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William Crawley-Boevey

1 Basics of rings and modules

1.1 Rings

We consider rings R which are unital, so there is 1 € R with r1 = 1r = r for
all r € R. Examples: Z, Q, R, C, Z[v2] = {a +bv2 : a,b € Z}, R[z] of ring
of polynomials in an indeterminate z with coefficients in a ring R, M, (R)
the ring of n x n matrices with entries in a ring R.

A subring of aring is a subset S C R which is ring under the same operations,
with the same unity as R. A ring homomorphism is a mapping 6 : R — S
preserving addition and multiplication and such that 6(1) = 1.

A (two-sided) ideal in a ring R is a subgroup I C R such that rz € I and
xr € I for all r € R and x € I. The ideal generated by a subset S C R is

(S) = {Zrisirg :n > 0,17 € Rys; € ST
i=1

If I is an ideal in R, then R/I is a ring.
Examples: F, = Z/(p) = Z/pZ, Fy = Fo[z]/(2* + z + 1).

The isomorphism theorems (see for example, P.M.Cohn, Algebra, vol. 1).
(1) If0: R — S then Imf = R/ Ker6.

(2) If I is an ideal in R and S is a subring of R then S/(SNI)= (S+1)/I.
(3) If I is an ideal in R, then the ideals in R/I are of the form J/I with J
an ideal in R containing I, and (R/I)/(J/I) = R/ J.

The opposite ring R is obtained from R by using the multiplication -, where
r-s = sr. The transpose defines an isomorphism M, (R)” — M, (R).
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1.2 Modules

Let R be aring. A (left) R-module consists of an additive group M equipped
with a mapping R x M — M which is an action, meaning

- (rr"Ym =r(r'm) for r,r" € R and m € M,

- it is distributive over addition, and

- it is unital: 1m = m for all m.

Dually there is the notion of a right R-module with an action M x R — R.
Apart from notation, it is the same thing as a left R°’-module. If R is
commutative, the notions coincide.

If R and S are rings, then an R-S-bimodule is given by left R-module and
right S-module structures on the same additive group M, satisfying r(ms) =
(rm)s for r € R, s € S and m € M.

If: R — S is aring homomorphism, any S-module ¢M becomes an R-
module denoted g M or ¢M by restriction: r.m = 0(r)m.

An R-module homomorphism 6 : M — N is a map of additive groups with
G(rm) = rf(m) for r € R and m € M. A submodule of a R-module M is a
subgroup N C M with rn € N for all r € R, n € N. Given a submodule
N of M one gets a quotient module M /N. Similarly for right modules and
bimodules.

A ring R is naturally an R-R-bimodule. A (two-sided) ideal of R is a sub-
bimodule of R. A left or right ideal of R is a submodule of R as a left or
right module.

The isomorphism theorems for R-modules (see for example P.M.Cohn, Alge-
bra, vol. 2).

(1) If0: M — N then Im60 = M/ Ker6.

(2) If L and N are submodules of a module M, then L/(LNN) = (L+N)/N.
(3) If N is a submodule of M, then the submodules of M /N are of the form
L/N where L is a submodule of M containing N, and (M/N)/(L/N) = M/L.

1.3 Exact sequences

A sequence of modules and homomorphisms
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is said to be exact at M if Im f = Kerg. It is exact if it is exact at every
module. A short exact sequence is one of the form

0=LLME NSO
so f is injective, ¢ is surjective and Im f = Kerg.
Any map f: M — N gives an exact sequence
0—>Kerf—M—N — Coker f =0
where Coker f = M/Im f, and short exact sequences

0O—-Kerf>M-—->Imf—-0, 0—Imf— N — Coker f — 0.

Snake Lemma. Given a commutative diagram with exact rows

0

M -2y N —>s 0

A

0 s L w2 N —— 0)

there is an induced exact sequence
(0 =) Ker f — Ker g — Ker h = Coker f — Coker g — Coker h(— 0).

The connecting homomorphism c is given by diagram chasing.

1.4 Algebras

Fix a commutative ring K (usually a field). An (associative) algebra over K,
or K -algebra consists of a ring which is at the same time a K-module, with the
same addition, and such that multiplication is a K-module homomorphism
in each variable.

To turn a ring R into a K-algebra is the same as giving a homomophism
from K to the centre of R, Z(R) = {r € R : rs=sr for all s € R}. Given
the K-module structure on R, we have the map K — Z(R), A — Al. Given
amap f: K — Z(R) we have the K-module structure A.m = f(A\)m.

A ring is the same thing as a Z-algebra.
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Any module for a K-algebra R becomes naturally a K-module via A.m =
(Al)m. It can also be considered as a R-K-bimodule.

If R and S are K-algebras, then unless otherwise stated, one only considers
R-S-bimodules for which the left and right actions of K are the same.

A K-algebra homomorphism is a ring homomorphism which is also a K-
module homomorphism, or equivalenty a ring homomorphism which is com-
patible with the ring homomorphisms from K.

1.5 Hom spaces

Let R be a K-algebra (including the case of a ring, with K = Z). The set of
all R-module homomorphisms M — N is denoted Homg(M, N) and it is a
K-module. The set of endomorphisms Endg(M) is a K-algebra.

Bimodule structures on M or N give module structures on Hompg(M, N).
For example if M is an R-S-bimodule and N is an R-T-bimodule then
Hompg(M, N) becomes an S-T-bimodule via (s6t)(m) = 6(ms)t.

Lemma. If M is an R-module, there is an R-module isomorphism
Hompg(R, M) = M, 6+ 0(1), (r+— rm)< m.
Taking M = R, this gives an isomorphism of rings
Endg(R) = R.

(If we used right modules, we wouldn’t need the opposite here.)

1.6 Products and sums
The (Cartesian) product of sets X; (i € 1) is [[;c; Xi = {(4)ier: xi € X}
[;c; X is the set of functions I — X, also denoted X7

The axiom of choice says that if all X; # () then [[,.; X; # 0. We shall freely
use the axiom of choice. In particular:

Zorn’s lemma. If in a non-empty partially ordered set, every chain (=totally
ordered subset) has an upper bound, then the set has a maximal element.



Well-ordering Theorem. Any set can be well ordered, that is, given a total
order with the property that any non-empty subset has a least element.

A product of rings [[..; R; is naturally a ring, e.g. Z" =Z X Z X - -+ X Z.

el

A product of R-modules [, ; X; is naturally an R-module. There is also the
(external) direct sum or coproduct of modules:

EBXi (or HXZ> = {(%’)ie] € HXi: x; = 0 for all but finitely many z} )
iel i€l i€l
One writes XU) = @, ; X.

If the X; (¢ € I) are submodules of an R-module X, then addition gives a

homomorphism
@XZ- — X, (%)ier — Zazl
iel iel
The image is the sum of the X;, denoted ), , X;. If this homomorphism

is an isomorphism, then the sum is called an (internal) direct sum, and also
denoted €B,.; X;.

Lemma. There are natural isomorphisms

Homp (X, H Y;) & H Hompg(X,Y;),

Homp (P X;,Y) = [ [ Homp(X;,Y).

In particular Endg(X™) = M,,(Endg(X)) and more generally

Hom(X;,X;) Hom(X,, X;) ... Hom(X,, X))
Endp(X,@- - -®X,) = Hom(X;, Xs) Hom(Xs, X5) ... Hom(X,,Xs)
Hom(X1, X,)) Hom(Xa, X,) ... Hom(X,, X,)

1.7 Generators and relations

If (m;)ier is family of elements of an R-module M, the submodule generated
by (m;) is

Z Rm; = {Z rim; : r; € R, all but finitely many zero},

iel i€l



or equivalently the image of the map R — M, (r;) — Y., r;m;. Any
element of the kernel gives a relation of the form

mei:O

iel

(with all but finitely many r; = 0). The family (m;) is linearly independent if
the map RYY) — M is injective, or equivalently there are no non-trivial rela-
tions; it is an (R-)basis for M if it is linearly independent and generates M.

The following are equivalent (in which case M is said to be a free module).
(i) M has an R-basis
(ii) M = RY) for some set .

The module generated by a family of indeterminates (m;);c; subject to a set
of relations of the form
Z rm; = O

i€l

is M = RU /L where the m; are identified with the canonical basis of R()
and L is the submodule of RY) generated by the elements D ier i

Every module M has a generating set (eg M itself), so there is always a map
from a free module onto M.

1.8 Finitely generated modules

A module M is finitely generated if it has a finite generating set. Equivalently
if there is a map from R"™ onto M for some n € N.

Properties. (i) Any quotient of of a finitely generated module is finitely
generated.

(ii) €@ M, is finitely generated if and only if the M; arefinitely generated, and
all but finitely many are zero.

(ili) Homg(M, @ Y;) = @ Homp(M,Y;) for M finitely generated.

(iv) Any proper submodule of a finitely generated module is contained in
a maximal proper submodule. (Apply Zorn’s Lemma to the set of proper
submodules containing the submodule. Finite generation ensures that the
union of a chain of proper submodules is a proper submodule.)



For later use, we consider the following rather specialized idea that I saw in
R. Wisbauer, Foundations of module and ring theory. If M is a module which
can be written as a direct sum of finitely generated modules, say M = @ M,,
then we define

ITOI\HR(M, Y)={6 € Hom(M,Y) : §(M),) = 0 for all but finitely many A}.

Contrary to what it seems to say in §51, p485 of the book by Wisbauer,
this definition depends on the given decomposition of M. (For example
if M = R™ is the free module with natural basis e, e, es, ..., then the
projection onto the Oth summand 7 : M — R isin ITOI\HR(M, R) with respect
to the natural decomposition of M as a direct sum of copies of R, but not with
respect to the decomposition coming from the basis e, ey + €1, €9 + €2, ... .)
Clearly
Homp(M,Y) = P Homp(M,,Y), and

Homp(M, P Y;) = €D Homp(M, V).

1.9 Simple and semisimple modules

A module S is simple (or irreducible) if it has exactly two submodules, namely
{0} and S. Tt is equivalent that S is non-zero and any non-zero element is a
generator.

Schur’s Lemma. Any homomorphism between simple modules must either
be zero or an isomorphism, so if S is simple, Endg(S) is a division ring, that
is, all non-zero elements are invertible.

Theorem. If M is a module, the following are equivalent, in which case M is
said to be semisimple (or completely reducible).

(a) M is isomorphic to a direct sum of simple modules.

(b) M is a sum of simple modules.

(¢) Any submodule of M is a direct summand.

Sketch. For fuller details see P.M.Cohn, Algebra 2, §4.2.

(a) implies (b) is trivial. Assuming (b), say M = > .., S; and that N is a
submodule of M, one shows by Zorn’s lemma that M = N & ,_, S; for
some subset J or I. This gives (a) and (c).
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The property (c) is inherited by submodules N C M, for if L C N and
M =L®Cthen N=L@& (NnNC). Let N be the sum of all simple
submodules. It has complement C', and if non-zero, then C' has a non-zero
finitely generated submodule F. Then F' has a maximal proper submodule
P. Then P has a complement D in F'; and D = F/P, so it is simple, so
D C N. But D C C, so its intersection with N is zero.

Corollary. Any submodule or quotient of a semisimple module is semisimple.

