 16 47 4 7; 42; 13135 126 77 18 41 3 7; 6; 3; 13235 80 55 16 39 4 5; 4; 22; 13135 128 64 16 48 4 8; 42; 13237 100 75 20 50 4 52; 4; 13437 64 48 16 44 8 4; 24; 13238 144 80 18 44 3 8; 6; 3; 13538 72 56 18 47 6 4; 32; 2; 13439 162 81 18 45 3 9; 6; 3; 13640 96 60 16 44 4 6; 4; 22; 13643 147 98 21 49 3 72; 3; 14043 112 63 16 47 4 7; 4; 22; 13944 128 64 16 48 4 8; 4; 22; 14044 80 55 16 51 8 5; 24; 13946 100 75 20 50 4 52; 22; 14246 120 84 20 59 4 6; 5; 4; 14346 64 60 32 56 16 26; 14047 90 65 18 56 6 5; 32; 2; 14347 72 63 24 54 8 32; 23; 14249 168 104 21 55 3 8; 7; 3; 14649 96 60 16 56 8 6; 24; 14449 81 72 27 63 9 34; 14552 112 63 16 59 8 7; 24; 14753 189 108 21 59 3 9; 7; 3; 15053 140 91 20 66 4 7; 5; 4; 15053 125 100 25 75 5 53; 15053 128 64 16 60 8 8; 24; 14854 108 72 18 63 6 6; 32; 2; 15055 210 110 21 61 3 10; 7; 3; 15255 120 84 20 59 4 6; 5; 22; 15155 96 80 24 64 6 42; 3; 2; 15158 192 128 24 64 3 82; 3; 155

n S1 = P1 S2 P2 S3 P3 x1; x2; : : :58 160 96 20 71 4 8; 5; 4; 15559 144 108 24 72 4 62; 4; 15659 126 77 18 68 6 7; 32; 2; 15561 180 99 20 74 4 9; 5; 4; 15862 140 91 20 66 4 7; 5; 22; 15862 200 100 20 75 4 10; 5; 4; 15962 144 80 18 71 6 8; 32; 2; 15863 162 81 18 72 6 9; 32; 2; 15964 96 80 24 71 8 4; 3; 23; 15965 216 135 24 71 3 9; 8; 3; 16267 160 96 20 71 4 8; 5; 22; 16367 150 114 25 89 5 6; 52; 16468 144 108 24 72 4 62; 22; 16469 108 92 27 83 9 4; 33; 16570 240 140 24 76 3 10; 8; 3; 16770 180 99 20 74 4 9; 5; 22; 16670 168 119 24 83 4 7; 6; 4; 16770 120 95 24 79 6 5; 4; 3; 2; 16671 200 100 20 75 4 10; 5; 22; 16773 264 143 24 79 3 11; 8; 3; 17073 96 87 32 83 16 3; 25; 16774 288 144 24 80 3 12; 8; 3; 17175 243 162 27 81 3 92; 3; 17278 108 99 36 90 12 33; 22; 17379 168 119 24 83 4 7; 6; 22; 17579 192 128 24 92 4 8; 6; 4; 17679 175 126 25 101 5 7; 52; 17679 120 95 24 86 8 5; 3; 23; 17480 128 112 32 96 8 43; 2; 17683 270 170 27 89 3 10; 9; 3; 18083 144 108 24 92 6 6; 4; 3; 2; 17985 196 147 28 98 4 72; 4; 18286 216 135 24 99 4 9; 6; 4; 18386 180 144 30 108 5 62; 5; 18387 135 110 27 101 9 5; 33; 18388 192 128 24 92 4 8; 6; 22; 18489 297 176 27 95 3 11; 9; 3; 18689 200 136 25 111 5 8; 52; 18689 128 112 32 96 8 42; 23; 18491 240 140 24 104 4 10; 6; 4; 18891 150 125 30 100 6 52; 3; 2; 18792 144 108 24 99 8 6; 3; 23; 18793 324 180 27 99 3 12; 9; 3; 19094 300 200 30 100 3 102; 3; 19194 196 147 28 98 4 72; 22; 19094 264 143 24 107 4 11; 6; 4; 19194 168 119 24 103 6 7; 4; 3; 2; 19095 351 182 27 101 3 13; 9; 3; 19295 216 135 24 99 4 9; 6; 22; 19195 288 144 24 108 4 12; 6; 4; 19297 225 144 25 119 5 9; 52; 19498 224 160 28 111 4 8; 7; 4; 19598 144 128 36 112 9 42; 32; 19498 128 112 32 108 16 4; 25; 192100 240 140 24 104 4 10; 6; 22; 1963



8 The forest of solutions

33 6, 32 15, 6, 339, 15, 3 87, 15, 6102, 39, 3 582, 39, 15 507, 87, 6 1299, 87, 15267, 102, 3

24 6, 2322, 6, 2282, 22, 22 262, 22, 6, 2306, 82, 22 3606, 82, 22, 2 3122, 262, 6, 2 11522, 262, 22, 234582, 262, 22, 6

4, 32, 125, 32, 12 9, 4, 3, 12 35, 4, 32, 112, 5, 3, 12 44, 5, 32, 1 23, 9, 3, 12 33, 9, 4, 12 107, 9, 4, 3, 1311, 35, 32, 1417, 35, 4, 3, 11259, 35, 4, 32
31, 12, 3, 12 57, 12, 5, 12
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