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The random environment

Let
Qo,Q1,---

be a sequence of i.i.d. copies of the random probability measure
Q@ on Ng = {0,1,...} (i.e. a random variable with values in the
set A of all probability measures on Np). Then

E = (Q()anv"')

is called a random environment.

Qn is the offspring distribution of an individual in generation n.



The embedded branching process

Denote
Zn = number of individuals in generation n
Y:n = number of children of the
1th individual in generation n |
thus

n—l—l — ZY;n

Then (Z,) is called a branching process in random environment
(BPRE), if given the environment the numbers of children are
independent with offspring distributions as in the environment,
or

LV Yzn) | Zos -0 20, E) = QFP



T he associated random walk

Define the random variables

Xn = logm(Q,—-1), n>1

with the offspring means

m(@Qn-1) = [2Qn 1(da) ,
being independent copies of X := log m(Q).

The characteristics of the BPRE (7)) is first of all determined
by the random walk

S, ;= X1+-+S,, Sy := 0.



Survival probabilities 1

By means of the conditional moment

E[Zn| Z0,E] = Zo-m(Qq)---m(Qn_1) = Zge "

and P{Z, >0| ...} <P{Z.>0|...} <E[Z.|...] fork<n, we
obtain for the probabilities of survival the exponential estimate

P{Z, > 0|Zp,E} < Zoexp<min(So,...,Sn))
and
P{Z, >0} < E[Zoexp(min(so,...,sn))}



Survival probabilities 2

In fact (we assume Zg = 1 from now on)

P{Z,>0|E} ~ exp(min(So,...,Sn)) .

(Kozlov 1975, Geiger, Kersting 2001)

That is: For survival the population first of all has to overcome
the moment, when the conditional mean population size is parti-
culary small. After this hurdle the population experiences a kind

of supercritical growth.



T he effect of the environment
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Criticality

The BPRE is called

critical, if E[X] =0,
supercritical, if E[X] > 0,
subcritical, if E[X] < 0.

(Smith, Wilkinson AMS 1969, Athreya, Karlin AMS 1971) or
more generally, if (S,) is an oszillating random walk, or if it has
drift to co or to —oo (Avanasyev, Geiger, Kersting, Vatutin AP,

2005).

In the critical and subcritical case

P{Z,>0|&} — O0a.s. and P{Z,>0} — 0O,

as follows from the above exponential estimate.



A phase transition in the domain of subcriticality

The precise asymptotics for the survival probabilities are as fol-
lows (Kozlov 1975, Avanasyev 1980, Dekking 1988, ...):

case.

condition:

P{Z, >0} x

critical

weakly subcritical

moderate subcritical

strongly subcritical

E[X] =0

E[X] < 0 < E[Xe]

E[XeX] =0

E[XeX] <0

n—1/2

n_3/2fyn , With
0 <v < E[m(Q)]

n~1/2E[m(Q)]"

E[m(Q)]"



The Method: Change of measure

We introduce the family f’ﬁ, B > 0 of probability neasures, given
by

EB[Cb(Ql, ceey Qn7217 I Zn)]
— ’y_nE[QS(Q]_, cet Qn7 Zla R Zn)eﬂsn]

with
Y = 9B = E[eﬁX].
Or conversely:

El(Q1,---,Zn)] = Y"Egle(Q1, ..., Zn)e "] .
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Survival probabilities 3

In particular

P{Z, >0} = y"Eg|P{Zy>0|E}e 5

and

P{Z, >0} =~ W”E[g[exp(min(SO,...,Sn)—ﬁsn)} .

What is the right choice for 37
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Criticality

When E[X] = 0, it is appropriate to choose 5 = 0 and
E[eMin(S0:5)] ~ P{min(Sp,...,Sn) > —c} ~ n /2

Given Z, > 0 the random walk S, ..., S, behaves like a Random
Walk Meander,
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Criticality 2

Consequently: Given Z, > 0 the branching process exhibits su-
percritical behaviour. Let for 0 < k <n

X" = Zyy i)/ %P (Sktpnny) » 0<t<1.