Proof. We showed above that condition (c¢) passes to submodules. Now if
M is semisimple and M /N is a quotient, then N has a complement C' in M,
and M/N = C| so it is semisimple.

The theory of vector spaces:

Theorem. If R is a field, or more generally a division ring, every R-module
is free and semisimple.

Proof. R is a simple R-module, and it is the only simple module up to
isomorphism, since if S is a simple module and 0 # s € S then the map
R — S, r — rs must be an isomorphism. Thus free = semisimple. The
result follows.

Artin-Wedderburn Theorem. For a ring R, the following are equivalent:

(i) R is a left artinian and its Jacobson radical is zero. (We didn’t discuss
these conditions yet.)

(ii) R is semisimple as an R-module.

(iii) Every R-module is semisimple.

(iv) R is isomorphic to a finite direct product of matrix rings over division
rings.

Sketch (excluding (i)). (ii) implies that every free module is semisimple, and
since any module is a quotient of a free module, (iii) follows. If (ii) holds
then, since R is finitely generated as a module (by 1), it must be a finite
direct sum of simples. Collecting terms we can write

R=S5&® &S PS®d  ®Sd- &S, d---®S,

where 51, ..., .5, are non-isomorphic simples, and there are n; copies of each
Si;. Then by by Schur’s lemma and the last statement in §1.6, one gets
Endg(R) = [, M,,(D;) with D; = Endg(S;). Now take the opposite ring
to get R, giving (iv).

Conversely, if (iv) holds, say R = [, My, (D;) then R = @_, Dj, I
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where I;; is the left ideal in M, (D;) consisting of matrices which are zero
outside the jth column. This is isomorphic to the module consisting of
column vectors D;", and for D; a division algebra, this is a simple module,

giving (ii).

1.10 An exotic example

If M is a free R-module, say M = R, then
Hompg(M, R) = Homg(RY, R) = (Homg(R, R))! = R’

This is either finitely generated (if R = 0 or [ is finite) or uncountable (if
R # 0 and [ is infinite). The following result thus shows that ZY cannot be
free.

Theorem (Specker, 1950). Homgz(Z", Z) is a free Z-module with basis (7;)sen
where m;(a) = a;.

Proof. (cf. Scheja and Storch, Lehrbuch der Algebra, Teil 1, 2nd edition,
Satz I11.C.4, p230) It is clear that the 7; are linearly independent. Let (e;)
be the standard basis of Z™N C ZN. Let h : ZN — Z, and let b; = h(e;). Let
(cn) be a sequence of positive integers such that ¢, is a multiple of ¢, and

Cn+1 Z n+1+ Z |Czbl|

i—1
Let ¢ = h((cy)).
For each m € N there is y,, € Z" with
(Cn) = Z Ci€; + Cm+1Ym-
i=0

Applying h gives
c= Z cibi + cmi1h(Ym),
i=0

SO

e = > cibil = cialh(ym)|
i=0



is either 0 or > ¢, 1. But if m > |¢|, then

m m
|C — ZCzbz‘ < ’C‘ + Z ’Czbz‘ < Cm+1-
=0 =0

Thus ¢ = >, ¢;b; for all m > |¢|. But this implies b; = 0 for all ¢ > |¢].
lc|

Then the linear form h —
elements e;.

o bim; vanishes on all of the standard basis

It remains to show that if ¢ € Hom(Z",Z) vanishes on all the e;, then it is
zero. Suppose given (¢;) € ZY. Expanding ¢; = ¢;(3 — 2)%, we can write
¢; = v;2" + w;3" for some v;, w; € Z. Then g((¢;)) = g((v:2")) + g((w;3")).
Now for any m, (v;2') = Z?:ol v;2%; + 2™z, for some z,, € ZN. Thus
g((v;2") € 2™Z. Thus g((v;2)) = 0. Similarly for w. Thus g((c,)) = 0.

See also the example of Rickard on mathoverflow.net (in answer to question
218113), the Z-module A of bounded sequences of elements of Z[v/2] satisfies
A2 ADZ? 2 ADZ.

1.11 Tensor products

If X is aright R-module and Y is a left R-module, the tensor product X®zrY
is defined to be the additive group generated by symbols z®y (z € X,y € V)
subject to the relations:

x4+ ) Ry=ry+1 Y,

-z W+yY)=ryt+rey,

-(zr)®@y=2® (ry) for r € R.

Properties. (1) Assume that R is a K-algebra (including the case K = Z,
if R is a ring), then X ®g Y is a K-module via A(z ® y) = zA®y. If Z
is a K-module, a map ¢ : X xY — Z is K-bilinear if it is K-linear in
each argument, and R-balanced if ¢(zr,y) = ¢(z,ry) for all x,y,r. The set
Bk r(X,Y, Z) of K-bilinear R-balanced maps is naturally a K-module, and
there is an isomorphism

HOH1K<X Qr Y, Z) = BK,R(Xy Y, Z)

sending 0 to the map (z,y) — 0(x ® y) and ¢ to the map sending > x; ® y;
to > ¢(wi, vi)-
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(2) If X is an S-R-bimodule, then X®pzY becomes an S-module via s(z®y) =
(sz) ® y, and for a left S-module Z, there is a natural isomorphism

Homg(X ® Y, Z) = Hompg(Y, Homg(X, Z)).

Both sides correspond to the subset of Bk r(X,Y, Z) consisting of bilinear
balanced maps which are also S-linear in the first argument.

Dually, if Y is an R-T-bimodule, then X ®g Y is a right T-module and
Homr(X ® Y, Z) =2 Homg(X, Homy (Y, 7)).

(3) There are natural isomorphisms X®@rR = X, x®r — zr and RQrY =Y,
r @y — ry. There are natural isomorphisms

(D) ony = DX ea ). X o (DY) = PX @10

el i€l i€l i€l
Thus X @z gRY) = XU and RY @, Y 2 YD, so RY @p gRY) = RUXI),

(4) If 6 : X — X' is a map of right R-modules and ¢ : Y — Y’ is a map is
left R-modules, then there is a map

0R¢: X@rY - X' @rY', 2@y~ 0(z) @ ¢(y).
If 6 is a map of S-R-bimodules, then this is a map of S-modules, etc.

(5) If X! C X is an R-submodule of X then (X/X') ®g Y is isomorphic to
quotient of X ®g Y by the subgroup generated by all elements of the form
@y with 2/ € X', y € Y (so the cokernel of the map X' ®rY — X ®rY).
Similarly for X ®@g (Y/Y”) if Y’ is a submodule of Y.

Thus if I is a right ideal in R,

(R/I)®rY = (R®rY)/Im(I ®rY — R®rY)=Y/IY.
Similarly if J is a left ideal in R then X ®p (R/J) = X/ X J.
Thus (R/I)®@gr (R/J) = R/(I+J). eg. (Z/27) @z (Z/3Z) = Z]7Z = 0.

(6) If X is a right S-module, Y a S-R-bimodule and Z a left R-module, then
there is a natural isomorphism

X®s(YRrZ)=Z(X®sY)R®rZ.
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(7) Tensor product of algebras. If R and S are K-algebras, then R ®x S
becomes a K-algebra. For example M,,(K)®xS = M, (S). An R-S-bimodule
(for which the two actions of K agree) is the same thing as a left R ®x SP-
module.

(8) Base change. If S is a commutative K-algebra then R ® S is naturally
an S-algebra.

1.12 Idempotents

An idempotent in a ring R is an element e € R with e? = e.

Properties. (1) If M is an R-module, then eM = {m € M : em = m}, for if
em = m then m € eM, while if m € eM then m = em/ = e?m/ = e(em’) =
em.

(2) The map Hompg(Re, M) — eM,0 — 6(e) is an isomorphism of additive
groups. The inverse sends m to the map r — rm.

(3) eRe = Endg(Re)? is a ring. It is not a subring of R since the identity
element is different.

A family of idempotents (e;) is orthogonal if e;e; = 0 for i # j. For a family
of orthogonal idempotents, the following are equivalent, in which case it is
called a complete family of orthogonal idempotents.

(i) 1 is finite and ), , e; = 1;

(i) R = €D, j, eille; (Peirce decomposition);

(iii) For any left module M one has M =
N one has N = @@,., Ne;.

se1 €M and for any right module

Given any idempotent e, the pair e,1 — e is a complete set of orthogonal
idempotents.
Lemma. For an R-module M, there is a bijection

{idempotents in Endg(M)} — {R-module decompositions M = X @ Y'}.

Proof. An idempotent endomorphism e gives M = Ime @ Kere. A decom-
position M = X @Y gives e = projection onto X.

Similarly, complete families of n orthogonal idempotents in Endg(M) corre-
spond to decompositions M = M, & My & --- H M,
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Definitions. (i) A module M is indecomposable if it is non-zero and in any
decomposition M = X @Y, either X =0 or Y = 0. Thus M is indecom-
posable if and only if Endg(M) has no non-trivial idempotents (other than
0 and 1).

(ii) An idempotent e € R is primitive if Re is indecomposable, or equivalently
if eRe contains no idempotents other than 0 and e. Equivalently if e can’t
be written in a non-trivial way as a sum of two orthogonal idempotents.

(iii) Idempotents e, f € R are equivalent if Re = Rf. Equivalently if there
are elements p € eRf and q € fRe with pg = e and gp = f.

1.13 Non-unital rings

For fun, I thought it would be nice to extend definitions and theorems to the
following non-unital rings.

A ring with enough idempotents is an additive group with an associative
multiplication which is distributive over addition, and which has a complete
set of orthogonal idempotents, that is, a set of orthogonal idempotents (e;);cr

satisfying
R= @ eiRe;.
ijel
By a left module for such a ring, one means an additive group M equipped
with an action R x M — M which satisfies r(r’'m) = (rr')m, is distributive
over addition, and is unital in the sense that

M=EeM

i€l

(equivalently RM := {377 rym; :n > 0,1; € R,m; € M} is equal to M.)

Examples.

(a) A direct sum of rings €,
ring with enough idempotents.
(b) If I is a set and R a ring (unital or with enough idempotents), write R
for the set of matrices with entries in R, with rows and columns indexed by I,
and only finitely many non-zero entries. It is a ring with enough idempotents.
(c) If M is a direct sum of finitely generated R-modules, then Endg(M) is a
ring with enough idempotents, and for any set I,

Endp(M7) 2 Endg(M) D,

R; (unital or with enough idempotents) is a

IxI)
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(d) If R has enough idempotents then R = € Re; so gR is a direct sum of
finitely generated modules, and R = @@ e; R = € Hompg(Re;, R) = Endg(R)°".

14



2 Constructions of algebras

We consider K-algebras, where K is a commutative ring. Maybe K = Z, so
we consider rings.

2.1 Tensor algebras and free algebras

If V is an R-R-bimodule, one defines the tensor powers by

TEVZV@R‘/@R“‘@RK,

with the convention that T9V = R. The tensor algebra is
TRV =PIV =ReVa(VarV)o(VarVerV)o...

neN

with its natural K-algebra structure.

A K-algebra homomorphism ¢ : TRV — C' gives rise to a K-algebra homo-
morphism 0 : R — C and an R-R-bimodule map ¢ : V — 4Cy. Conversely
any such 6 and v uniquely determine a K-algebra map ¢ : TRV — C,

¢(r) =0(r), d(v1 @ -~ @ vy) = Y(v1) ... Y (vn).

