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Solutions will be discussed in the tutorial on 15.07.15.

1. Find a Lyapunov function for the system{
x′ = −2xy − 2y2

y′ = x2 − y3 + xy

and hence show that the origin is a stable fixed point of the system. Is
it asymptotically stable?

2. Find a Lyapunov function for the system{
x′ = −3x3 − y
y′ = x5 − 2y3

and hence show that the origin is an asymptotically stable fixed point.

Hint: Look for a function of the form E(x, y) = Axp +Byq, for A,B > 0
and p, q ∈ N even.

3. Consider the system x′ = f(x) in Rd, where f is a Lipschitz function on
Rd such that f(0) = 0 and

d∑
k=1

xkfk(x) < 0 if x 6= 0 .

Prove that x(t) → 0 when t → ∞ for all solutions x(t) of the system,
independently of the starting value x(0).

Hint: Prove that E(x) = ‖x‖2 = x2
1 + . . .+x2

n is a Lyapunov function for
the system.