Theorem. (Conditional supercriticality of the critical process) T here
is a process Y = (Y;)o<i<1 With strictly positive, a.s. constant
paths, i.e. Y; = Yy a.s., such that for 0 < k, <n and k, — oo

L(xFon| z,>0) = L(Y) .

Remark. This is analogue to the fact that for an ordinary super-
critical Galton-Watson process Z,,/m™ is a.s. convergent.
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Weak Subcriticality

If there is a 0 < 3 < 1 such that E[Xe?X] =0, then E4[X] =0
and the random walk is recurrent under PB- From

Eﬁ [emin(So,...,Sn)—BSn} ~ ]_55{ min(Sop,...,Sn) =~ 0, S, ~ O} ~ n3/2

it becomes plausible that given Z;, > 0 the path Sp,..., 5, beha-
ves like a Random Walk Excursion
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Weak subcriticality 2

Again: Given Z, > 0 the branching process exhibits supercritical
behaviour till almost time n. Now let for 0 < k <n

X" = Tt (tn—2)]/ &P (Sktpe(n2ry)) » 0 <t<1.

Theorem. (Conditional supercriticality of the weakly subcritical
process) There is a process Y = (Y;)o<i<1 With strictly positive,
a.s. constant paths, i.e. Y; = Yy a.s., such that for 0 < k, < n/2
and k, — oo

L(XFnm] 2, >0) = L(Y) .

However

Theorem. (Conditional subcriticality of the weakly subcritical
process) L(Zn | Zn > 0) is weakly convergent.
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Moderate subcriticality

If E[XeX} — 0, then E{[X] = 0 and the random walk is recurrent

under f’l. Now
El [emiﬂ(SOp..,Sn)—Sn} ~ f)l{min(SQ,...,Sn) %Sn} ~ n—1/2

and given Z, > 0 the path Sp,...,S, behaves like a conditioned
random walk

L
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Moderate subcriticality 2

Supercriticality is only present during random time intervals and
alternates with subcritical phases (similar to the unconditioned

critical behavior!).
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Moderate subcriticality 3

Theorem. Let B! = (B})g<;<1 be a Brownian motion conditio-
ned to take its minimum at time t =1 and let e1,eo,... itS ex-
cursion intervals (in some order). Write j(t) = j, if t € e;. Then
forO<t1<--- <t <1l,asn— o0

Znt Zint d
E( L k ‘Z >O> — Wiy, ..o, W :
(exD(Sntl) exIO(Sntk)> : Wit i)

where W1, W, ... are independent of B! and i.i.d. copies of some
strictly positive random variable W .
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Strong subcriticality

If E[XeX} < 0, then 3 = 1 still is the right choice, E{[X] < 0 and
the random walk is transient under f’l. Now

Eq [emin(so’“"S")_Sn} ~ f’l{ min(So, ..., Sn) & Sn}

Q

C

and given Z, > 0 the path Sp,...,S, behaves like a transient
random walk
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Strong supercriticality 2
Now given Z,, > 0 no supercritical behavior remains.

Theorem. Let 0 <t < - <t <1, then

((Zntys -2 Zoy) | Zn > 0) 5 (Wi, Wy,) |

where W1, Wo, ... arei.i.d. copies of some strictly positive random
variable W .
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Conclusion

For the conditioned process the borderline from supercritical to
subcritical behavior shifts:

unconditioned | conditioned
case behavior behavior
critical alternating supercritical
weakly subcritical subcritical supercritical
moderate subcritical | subcritical alternating
strongly subcritical subcritical subcritical
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A formula for survival probabilities

From definition

P{Z,>0|&} = ElZy|E]/E[Zn| Zn > 0,€]

Thus it is sufficient to consider E[Z,, | Z,, > 0,£&].
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Geiger’s tree

N

C

T

+ = |leftmost individual
in generation n

T — independent GW-trees

C = independent
conditioned GW-trees
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T hus
E[Zn|Zn>0,E] = 14+E[D_ Z,7|Zn>0,&]
T

(where Z,, 1 is the number of individuals in generation in subtree
T)

n
14 Y E[Rg, | Zn>0,E]exp(Sn — Sg) ,
k=1
where Ry, is the number of siblings to the right of x's ancestor

in generation k£ — 1. Altogether

n
P{Z,>0|E 1 = 3 mppe St
=0
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