Similarly, a module for TRV is the same thing as an R-module M and an
R-module map V @z M — M.

In case R = K and V is the free K-module with basis X, we can identify
Tk V with the free (associative) algebra K(X). This is the free module K-
module on the set of all words in the letters of X. It becomes a K-algebra
by concatenation of words. For example for X = {z,y} we write K(z,v),
and it has basis

1,2, y, vz, Ty, Yy, Yy, TLT, TTY, . . .

In case X = {x} one recovers the polynomial ring K{[z].

If C is any K-algebra, there is a bijection
Hom g _ajgebra (K (X), C') = Homge (X, C).

Any algebra can be written as a quotient of a free algebra by an ideal,
K(X)/I. For example take X to be a basis of a free K-module V map-
ping onto the algebra.
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2.2 Free products of algebras

The free product (or, better, coproduct) of two K-algebras A and B is an
algebra, denoted AxB (or Axg B), equipped with K-algebra maps A — AxB
and B — Ax B, which has the universal property that for each K-algebra C
and pair of K-algebra maps A — C' and B — C there is a unique K-algebra
map Ax B — C whose composition with the maps from A and B is the given
maps. Thus there is a bijection

HomK_alg(A * B, C) = HomK_alg(A, C) X HOI’IlK_alg<B, C)

By the universal property, if the free product exists, then it is unique up to
a unique isomorphism. The free product exists, for if we write A = K(X)/I
and B = K(Y')/J then one can take Ax B = K(XUY)/(IU/J).

This is not the same as the tensor product A ® ¢ B, as the elements from A
and B need not commute in A x B. In fact A®x B= (A% B)/(ab—ba:a €
A b e B).

Example. The free product of two copies of K x K is the free product of
two copies of Kle|/(e? —¢), so it is K{e, f)/(e* —e, f* — f). It has basis the
alternating words in e and f (either one can show this by hand, or it is a

very trivial case of the Diamond Lemma, coming later.) The tensor product
is K2 K22 Kle, fl/(e* —e,f?— [) 2 K x K x K x K.

More generally one can take free products of any family of algebras, and also
free products with amalgamation: given R — A and R — B there is

R —— A

l |

B — A*RB

where one can take A xg B = A %y B/(image of r in A - image of r in B :

r € R).

2.3 Matrix algebras and nth roots

Given a matrix ring M, (R), we write €*/ for the matrix which is 1 in position
(,7) and 0 elsewhere.
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Proposition. The following are equivalent for a ring S and integer n:
1) S is isomorphic to M,,(R) for some ring R;
P g 1
ii) S contains elements e¥ (1 < 1,5 < n) satisfyin
J yimg
(matriz units)
(iii) S contains a complete set of n pairwise equivalent orthogonal idempo-

tents;
(iv) 8 = M™ for some S-module M.

Proof. (i) = (ii) = (ili) == (iv) are trivial. If (iv) holds then
S 2 Endg(M™)* = M, (Endg(M))*® = M, (Endg(M)*).

Observe that if (ii) holds, and we let R = e'1Se'!; then we get an isomorphism
My(R) — S, (rij) = 32, s e''rijel? so it sends the e in M, (R) to ¥ in S.
Lemma. If R and S are rings, there is a bijection

{ring homs R — S} — {ring homs M, (R) — M,(S) sending " to e"}.

Proof. Given 6 : R — S we define © : M, (R) — M,(S) by O(A);; = 0(4;;).
Conversely given © with O(e”) = € we define 6 by 6(r) = O(re'!);;. For
example if you start with ©, construct # and then construct ©'; then

©'(A)i; = 0(Ay) = O(Aje' )11 = B(e"Ae’ )11 = (e"O(A)e’ )11 = O(A)y;
so ©' =0.

If Ais a K-algebra, we can form A« M,(K). This is a ring which contains
a set of matrix units e”, so it is of the form M, (3/A) where we define

VA = e (Ax M,(K))e'.

(Bergman, Coproducts and some universal ring constructions, Transactions
of the AMS 1974. Notation from L. Le Bruyn and G. Van de Weyer, Formal
structures and representation spaces, J. Algebra 2002.)

Proposition. For any K-algebra C, there is a bijection

Hom a5 ( VA, C) = Hom g (A, M, (C)).

Proof. The space HomK_alg({L/Z, (') is isomorphic to the set of morphisms
in Hom gy, (M, (V/A), M, (C)) sending the e¥ to the ¢”. This space is
Homg a4 (A, M,,(C)) x Hompc_a1g(M,(K), M, (C)), and the condition on the
' exactly fixes the element of Hom g _n14(M,(K), M, (C)).
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2.4 Path algebras

A quiver is a quadruple @ = (Qo, @1, h,t) where Qo and )y are sets, called
the sets of vertices and arrows, and h,t : ()1 — )y are mappings, specifying
the head and tail vertices of each arrow,

t(a) q_hla)
e — o

A path in @Q of length n > 0 is a sequence p = ajas . .. a, of arrows satisfying
t(a;) = h(a;4q) for all 1 < i < n,

al as an
0e{— 00— 0---0i— o,

The head and tail of p are h(a;) and t(a,). For each vertex i € @)y there is
also a trivial path e; of length zero with head and tail 7.

Assume that () has only finitely many vertices. The path algebra K@) is the
free K-module on the paths. It becomes an algebra with the product of two
paths given by p - ¢ = 0 if the tail of p is not equal to the head of ¢, and
otherwise p - ¢ = pq, the concatenation of p and ¢.

Examples. (i) 1 % 2 2.3, Then K@ has K-basis eq, e, €3,a,b, ba.
(ii) If only one vertex, then K@ is the free algebra K{(Q1).

(iii) Suppose there is at most one path between any two vertices. Label the
vertices 1,...,n. Then K@ is isomorphic to the subalgebra

{C € M,(K): C;; = 0 if there is no path from j to i}

of M,(K). Under this isomorphism, the matrix ¢” which is 1 in position
(i, 7) corresponds to the path from j to i.

Properties. (1) The trivial paths are a complete set of orthogonal idempo-
tents: e? = e;, e;e; = 0 for ¢ # j and Zier e; = 1.

[

(2) The spaces KQe;, e; KQe; and e; K have as K-bases the paths with tail
at ¢ and/or head at j.

(3) If K is a domain, 0 # f € KQe; and 0 # g € ¢, KQ then fg # 0.
Explicitly p and ¢ are paths of maximal length involved in f and g, then the
coefficient of pg in fg must be non-zero.
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(4) If K is a domain, then the e; are primitive idempotents, for e;KQe;
contains no zero-divisors.

(5) If @ # j then the idempotents e; and e; are inequivalent. Otherwise,
reducing modulo a maximal ideal of K we may assume that K is a field.
Then there are f € ¢;KQe; and g € ¢;KQe; with fg =e; and gf = ¢;. But
by the argument in (3), f and g can only involve trivial paths.

Notes. (a) If @ has infinitely many vertices then K@ still makes sense as a
ring with enough idempotents.

K

Tt(a

(b) KQ = TrV where R = K@) and V =
K is the projection onto the 7th summand.

€@y Thia ¥ where m; : R —

2.5 Representations of quivers

A (K-)representation V of @ consists of a K-module V; for each vertex ¢ and
a K-module map V, : V; = Vj; for each arrow a : ¢ — j in Q). If there is no
risk of confusion, we write a : V; — Vj instead of V.

If V and W are representations of (), a homomorphism 0 : V' — W consists
of a K-module map 6, : V; — W, for each vertex i satisfying W,0; = 0,V for
all arrows a : i — 7.

A subrepresentation of a representation V' is given by a K-submodule W; of
V; for each i, such that V,(W;) C W; for all arrows a : i — j. It becomes
a representation by taking W, to be the restriction of V, to W;. The quo-
tient representation V/W is given by K-modules (V/W);, = V;/W; and the
induced K-module maps V;/W; — V;/W, for a : i — j. Given a family of
representations V* (A € A), the direct sum @, V* is given by the K-modules
@, V;* and maps @, V;* — @, W for a : i — j sending (vy) to (V}(v)).

Construction. Any representation V' of () determines a KQ-module ®V via
V = D,cq, Vi with the action given as follows:

- For v = (v;)ieq, we have e;u = v; € V; C V. That is, the trivial path e;
acts on ®V as the projection onto V;.

-and a1as . .. apv = Vo (Voo (oo (Va, (V@) - -+ ) € Vigar) € ®V.

Properties. (1) Any K @-module is isomorphic to one of the form ®V'. This is
essentially the fact that an internal direct sum is isomorphic to the external
direct sum.
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(2) Any homomorphism 6 : V' — W of representations defines a homomor-
phism ©6 : ®V — ®W defined by ®0((v;)) = (6;(v;)). This defines a bijection
Homyeps(V, W) — Hompg o (PV, W).

(3) Any subrepresentation W of V' defines a submodule “W = @,.,, Wi of
®V. Any submodule of ®V is of this form, and the quotient module can be
identified with ®(V/W). Also direct sums of families of representations and
modules correspond.

Examples for ZQ where Q = 1 % 2. For example Z? ﬂ) Z. is isomorphic
to the direct sum of Z = Z and Z — 0. Smith normal form. Also, does
7 2 7 have a subrepresentation isomorphic to Z 377

2.6 Submodules of free modules for path algebras

Let K be a field. In this case every submodule of a free module for a path
algebra K () is isomorphic to a direct sum of left ideals generated by trivial
paths KQe;.

This is known by G.M.Bergman, Modules over coproducts of rings, 1974. For
simplicity we prove that every left ideal in a free algebra is a free module.
We use a Grobner basis type argument. Grobner bases are really for ideals
in polynomial rings. They have been adapted to ideals in free algebras,
e.g. by T. Mora, An introduction to commutative and noncommutative
Grobner bases, 1994. The generalization to left ideals in path algebras is
straightforward. The generalization from left ideals to submodules of free
modules can be incorporated by another refinement of the Grobner basis
argument, using a well-ordering on the free basis of the module. Alternatively
use a theorem of Kaplansky, see Theorem 1.5.3 in Cartan and Eilenberg,
Homological algebra, 1956.

Let R = K(X) and let W be the set of words involving letters in X.
Choose a well-ordering on X, and give W the length-lexicographic order-
ing, SO Ty ... T, <zy...a if

-n <m,or

-n =m and there is 1 <k <n with z; = 2 for i < k and z, < z}..

Lemma 1. This is a well-ordering on W and if v < ¢/ and w < w' then
uw < u'w', with equality only if u = v/ and w = w'.
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Proof. Straightforward.

Definition. If 0 # r € R, we define tip(r) to be the maximal word involved
in r with a non-zero coefficient.

Lemma 2. If 0 # r,q € R, then rq # 0, and tip(rq) = tip(r) tip(q).

Proof. The product rq is a linear combination of products uw with u involved
in r and w involved in ¢q. By Lemma 1, the maximal such product is given
by taking u and w maximal, and nothing else can cancel with it, so rq # 0.

Theorem. Any left ideal [ in R is a free left R-module. Explicitly, let
T ={tip(q) : 0# g€ I} and S =T\ {wt : w non-trivial word,t € T'},

and for each s € S choose 0 # ¢, € I with tip(¢s) = s. Then the map
0:RS —1,0((r,)) = > < T'sqs is an isomorphism.

Proof. (Injective) Say Y r.qs = 0 with not all r, = 0. Then not all
rsqs = 0 by Lemma 2. In order for the sum to be zero, there must be distinct
s, s € S with tip(rsqs) = tip(rgqgs). Thus by Lemma 2, tip(rs) tip(gs) =
tip(ry) tip(¢s ). But then, swapping s and s’ if necessary, to ensure that
length tip(rs) < length tip(ry ), we must have tip(ry) = w tip(r,) and tip(gs) =
w tip(gy) for some word w. Then w must be a trivial path since tip(gs) =
s € S. But then s = ¢, a contradiction.

(Surjective) If not, by the well-ordering we can choose a € [\ Im# with
t = tip(a) minimal. Amongst decompositions ¢ = ws of t as a product of
words with s € T' (for example ¢ = 1t), the one with s of minimal length
must have s € S. Then a and wgq, both have tip ¢, so there is a non-zero
scalar A € K such that ' = a — Awgq, is either zero or has tip smaller than
t. But since Awgs € Im(f) we have o’ € I\ Im#, so it can’t be zero, and it
can’t have tip smaller than ¢.

Example. The ideal (x) in the free algebra R = K(x,y) has as K-basis
the words which involve = at least once, and any such word can be written
uniquely as uzy™ for some word u and some n. It follows that

() = @ Rxy™.

Thus () is isomorphic as a left R-module to the free module R™. In this
case T consists of all words involving = at least once and S = {zy" : n € N}.
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2.7 Power series

The formal power series path algebra K ((Q)) of a quiver @) (say finite) is the
algebra whose elements are formal sums

D ap

p path

with a, € K, but with no requirement that only finitely many are non-zero.
Multiplication makes sense because any path p can be obtained as a product
qq’ in only finitely many ways.

In the special case of a loop one gets the formal power series algebra K[[z]].
The element 1+ is invertible in K [[z]] since it has inverse 1 —x+x*—x*+. . ..

Lemma. An element of K((Q)) is invertible if and only if the coefficient of
each trivial path e; is invertible in K.

Proof. If the condition holds one can multiply first by a linear combination
of trivial paths to get it in the form 1 + z with z only involving paths of
length > 1. Then the expression 1 —z +z? — 23+ ... makes sense in K((Q)),
and is an inverse.

Now suppose K is a field. We say that a KQ-module M is nilpotent if there
is some N such that pM = 0 for any path p of length > N.

Proposition. If K is a field, then finite-dimensional K ((@))-module corre-
spond exactly to finite dimensional nilpotent modules for K Q).

Proof. We consider restriction via the homomorphism KQ — K((Q)).
Clearly any nilpotent K @-module is the restriction of a K ((Q))-module.
Conversely suppose that M is a finite-dimensional K ((Q))-module whose
restriction to K@) is not nilpotent. By finite-dimensionality, there is some
m € M such that pm # 0 for arbitrarily long paths p. By Konig’s Lemma
(using that @ is finite) we can find an infinite sequence of arrows aq, as, . . .
such that m,, = a,...asaym # 0 for all n. By finite-dimensionality there
is a linear relation among the m,. Thus we can write some m; in terms of
m; with j > 4. Then m; = am; where x is a linear combination of paths of
length > 1. But then 1 — z is invertible, so m; = 0, a contradiction.
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2.8 Algebras given by quivers with relations

We say that an algebra is given by a quiver with relations if it is given as
A = KQ/(S) where S C |, ;e;KQe;. Any ideal can be generated in this
way, for if x € KQ then x =}, . e;we;.

Example K (o = o LA o)/(ba).

Given a representation V' of () and an element s € e; K(Qle; one gets a map
Vi — V;. We say that V' satisfies the relation s if this map is zero. If
A= KQ/(S) then A-modules correspond to representations of @) satisfying
all the relations in S.

Given a quiver ), we denote by @ the double of ), obtained by adjoining
an inverse arrow a* : j — 4 for each arrow a : i — j in Q).

If @ has finitely many vertices, the preprojective algebra for @) is
Q) = KQ/(c)
where ¢ =} _,(aa” — a*a).

Observe that e;ce; = 0 if ¢ # j, so II(Q) is given by the relations

C; = e;ce; = E aa* — E a*a

a€Q,h(a)=t a€Q,t(a)=1
(1 € Qo).
Examples. For Q = o % o L, o the relations are
aa* = 0,bb" = a*a,b*b = 0.

If Q is a loop x, then T1(Q) = K(z,z*) /(zx* — x*x) = K|z, z*], a polynomial
ring in two variables.

Given A € K9 there is also the deformed preprojective algebra

NQ) = KQ/(c— Y Niey).

1€Qo

Theorem (A. Mellit, Kleinian singularities and algebras generated by ele-
ments that have given spectra and satisfy a scalar sum relation, Algebra
Discrete Math. 2004.)
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If Pi(x),..., Py(x) € K[x] are monic polynomials of degree d; > 2 which are
products of linear factors, then

K{fui,.... fo)/(fr -+ fi PL(fL), o Pi(fi) = eolTN(Q)e

for some A, where @) is star-shaped with central vertex 0 and arms 1,...,k,
with vertices (i, 1), (¢,2), ..., (i,d; — 1) going outwards on arm ¢ and arrows
a1,...,04,—1 pointing inwards.

Proof. We do the special case P;(x) = 2%, in which case A = 0. Let the
algebra on the left be A and the one on the right be B = ¢II(Q)ey. Now B
is spanned by the paths in Q which start and end at vertex 0. If vertex (4, j)
is the furthest out that a path reaches on arm 7, then it must involve a;;a
and if 7 > 1, the relation

3
YR

Qij;; = ;1051
shows that this path is equal in B to a linear combination of paths which
only reach (7,7 — 1). Repeating, we see that B is spanned by paths which
only reach out to vertices (i,1). Thus we get a surjective map

sending each f; to a;;a};. It descends to a surjective map 6 : A — B since it
sends f1 + -+ fr to 0 and fidi is sent to

(aila;ﬁ)di = a”il(a/zlail)di_lail
= ain(ainaj) aj)
= anap(ajan)" ajhatil

= Q1052 - - - Gz,di—l(ai,di_1az,di—1)ai,di—1 co.a;; =0

since a; 4. 1a;4,-1 = 0.

To show that 6 is an isomorphism it suffices to show that any A-module can
be obtained by restriction from a B-module, for if a € Kerf and M = 4N,
then aM = 6(a)N = 0. Thus if A can be obtained from a B-module by
restriction, then aA = 0, so a = 0.

Thus take an A-module M. We construct a representation of @ by defining
Vo= M and V; ;) = fZJ M. with a;; the inclusion map, and a;; multiplication
by f;. This is easily seen to satisfy the preprojective relations, so it becomes
a module for II(Q). Then eV = M becomes a module for eoII(Q)ey = B.
Clearly its restriction via 6 is the original A-module M.
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2.9 Diamond lemma

This is: G.M.Bergman, The diamond lemma for ring theory, Advances in
Mathematics 1978. Notes. (1) Is it useful to generalize it from free algebras
to path algebras? (2) It looks like Grobner basis theory.

We consider the algebra A = K(X)/(S) generated by a set X of indetermi-
nates, subject to a set S of relations of the form

W

i=s; (Je€J)

where w; is a word in the indeterminates and s; € K(X).

We assume that there is well-ordering on the set W of words in the indeter-
minates with the following properties. (More generally one can use a partial
ordering with the descending chain condition.)

(i) (semigroup ordering) if w < w' then uwv < vw'v for all w,w',u,v € W.

(ii) (compatibility with the relations) each s; only involves words w with
w < wy.

In practice we normally use the length-lexicographic ordering coming from a
well-ordering on the set X. Thus w < w’ if

- length w < length w’, or

- length w = length w’ and w < w’ in the lexicographic ordering.

Example. Consider the algebra A generated by x,y subject to

2 2 1
)

rr=x Yy = yr=1—uay

(so wy = zx, s; = x, etc.) One has compatibility for the length-lexicographic
ordering with the usual alphabet ordering of z,y.

Definition. The reduction with respect to words u,v and relation w; = s;,
is the K-linear map K (X) — K(X) sending uw;v to us;v and sending any
other word to itself. We write f ~» g to indicate that g is obtained from f
by applying reduction with respect to some u,v and w; = s;.

Example. For the algebra with relations 22 =z, y?> = 1, yx = 1 — xv.

- The element 2 4 29? can be reduced to z? 4+ x and then to x 4+ z = 2z, or
to  + zy? and then to 2z as well.

- The element y2? can be reduced to yx and then to 1 — zy, or alternatively
to (1 — zy)xr = x — zyx, and then to x — z(1 — xy) = 2%y, and then to xy.
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Lemma 1. If f ~ g and u/,v" are words, then v’ fv" ~ u/gv’.

Proof. If g is the reduction of f with respect to u, v and the relations w; = s;,
then u/gv’ is the reduction of v fv’ with respect to uv'u, vv" and the relation
wj = Sj.

Definition. We say that f is irreducible if f ~» g implies ¢ = f. It is
equivalent that no word involved in f can be written as a product uw;v.

Lemma 2. Any f € K(X) can be reduced by a finite sequence of reductions
to an irreducible element.

Proof. Any f € K(X) which is not irreducible involves words of the form
ww;v. Amongst all words of this form involved in f, let tip(f) be the maximal
one. Consider the set of tips of elements which cannot be reduced to an
irreducible element. For a contradiction assume this set is non-empty. Then
by well-ordering it contains a minimal element. Say it is tip(f) = w = uw,v.
Writing f = Auw,v + f’ where A € K and f’ only involving words different
from uww;v, we have f ~» g where g = Aus;v + f’. By the properties of
the ordering, us;v only involves words which are less than uww;v = w, so
tip(g) < w. Thus by minimality, g can be reduced to an irreducible element,
hence so can f. Contradiction.

Definition. We say that f is reduction-unique if there is a unique irreducible
element which can be obtained from f by a sequence of reductions. If so, the
irreducible element is denoted r(f).

Lemma 3. The set of reduction-unique elements is a subspace of K(X), and
the assignment f — r(f) is a K-linear map.

Proof. Consider a linear combination A f+pug where f, g are reduction-unique
and A, u € K. Suppose there is a sequence of reductions (labelled (1))

(1)

with h irreducible. Let a be the element obtained by applying the same
reductions to f. By the Lemma 2, a can be reduced by some sequence of
reductions (labelled (2)) to an irreducible element. Since f is reduction-
unique, this irreducible element must be r(f).

(1) 2)
FoTTR S rlf).
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Applying all these reductions to g we obtain elements b and ¢, and after
applying more reductions (labelled (3)) we obtain an irreducible element,
which must be r(g).

(1) (2) (3)

—— —

But h,r(f) are irreducible, so these extra reductions don’t change them:

(1) (2) (3)
MAng S R hS RS Rk

(1) ) (3)
oSS r(f) S = r(f).

Y

Now the reductions are linear maps, hence so is a composition of reductions,
so h = Ar(f)+ pr(g). This shows that Af + ug is reduction-unique and that

r(Af +pg) = Ar(f) + pr(g).

Definition. We say that two reductions of f, say f ~» g and f ~~ h, satisfy
the diamond condition if there exist sequences of reductions starting with g
and h, which lead to the same element, g ~» -+~ k, h ~> -+ ~» k. (You
can draw this as a diamond.)

In particular we are interested in this in the following two cases:

An overlap ambiguity is a word which can be written as w;v and also as uw;
for some %, j and some words u, v # 1, so that w; and w; overlap. There are
reductions f ~» s;v and f ~ us;.

An inclusion ambiguity is a word which can be written as w; and as ww;v
for some 7 # j and some u,v. There are reductions f ~» s; and f ~» us;w.

2

Examples. (1) For the relations 2? = z, y*> = 1, yx = 1 — zy the ambiguities

are:

(zz)r = z(zz), (yy)y=ylyy), (v =ylyz), (yx)z=y(zz).
The diamond condition fails for the ambiguity (yx)z = y(xzx).

(2) For the relations z? = z, y*> = 1, yz = y — xy the ambiguities are:

(zz)r = x(zx), (yy)y=y(yy), (yy)z=yyz), (yz)r=y(rD).

Does the diamond condition hold for these?
(xx)x ~> xx ~> x and x(xx) ~> xT ~> 2. Yes.
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(yy)y ~ 1y =y and y(yy) ~ yl =y. Yes.

(yy)r ~ 1z = z and y(yz) ~ yly —2y) = v* —yzy = y* — (yx)y ~
y° — (y — zy)y = xyy = z(yy) ~ x1 = x. Yes.

(yx)r ~ (y —2y)r = yxr — 2yx ~ yr — x(y — 2y) = yr — vy + 10y ~>
yr —xy +xy = yx ~> ... and y(zx) ~ yr ~> .... Yes.

Diamond Lemma. The following conditions are equivalent:

(a) The diamond condition holds for all overlap and inclusion ambiguities.
(b) Every element of K(X) is reduction-unique.

In this case the algebra A = K(X)/(S) has K-basis given by the irreducible
words, with multiplication given by f.g = r(fg).

Example. Consider our example of A generated by z,y subject to 22 = z,
y? = 1, yr = y — xy. The irreducible words 1, z,y, xy form a K-basis of A
with multiplication table

1 x Y Ty
111 T Y Ty
x| @ x Ty Yy
yly y—zy 1 1-uz

Ty | xY 0 x 0

For example y(zy) = (yz)y ~ (y —2y)y = yy —xyy ~ 1 —ayy ~ 1 -z, and

(zy)(zy) = x(yz)y ~ 2(y — 2Y)y = TYy — TTYY ~> T — TTYY ~> T — TYY ~
x—x=0.

Example. (P. Shaw, Appendix A, Generalisations of Preprojective algebras,
Ph. D. thesis, Leeds, 2005. Available from homepage of WCB.) The algebra
with generators b, ¢ and relations b® = 0, ¢ = 0 and cbeb = cb?c — bebe fails
the diamond condition for the overlap cbe(b®) = (cbeb)b?. But this calculation
shows that the equation cb?cb? = beb?ch — b2cb?c holds in the algebra, and if
you add this as a relation, the diamond condition holds.

Stupid example. Suppose R is a K-algebra which is free as a K-module, with
basis {1} U {r; : i € I}. Then rir; =), Nijery + i1 for some Ajji, pi; € K.
We get a map

k

sending each x; to r; which is onto. The associative law ensures that the
ambiguities (z;x;)z, = z;(z;x5) satisfy the diamond condition. Thus by
the Diamond Lemma the left hand side is the free K-module with basis
{1} U {x; : i € I}. Thus the map is an isomorphism.
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Example. Suppose R and S are K-algebras, free as K-modules with bases
{1} U{r;} and {1} U{s;}. Then R« S is free as a K-module with basis the
alternating products of the r; and s;.

1, Ti, Sj, TZ'SJ', Sj?“i, TiSjT‘Z‘/, e

Namely R*S is generated by x;, y; subject to relations coming from products
riry and s;sj, and there are no ambiguities involving both the r; and the s;.

Proof of Diamond Lemma. (b)=-(a) is trivial, so we prove (a)=-(b). Since
the reduction-unique elements form a subspace, it suffices to show that every
word is reduction-unique. For a contradiction, suppose not. Then there is a
minimal word w which is not reduction-unique. Let f = w. Suppose that f
reduces under some sequence of reductions to g, and under another sequence
of reductions to h, with g, h irreducible. We want to prove that g = h, giving
a contradiction.

Let the elements obtained in each case by applying one reduction be f; and
g1- Thus
fwglw~--«»—>g, fwhlw«»—)h

By the properties of the ordering, g; and h; are linear combinations of words
which are less than w, so by minimality they are reduction-unique. Thus

g=r1(g1) and h = r(hy).

It suffices to prove that the reductions f ~» ¢; and f ~» hy satisfy the
diamond condition, for if there are sequences of reductions g; ~» - -+ ~» k and
hy ~ --+ ~» k., combining them with a sequence of reductions k ~» -+ ~>
r(k), we have g = r(g1) = r(k) = r(hy) = h.

Thus we need to check the diamond condition for f ~~ ¢g; and f ~» h;. Recall
that f = w, so these reductions are given by subwords of w of the form w;
and w;. There are two cases:

(i) If these words overlap, or one contains the other, the diamond condition
follows from the corresponding overlap or inclusion ambiguity. For example
w might be of the form vw'w;vv" = v'uw;v" where w;v = uw; is an overlap
ambiguity and u/,v" are words. Now condition (a) says that the reductions
w;v ~ s;0 and uw; ~ us; can be completed to a diamond, say by sequences
of reductions s;v ~» --- ~» k and us; ~» --- ~» k. Then Lemma 1 shows
that the two reductions of w, which are w = v'w;vv" ~ u's;vv" and w =
wuww;v ~ w'vs;v’, can be completed to a diamond by reductions leading to

u'kv’.
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(ii) Otherwise w is of the form ww;vw;z for some words u,v,z, and g; =
us;pw;z and hy = uw;vs;z (or vice versa). Writing s; as a linear combination
of words, s; = At + Nt/ + ..., we have

r(g1) = r(usiyw;z) = Ar(utvw;z) + XN'r(ut'vw;z) + ... .

Reducing each word on the right hand side using the relation w; = s;, we
have utvw;z ~» utvs;z, and ut'vw;z ~» ut'vs;z, and so on, so

r(g1) = Ar(utvs;z) + Nr(ut'vs;z) + ... .

Collecting terms, this gives 7(g1) = r(us;vs;z). Similarly, writing s; as a
linear combination of words, we have r(hy) = r(us;vs;z). Thus r(hy) = r(g1),
so the diamond condition holds.

For the last part we show that r(f) = 0 if and only if f € (S5). If f ~ ¢
then f —g € (S), so f —r(f) € (5) giving one direction. For the other,
(S) is spanned by words of the form w(w; — s;)v, and uw;v ~» us;jv so
r(uw;v) = r(us;v), so r(u(w; — sj)v) = 0.

Thus r defines a K-module isomorphism from A/(S) to the K-span of the
irreducible words.

Noetherian property (add to section 1.8)

Definition. A module M is noetherian if it satisfies the following equivalent
conditions

(i) Any ascending chain of submodules M; C My C ... becomes stationary,
that is, for some n one has M,, = M,,.1 = ....

(ii) Any non-empty set of submodules of M has a maximal element.

(iii) Any submodule of M is finitely generated.

Proof of equivalence. (i) = (ii) because otherwise we choose M; to be any
of the submodules, and iteratively, since M; isn’t maximal, we can choose
M; < M;,4. This gives an ascending chain which doesn’t become stationary.

(ii) = (iii). Let N be a submodule, let L be a maximal element of the set
of finitely generated submodules of N, and n € N. Then L + Rn is also a
finitely generated submodule of N, so equal to L by maximality. Thusn € L,
so N = L, so it is finitely generated.

(iii) = (i) Choose a finite set of generators for N = (J, M;. Some M; must
contain each of these generators, so be equal to N. Thus M; = M;,; = ....
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Lemma. If L is a submodule of M then M is noetherian if and only if L and
M/L are noetherian. If M = L+ N and L and N are noetherian, then so is
M.

Proof. If M is noetherian then clearly L and M/L are noetherian. Now
suppose M; C My C ... is an ascending chain of submodules of M. If L

and M /L are noetherian, then LN M; = LN M;41 = ... and (L+ M;)/L =
(L + M;,)/L = ... for some i, so L+ M, = L+ M1 = .... Now if
m € M; 1, then m = ¢+ m’ with £ € L and m’ € M;. Then { =m —m’ €
LN M;y =LN0M;,some M, Thus M; = M;y; = .... For the last part,

use that (L+ N)/L = N/(L = N).

Definition. A ring R is left noetherian if it satisfies the following equivalent
conditions

(a) rR is noetherian (so R is has the ascending chain condition on left ideals,
or any left ideal in R is finitely generated).

(b) Any finitely generated left R-module is noetherian.

Proof of equivalence. For (a) = (b), any finitely generated module is a
quotient of a finite direct sum of copies of R.

Definition. A ring is noetherian if it is left noetherian and right noetherian
(i.e. noetherian for right modules, or equivalently R is left noetherian).

Remarks. (1) Division rings and principal ideal domains such as Z are noethe-
rian. Hilbert’s Basis Theorem says that if K is noetherian, then so is K|x].

(2) If R — S is a ring homomorphism and M is an S-module such that
rM is noetherian, then M is noetherian. Thus if g5 is a finitely generated
R-module, and R is left noetherian, then so is S. Thus, for example, if R is
noetherian, so is M, (R).

(3) If K is noetherian and R is a finitely generated K-algebra, then R is
noetherian, as it is a quotient of a polynomial ring K[z, ..., z,]. This is not
true for R non-commutative.

Artin-Tate Lemma. Let A be a finitely generated K-algebra with K noethe-
rian, and let Z be a K-subalgebra of Z(A). If A is finitely generated as a
Z-module, then Z is finitely generated as a K-algebra, hence Z and A are
noetherian rings.

Proof. Let A = K{ay,...,a,) = Zby+---+Zb,,. Let a; = Zj 2;;b; and b;b; =
>k Zijibie. Let Z' = Kz;5, 2;j;]. This is noetherian, and A = Z'b1+- - -+Z'b,y,
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so it is a finitely generated Z’-module. Then Z C A is a finitely generated
Z'-module. In particular it is finitely generated as a Z’-algebra, and hence
also as a K-algebra.

2.10 Skew polynomial rings

If R is a K-algebra and M is an R-R-bimodule, a (K -)derivation d : R — M
is a mapping of K-modules which satisfies d(rr’) = rd(r") + d(r)r’ for all
r,r" € R.

Observe that for d(1) = d(1) + d(1) so d(1) = 0. Also, for A € K, d(A\1) =
Ad(1) = 0 by linearity.

We write Derg (R, M) for the set of derivations. It is naturally a K-module.

Examples. (i) For any m € M the map r — rm — mr is a derivation, called
an inner deriwation.

(ii) The map - : K[z] — K|z],

d
%()\0 AT Xz o A2™) = A+ 20 F - Xz

is a derivation. More generally 0/0z; : K[x1,...,x,] — K[z1,..., 2]

Definition. If R is a K-algebra and 0,0 : R — R, we write R[z;0,0] for a
K-algebra containing R as a subalgebra, which consists of all polynomials

o+ 1T+ rox® 4 - oo+ 12"
with r; € R, with the natural addition and a multiplication satisfying
xzr = o(r)z+§(r)

for r € R. If such a ring exists, the multiplication is uniquely determined. It
is called a skew polynomial ring or Ore extension of R.

Theorem. R[z;o,d] exists if and only if ¢ is a K-algebra endomorphism of
R and § € Derg (R, ,R). [One says d is a o-derivation of R.]
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Proof. If such an algebra exists, then clearly o,¢ € Endg(R) and

o(rr)x + o(rr')

z(rr')
= (ar)r’
= (

Thus o(rr’) = o(r)o(r’) and 6(rr") = o(r)é(r") + d(r)r’. For the converse,
identify R with the subalgebra of E = End (RY), with r € R corresponding
to left multiplication by r. Define X € E by

(Xs8)i =0(si—1) +d(s;)
for s = (sg,51,...) € RN, where s_; = 0. Then

(X(rs))i = o(rsi_1) + 0(rs;)

o(r)o(si—1) +o(r)d(s;) + d(r)s;
o(r)X(s); +d(r)s;.

Thus X (rs) = o(r)X(s) +0(r)s, so Xr = o(r)X + 6(r). Observe also that
the coefficients of a polynomial f = > 7, X are uniquely determined since
X(e;) = eir1 so f(eg) = (ro,71,...). It follows that the subalgebra of F
generated by the 7 and X is a suitable algebra.

Special cases. If § = 0 the skew polynomial ring is isomorphic to Tr(R,) and
we denote it R[z;0]. If 0 =1 denote it R[z;J].

Properties. Let S = R[z; 0, 4.
(1) 2"r = o™(r)x™ + lower degree terms. Proof by induction on n.

(2) If R is a domain (no zero-divisors) and o is injective then the degree of a
product of two polynomials is equal to the sum of their degrees. In particular
S is a domain. Proof. (rg+ -+ +7r,2")(so + * -+ + &™) = 1,0" (8 )" T+
lower degree terms.

(3) If R is a division ring then ¢ is automatically injective and S is a principal
left ideal domain. Proof. Suppose [ is a non-zero left ideal. It contains a
non-zero polynomial f(z) of least degree d, which we may suppose to be
monic. If g(z) is a polynomial with leading term ra¢t", then g(x) — ra"f(x)
has strictly smaller degree. An induction then shows that [ = S f(z).
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(4) If o is an automorphism then rz = zo~'(r) — §(c7(r)), so S? =
RP[z;071 =507,

Hilbert’s Basis Theorem. Assume o is an automorphism. If R is left (respec-
tively right) noetherian, then so is Rx; 0, d].

Proof. By the observation above, it suffices to prove this for right noetherian.
Let J be a right ideal in S which is not finitely generated, and take a poly-
nomial f; of least degree in J. By induction, if we have found f1,..., fx € J,
then since J is not finitely generated J \ Zle fiS # 0, and we take friq
of least possible degree. We obtain an infinite sequence of polynomials
f1, fa, -+ € J. Let f; have leading term r;2™. By constructionn; < ns < ....
The chain
T1R§T1R—I—T‘2R§

. k .
must become stationary, so some 7441 = Y ,_, ;7 with r; € R. Then

k b
o= Y fio M(r)ae T e T\ Y fiS
im1 im1

and it has degree < nj., contradicting the choice of fr.1.

2.11 Weyl algebra

Definition. The nth Weyl algebra A, (K) is the K-algebra generated by
X1y Tny Y1, - - -, Yn Subject to the relations

Yiy — Ty = Oijy Ty = TiTi,  YilYy = YiYi

By the Diamond Lemma it has K-basis the elements 2%y” where o, f € N*
and 2@ =z . 2% and yf =y . yPn

Lemma 1. The derivations 0/0z; and 0/0y; can be extended to inner deriva-
tions of A, (K) by defining

(0/0x;)(a) = yja — ay;, (0/0y;)(a) = ax; — xja.
They satisfy

a—e; 9 a a, P—€;
) =z’ 3—%( y’) = Bjay’ .

0 o B
o, &Y
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Proof. Use that (0/0z;)(y;) = 0 and (0/0z;)(z;) = J;; and similarly for 9/0y;.
Proposition. A,(K) is isomorphic to the iterated skew polynomial algebra
Klzy, ..., z0][y1; 0/0x1][y2; 0/0xs] . . . [yn; 0/ O]

In particular, if K is a noetherian domain, so is A, (K). Moreover, if K is a
field of characteristic 0 then A, (K) is a simple ring (no non-trivial ideals).

Proof. Observe that 0/0x; defines a derivation of the subalgebra
Qj - K(-Z'l? ey Ty Yty - e 7yj—l> g An(K)7
and Qj11 = Q;[y;;9/0x;].

Suppose [ is a non-zero ideal. Choose 0 # ¢ € I. Choosing an element
2*y? involved in ¢ with non-zero coefficient \, with |a|+ || maximal (where
la] = a; + -+ + ), and applying (9/0x)%(0/0y)?, we get

et [[ 8! el
If K is a field of characteristic zero, then 1 € I, so I = A,(K).

Definition. Let R be a commutative K-algebra. We define the set of differ-
ential operators of order < n to be

D<,(R) ={P € Endg(R) : [r, P] € D<,,_1(R) for all r € R}

where by convention D<_1(R) = 0. Here we identify » € R with the mul-
tiplication operator and the commutator is [a,b] = ab — ba. The ring of
differential operators on R is

D(R) = | JD<u(R).

Note that the commutator satisfies [a,a] = 0, [a,b] = —[b, a] and the Jacobi
identity
[[a, 0], c] +[[b, ], a] + [[¢, a], b] = 0.

Lemma 2. If P € D<,,(R) and @ € D<,(R) then PQ € D<yin(R), so D(R)
is a subalgebra of Endg(R).

Proof. It is clear if m = —1 or n = —1. In general we use
[r, PQ] = [, P]Q + P[r,Q]
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and by induction the two terms on the right hand side are in D<,,1p—1(R).
Proposition. D<g(R) = R and D<(R) = R ® Derg (R, R).

Proof. D<y(R) = {P : [r, P] = Vr} = Endg(R) = R, with the identification
above.

If d € Derg (R, R) then (rd — dr)(s) = rd(s) — d(rs) = —d(r)s, so rd — dr =
—d(r) € D<o(R), so d € D<1(R).

Clearly RN Derg (R, R) = 0 since any derivation sends 1 to 0.

If P € Dy(R). Then for any a € R we have [a, P] = r for some r. Moreover
r =rl=aP(1) — P(a). Letting d = P — P(1), we have d(ab) = P(ab) —
abP(1) = (Pa)(b)—(aP)(b)+aP(b)—abP(1) = —[a, P](b)+aP(b)—abP(1) =
—rb+aP(b) —abP(1) = (P(a) —aP(1))b+a(P(b) —bP(1)) = d(a)b+ ad(b),
so d is a derivation, so P € R+ Derg (R, R).

Theorem. If K is a field of characteristic 0, then there is an isomorphism
A, (K) — D(K|xy,...,x,]) sending x; to x; and y; to 0/0x;. Moreover
Dy (K[xy, ..., x,]) has K-basis the operators 2%(9/0x)” where |3] < k.

Proof. Let Cj, be the K-span of the operators 9% where |3| < k. It is easy
to see that C C D<. Suppose by induction that Cy_q = D<j_1.

We show that if P, ..., P, € Cy_ satisty [P, z;] = [P}, z;] for all i, j, then
there is Q € Cy with P, = [@, x;]. Suppose by induction on j we have Q' € C,
with [Q',x;] = P, for all ¢ < j. Then [[Q',x;],z;] = [P}, x;] by the Jacobi
identity, and this equals [P}, z;], so letting G = [Q', z;] — P; € Cy—1 we have
[G,z;] =0 for i < j. Now

[2°0°, x;] = Bix®(0/0x)P
from which it follows that G’ can be written as a linear combination

G=> Xapz*(0/0x)’

where the sum is over all o and § with |3| =k —1 and §; =0 for i < j. Let
Q"= an(a/ax)ﬁ“j € Cy.
ﬁj +1

Then [Q”,z;] = 0 for ¢ < j by construction, and [Q",z;] = G, so [Q —
Q", ;| = P, for i < j, giving the induction.
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Now if P € D<y, then P, = [P,z;] € D<j_y = Cj_1, and [P, x;] = [P}, x;]
by the Jacobi identity. Thus there is Q € Cy with [Q,z;] = P, = [P, x;].
Thus [P — Q, ;] = 0 for all i. This P — Q € Endgp, . 0. (K[21,...,2,]) =
K[zy,...,z,). Thus P € Cy. Thus D¢y = C.

Now we get a map A,(K) — D(K|[xy,...,x,]) sending x; to x; and y; to
0/0x; Namely, for any f € Klzy,...,x,] we have (0/0x;)(x;f) = dijf +
x;(0/0x;)(f). This map is onto, and since A, (K) is simple, it is injective.
Thus there are no relations between the monomials z%9°.

Remark. For R = K|[xy,...,z,| this shows that D(R) is the subalgebra of
Endg(R) generated by R and Derg (R, R). This is not true for all commu-
tative K-algebras R.

Remark (Connection with differential equations). Let A = D(K|xy, ..., z,)]).
Various rings of functions become A-modules, for example polynomial func-
tions K[x1,...,x,], or the smooth functions C*°(U) on an open subset of
R™ (if K = R) or the holomorphic functions O(U) on an open subset of
C™ (if K = C). Let F be one of these A-modules of functions. Given
P = (P;;) € My,xn(A) we consider the system of differential equations

S

Pl:|=0

J
with f; € F. The set of solutions is identified with Hom4 (M, F') where M is
the cokernel of the map A™ — A" given by right multiplication by P.

2.12 Group algebras

If G is a group, written multiplicatively, the group algebra KG is the free
K-module with basis the elements of G, and with multiplication given by
g-h = gh for g,h € G. Thus a typical element of KG can be written as
zgeG a,g with a, € K, almost all zero, and

(Z @gg)(z bph) = Z(Z agbg-15)k.

gea heq keG ged
If V is a KG-module, then one gets a group homomorphism p : G —
GL(V) = Autg (V) via p(g)(v) = gv. Conversely if V' is a K-module and
p: G — GL(V) is a group homomorphism, one gets a K G-module.
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If G is finite, and 1/|G| € K we define e = I_Cl?l >_gec 9 1t is an idempotent
in KG. We have heg = egh = eg for any h € G, so KGeg = e KG =
BgKGSG = K@G.

Maschke’s Theorem. If G is a finite group and K is a field of characteristic 0,
then KG is semisimple. Thus if K is algebraically closed, KG = M, (K) X
s x My, (K).

Proof. Given KG-modules N C M, there exists a K-vector space comple-
ment M = N @ U, and let m be the projection onto N. Define 6 : M — M
by 6(m) = (1/|G]) 3 cq 9m(g~'m). Then 6 is a KG-module map, Im¢ C N
and O(n) =n forn € N. Thus #*> =0 and M =Im6 & Ker = N & Ker 6.

Example. If G is cyclic of order n and K is a field containing 1/n and a
primitive nth root of 1, then KG = K x --- x K. We have

= {n (if n divides 7)
€ =
2 0

= (otherwise)
as in the second case its product with ¢’ — 1 is €™ — 1 = 0. Letting G = (o)
with ¢ = 1, it follows that the elements

n—1
i:—g Yol e KG (0<i<
ei=—) ol e (0<i<mn)

=0

are orthogonal idempotents. They must be linearly independent, so a basis
for KG.

2.13 Invariant rings

An action of a group G on an algebra R is given by a group homomorphism
p: G — Autg,.(R). We write 97 for p(g)(r). Thus
- I(Ar + us) = Nr + p9s,

(
-9(rs) = (or)(%s),

Example. Any subgroup G C GL,,(K) actson K|[z1,...,z,) (or K(z1,...,z,)

38



or Kl[[xy,...,z,]] or K{{xq,...,x,))) via
ng = ngl’z

For example

I("zy) = g(z hiji) = Z hijz; = Z hij ngz‘xk
= ngihiﬂk = Z(gh)kjl’k = (gh)%’-
ik

k

Definition. The invariants are R = {r € R : 9r = r for all g € G}. This is
a subalgebra of R.

Definition. The Kleinian singularities are the rings K[z, y]® with G a finite
sugroup of SLy(K) and K an algebraically closed field of characteristic 0.

Example (Cyclic Kleinian singularity). Suppose € is a primitive nth root of
1 and 0 = <(€) 691) € SLy(K). Then G = (o) = C, acts on KJz,y] via
7r =ex, “y = ¢ ly, so 7(z'y’) = € Iatyl. Thus K[z, y]® is spanned by the
monomials z'y/ with i — j divisible by n. Thus it has basis u‘v/w* where
u=2z" v=y", w=2xy and k <n. Now the map from

Klu,v,w]/(w" —uwv) = K{u,v,w : vu = uv, wu = vw, wv = vw, w" = uv)
to K[z, y]¢ is an isomorphism by the Diamond Lemma.

Theorem (Hilbert-Noether) If a finite group G acts on a finitely generated
commutative K-algebra R, and K is noetherian, then R® is a finitely gener-
ated K-algebra and R is a finitely generated R“-module.

Proof. For r € R we have p,(r) = 0, where

pr(z) = H(m —9r) € R[z].

geG

This is a monic polynomial in R[z], but it is unchanged by the action of G,
so it is in RE[z]. If r1,...,r, are K-algebra generators of R, then there is a
surjective map RY[z1, ..., 2]/ (pr, (z;)) — R, and the left hand side generated
as an R%-module by the monomials 2% ... m;g’“ with all i; < n. Thus R is a
finitely generated R“-module. Now use the Artin-Tate Lemma.
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Given an action, R becomes a K G-module via g - r = 9r.

Lemma. If G is finite and 1/|G| € K, then the assigment

1
- - E :g
p(r) = eqgr i r

geG

defines an R%-module map R — RY with p(r) = r for r € RY. [It is called
the Reynolds operator.|

2.14 Skew group algebras

If G acts on R one can form the skew group algebra R#G, which has elements
> e ag#g with a, € R, all but finitely many zero, and multiplication

(a#tg)(b#h) = a(b)#gh.

Example. If G is cyclic of order n, acting by cyclically permuting the factors
in R = K", then R#G = M, (K). Namely, suppose that G = (o) and %e; =
e;+1 with indices modulo n. Then R#G has basis the elements e = e;#0" 7,

Ve’ = (ez‘#ai_j)(es#gs_t) = eies+i—j#0i_j+s_t = jsei#ai_t = jseit
and > e = e#1 =1#1=1.

Lemma. We can consider R as an R#G-module via (a#g)r = a-9r, and the
map (RY)? — Endgyc(R),  — (r + rx) is an isomorphism.

Proof. We need to prove that any ¢ € Endgryc(R) is given by right multi-
plication by an element of R®. For ¢ € G we have

‘o(1) = (13g9)o(1) = o((13#9)1) = ¢(*1) = ¢(1).
Thus ¢(1) € RY. Now for any r € R,

¢(r) = o((r#1)1) = (r#1)o(1) = ro(1).

Lemma. Suppose G is a finite group and 1/|G| € K, and consider eq as the
idempotent (1/[G|) 3_ .o 149 in R#G. Then R = (R#G)eg, and so also
RY & eq(R#G)eg.
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Proof. The maps
0:R— (R#Geg, 1+ (r#l)es Zr#g

gEG
and

¢: (R#G)ec — R, Y _an#th =Y ay

heG heG
are R#G-module maps, ¢(0(r)) = r and for x = >, an#h € (R#G)eq

we have

$:$€G:’_(1;,’Z hg = ’G‘Zah#k—é)Zah ) =0(¢

k,heG heG

These kinds of constructions appear in the theory of ‘Symplectic reflection
allgebras’. We shall consider a simpler notion.

Definition (CB and M.P.Holland). Let K be an algebraiclly closed field of
characteristic 0. If G is a finite subgroup of SLy(K) and A € Z(KG), then

O* = eq|(K (2, y)#G)/(yx — 2y — Ve
If A = 0 this is the Kleinian singularity K[z,y]%. If X = 1 it is A;(K)C.

In general we consider it as a noncommutative deformation of the Kleinian
singularity:.

Lemma. (K(z,y)#G)/(yx — zy — A) has K-basis the elements z"y™g with
n,m >0 and g € G. (At this point I've stopped writing the # symbol).

Proof. We consider it as the algebra generated by x,y and g € G subject to
the relations y - x = zy + A, g-x = (guz + g219)9, 9 -y = (9122 + g229)9,
9-9 =499

The ambiguities are (gy)x = g(yx), (99" )x = g(g'x), (99")y = 9(9'y), (99")9" =
g(g/g//)

Now (gy)x ~ (9127 + g22y) 97 = g122(97) + g22y(97) = gr22(9117 + g21y)g +

922y(9117+921Y)9 = 129112 G+ G129212Y G+ 9119229 TG+ G21922Y° 9 ~> Gragn x> g+
G129217Y9 + g11922(xY + N)g + go1g22y*g. On the other hand g(yz) ~ g(zy +

A) = gry+gA ~ (gur+921y)9y+9A = guz(9y)+921y(9y)+9A ~ gna(gizz+

922Y)9 + 9219(g127 + g22Y)g + 9N = 911912029 + G119227Y9g + g21912yTg +

921922Y%9 + gA ~> 91191229 + 119222y g + Ga1912(xY + N)g + g21922Y°9 + g

These are equal since det(g) =1 and A € Z(KG).

The diamond condition for the other ambiguities is easy.
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2.15 Graded and filtered rings

We consider algebras over K, allowing K = Z, so that we deal with rings.

Definitions. A K-module M is graded or Z-graded if it is equipped with a
decomposition M = €, ., M,. We say that it is N-graded, or non-negatively
graded, if M = €, .y M,. Alternatively we may consider it as Z-graded

with M,, = 0 for n < 0. A module homomorphism 6 : M — N is graded if
6(M,) € N, for all n.

An element m € M is homogeneous if m € M, for some n. A submodule
N C M is a graded or homogeneous submodule if N = @, .,(N N M,). It
is equivalent that it is generated by homogeneous elements.

A K-algebra is graded if it is graded as a K-module, R = &, _, R,, with

neEZ

Rn Rm g Rn+m

for all n,m € Z. It follows that 1 € Ry (for if 1 = > s, and r € R; then
r=rl = 1r gives r = rsy = Sor, S0 sp is a unity for R).

Examples. (a) K[zq,...,z,] is graded by the degree of a polynomial. More
generally you can choose any dy,...,d, € Z and grade it with deg(z;) = d;.
(b) K@ (including the special case K (X)) can be graded with all e; of degree
0, by choosing a degree d, € Z for each arrow a.

(¢) An ideal I in a graded algebra R is homogeneous if and only if it is
generated by homogeneous elements, and if so, R/I is a graded algebra.

If R is a graded algebra, then a graded R-module M is an R-module with a
graded K-module structure satisfying

A graded module homomorphism 6 : M — N is one with 6(M,,) C N,, for
all n.

Example. Consider K[z, y] with the usual grading. A graded K|z, y]-module
is the same thing as a representation of the quiver with vertex set Z, arrows
Tp:n —n+1and y, :n — n+1 and relations z,11Yy, = Ynr12, for all n.

Remark. We can formulate this using rings with enough idempotents. If R
is a graded algebra, let S be the subset of R**%) consisting of all matrices
s = (s;;) with s;; € R;_;. This is a ring with enough idempotents e; = e, and
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e;Se; = Rj_;. Then a graded R-module is exactly the same as an S-module,
and graded homomorphisms correspond to S-module homomorphisms.

This appears in the theory of Z-algebras (in a different sense to how we use
this term). See for example M. van den Bergh, Noncommutative quadrics,
IMRN 2011.

By a filtered algebra we mean an algebra S equipped with K-subspaces
SgogSSl QSSQQ

such that S = U Sgn, SgnSSm - S§n+m, and 1 € Sso.

neN

Example. (a) Any N-graded ring R is filtered by R<, = @,.,, R:.

1<n
(b) A quotient of a filtered ring S/I is filtered by (S/I)<, = (I + S<n)/I.

Definition. If S is a filtered ring, then the associated graded ring is

grs= @grn S, gr,S= Sﬁn/SSn—l

neN

with Sc_; = 0. The multiplication is given by
gr, S X g, S — grn+m S? (Sgnfl + z, ngfl + y) = S§n+m71 + zyY.

This is well-defined by the condition that S is a filtered algebra. The symbol
map of degree n is the natural map

On 't S<n = gr, S, on(z) =S 1 + 2.

Lemma. Grade the free algebra K (X) by choosing degrees d, of the genera-
torsz € X. Let S = K(X)/I be aring with the induced filtration. Then gr S
is generated as a K-algebra by the homogeneous elements o4, (z) (z € X).

Proof. gr, S is spanned by the elements o, (125 ... xx) where x1xy ... x) is
a word with degree d,, + - - + d;, < n. If this inequality is strict, then the
element is zero. Otherwise the element can be written as 04, (1) ... 04,, (¥5).

Example. The Bernstein filtration of the Weyl algebra S = A, (K) is the
filtration induced from the usual grading of K{(x1,...,Zn, Y1, .., Yn), SO S<m
is the K-subspace spanned by x%y” with |a|+|3| < m. Then gr S is generated
by the elements o (z;) and o1(y;) and they commute, since, for example,

01(%’)01(%’) — 01 (ﬂfi)Ul(yi) = 02(%% - xzyz) = 02(1) =0
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since 1 € S<;. This gives a surjective homomorphism
Klxy, ... T, Y1, -, Yn] — grS.

This map sends a monomial 2*y” to the element ojq4(z*y”). As o and 3
vary, these elements run through bases of K[z1,...,2n,y1,...,ys] and grS
respectively, so the map is an isomorphism.

Theorem. Suppose S is a filtered ring.
(1) If gr S is a domain then so is S.
(2) If gr S is left or right noetherian, then so is S.

Proof. (1) Say a,b € S are nonzero and ab = 0.. For some n,m > 0 we
have a € Sgn \ Sgn,1 and b € ng \ ngfl. Then (Sgnfl + G)(S§m71 + b) =
S<ntm—1 + 0. But this is a product of two nonzero elements of gr.S.

(2) Any right ideal I in S gets a filtration /<, = I N S<,, and then
gr, I = (INS<n)/(INS<p-1) =[(I N S<n) + S<p-1]/S<n1 C g1, S

It is easy to see that this makes gr [ a right ideal in gr.S. Suppose that [
is not finitely generated. Choose fi € I<,, with n; minimal, and if we have
fi,-- 5 fr €1, choose fry1 € Iy, \Zle fi:S with nj; minimal. Now the
chain

Oy (f1)8rS C oy (f1) gr S+ ony(f2) grS C ...
becomes stationary, so some oy, (fi+1) = Zle on,;(fi)si. We may suppose
the s; are homogeneous, of the form o, _n,(s;). Then fiy1 — Zle fis; €
S<nyr—1, contradicting the choice of fi1.

Examples. (1) Grade K@ by path length. Then II(Q) is graded, and IT*(Q)
gets a filtration. There is a surjective map I1(Q) — gr [1*(Q). In general it
is not an isomorphism.

(2) Grade K|z, y|#G or K(z,y)#G with degz = degy = 1 and the elements
of G in degree 0. Then (K(z,y)#G)/(yx — zy — ) gets a filtration. Then
there is a surjective map

Kz, y|#G — gr(K(z,y)#G)/(yxr — xy — N).

and it is an isomorphism since both have K-bases given by elements of form
2"y™g. Now O* = eq|(K{x,y)#G)/(yz — 2y — \)]eg gets a filtration, and
there is an isomorphism

K[z,y]¢ = eq(K[z, y|#G)eq — gr O™

In particular O* is a noetherian domain.
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2.16 Localization

Let R be a ring. A subset S C R is multiplicative if 1 € S and ss’ € S for
all 5,8 € S.

Definition. If S is a multiplicative subset in R, then g : R — Rg is the
univeral homomorphism to a ring with the property that 6s(s) is invertible
for all s € S. That is, if 6 : R — A is a ring with 6(s) invertible for all
s € S then there is a unique ¢ : Rg — A with 6 = ¢fs. For existence, take
Rs=(RxK(s':s5€85))/(ss71—1,s7ts—1), e.g. with K = Z. Uniqueness
follows from the universal property.

Definition. A multiplicative subset S in R satisfies the left Ore condition if
for all s € S and a € R there exist ' € S and o’ € R with s'a = d’s, and
it is left reversible if as = 0 with @ € R and s € S implies that there is
s’ € S with s'a = 0. Both conditions are trivial if R is commutative or more

generally if S C Z(R).

Construction. If S is a left reversible left Ore set in R and M is a left
R-module, then on the set of pairs (s,m) € S x M we consider the relation

(s,m) ~ (s',m) < there are u,u’ € R with um = u'm’ and us = u's' € S.

Lemma 1. This is an equivalence relation.
Proof. See exercise sheet.

We write s~'m for the equivalence class of (s,m) and define S™'M to be the
set of equivalence classes.

Lemma 2. Any two elements of S™'!M can be written with a common de-
nominator.

Proof. Given s~'m and (s')~'m’, the Ore condition gives t € S, a € R with
ts' =as € S. Then s 'm = (as)'am and (s')~'m/ = (ts')"1tm/.

Lemma 3. S™'M becomes an R-module via
s'm4s7im/ = s m +m),
a(s'm) = (s')"'(a'm) where s'a = a's with s’ € S and @’ € R
and s7'm = 0 < there is u € R with um = 0 and us € S. In particular

17'm = 0 < there is u € S with um = 0. Moreover elements of S act
invertibly on S~1M.
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Proof. Most straightforward. Now s !m = 17'0 < there are u,u’ € R
with um = ¥'0 and us = vl € S, gives the condition. Finally, if t € S
then s™'m = t[(st)"'m]. Conversely, if ts™'m = 0, then (s')'a'm = 0
where §'t = a’s. Thus there is u € R with ua’'m = 0 and us’ € S. Then
ua's = us't € S and ua'm = 0, so s~'m = 0.

Thus S™'M becomes an Rg-module in a unique way.

Ore’s Theorem. Rg = S™!'R, considered as a ring with multiplication
(ta)(s7'b) = (s't) ta'b

where s'a = a’s with ' € S and o’ € R.

Proof. Since the elements of S become invertible in Rg, there is a natural
map S™'R — Rg. Then using the action of Rg on S™'R we see that the
multiplication for SR is well-defined. Now the map R — SR, r — 1711
has the universal property, so it is identified with R — Rg.

Remark. Similarly there is the notion of a right reversible right Ore set, for

which Rg can be constructed as fractions of the form rs~!.

Example. If o is a K-algebra automorphism of R, then {1,z,2% ...} is a
left and right reversible Ore set in R[z; o] The elements of R[z;o]g are of the
form

(ro+rx+-+ra")e™™ =rgz” "+ +rz" ",

so Laurent polynomials.
Theorem (Special case of Goldie’s Theorem). Let R be a domain which is
left noetherian (or more generally has no left ideal isomorphic to R™). Then

S = R\ {0} is a left reversible left Ore set, and 65 : R — Rg is an injective
map to a division ring.

Proof. The left reversibility condition is trivial. If S fails the left Ore con-
dition, then there are a,b # 0 with Ra N Rb = 0. Then a,ab,ab?, ... are
linearly independent, for if Y, r;ab® = 0, then by cancelling as many factors
of b on the right as possible, we get

roa +riab+ - +rpab” =0

with 79 # 0. But then 0 # roa € Ra N Rb. Thus @, Rab’ C R. Now Rg is a
division ring for if s7'r # 0 then 7 # 0 and (s~ 'r)~! = r~ls.

Examples. (1) Z embeds in Q, K|xy,...,z,| embeds in K(xy,...,z,), etc.
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(2) R = A,(K) is a noetherian domain, so it embeds in a division ring
Rs = D,(K).

(3) For R = K (x,y) the set R\{0} fails the left Ore condition since RxNRy =
0. There do exist embeddings of R in division rings, but they are more
complicated.
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3 Module categories

3.1 Categories

A category C consists of

(i) a collection ob(C') of objects

(ii) For any X,Y € 0b(C), a set Hom(X,Y) (or C(X,Y), or sometimes
Home (X, Y)) of morphisms 6 : X — Y, and

(iii) For any X, Y, Z, a composition map Hom(Y, Z)xHom(X,Y) — Hom(X, Z),
(0, 0) — 0¢.

satisfying

(a) Associativity: (6¢)y = 0(p)) for X Yy 4z W, and

(b) For each object X there is an identity morphism idxy € Hom(X, X), with
idy0 =0 =0idx forall0: X — Y.

Examples.

(1) The categories of Sets, Groups, Abelian groups, Rings, Commutative
rings, K-algebras, etc.

(2) The category R-Mod of R-modules for a ring R. The category R-mod of
finitely generated R-modules.

(3) The category of sets with Hom(X,Y) = the injective functions X —
Y. The category of linear relations, whose objects are K-modules and with
Hom(X,Y') = linear relations from X to Y, that is, K-submodules R C XY
and composition of S C Y x Z and R € X x Y being SR = {(z,2) :
(y,2) € S and (x,y) € R for some y}.

(4) Given a group G or aring R, the category with one object x, Hom(z, z) =
G or R and composition given by multiplication.

(5) Given a ring R, the category with objects N, Hom(m, n) = M, ., (R) and
composition given by matrix multiplication.

(6) Path category of a quiver Q). Objects @)y and Hom(, j) = paths from i to
j. The K-linear path category of ). Objects Qp and Hom(i, j) = K-module
with basis the paths from 7 to j.

Definition. An isomorphism is a morphism # : X — Y with an inverse
071 Y = X, 007! =idy, 6710 = idx.

Remark. Recall that there is no set of all sets. Thus 0b(C') may be a proper
class. We say that C' is small if ob(C) is a set, and skeletally small if there
is a set .S of objects such that every object is isomorphic to one in S.
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Example. The category of finite sets is not small, but it is skeletally small
with S = {0,{1},{1,2},...}. R-Mod is not small or skeletally small, but
R-mod is skeletally small with S = {R"/U : n € N,U C R"}.

Definition. A subcategory D of C'is given by a category with ob(D) C ob(C')
and D(X,Y) C C(X,Y) for all X,Y € ob(D) such that composition in D
is the same as that in C and id{ € D(X,X). It is a full subcategory if
D(X,Y) = C(X,Y).

Definition. If C'is a category, the opposite category C°P is given by ob(CP) =
ob(C), CP(X,Y) = C(Y, X), with composition of morphisms derived from
that in C.

If C'and D are categories, then C'x D denotes the category with ob(C'x D) =
0b(C) x ob(D) and Hom((X,U), (Y,V)) =C(X,Y) x D(U,V).

3.2 Monomorphisms and epimorphisms

Definition. A monomorphism in a category is a morphism 6 : X — Y such
that for all pairs of morphisms o, 3 : Z — X, if fa = 63 then a = .

An epimorphism is a morphism 6 : X — Y such that for all pairs of mor-
phisms o, 5 : Y — Z, if af = 560 then a = .

In many concrete categories a monomorphism = injective map, epimorphism
= surjective map.

Lemma. In R-Mod, monomorphism = injective map and epimorphism =
surjective map.

Proof. We show epi = surjection. The other is similar.

Say 0 : X — Y is surjective and afl = 36 then for all y € Y there is z € X
with #(z) = y. Then a(y) = a(6(x)) = S(0(x)) = B(y). Thus a = S.

Say # : X — Y is an epimorphism. The natural map ¥ — Y/Im# and
the zero map have the same composition with 6, so they are equal. Thus
Imo=Y.

Example. In the category of rings, a localization map 0 : R — Rg is an
epimorphism, but usually not a surjective map, for example Z — Q.
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Namely, if o, 8 : Rg — T and afls = g, then afg is a map R — T which
inverts the elements of S, so it can be factorized uniquely through 6. Thus

a= 0.

Theorem. The following are equivalent for a ring homomorphism 6 : R — S.
(i) @ is an epimorphism in the category of rings

(i) s@1=1®sin S®g S for all s € S.

(iii) The multiplication map S®gS — S is an isomorphism of S-S-bimodules.
(iv) Multiplication gives an isomorphism S ® g M — M for any S-module
M.

(v) For any S-modules M, N we have Homg(M, N) = Hompg(M, N).

Proof. (i)=-(ii) The ring homomorphisms S — S ®r S, s+~ s®@1lor 1 ® s
have the same composition with 6, so they are equal.

(i)=-(iii) s = s ® 1 = 1 ® s is an inverse. For example this map sends st to
stl=st®l)=s(l1®t)=s®t.

(il)=({1v) SR M Z SQRrSQRs M =S ®s M= M.

(iv)=(v) Homg(M, N) = Homg(M,Homg (S, N)) = Homg(S ®r M, N) =
Homg (M, N).

(v)=(i). Say f,g : S — T have the same composition with §. Then the
identity map is an R-module map between the restrictions of ;1" and ;7'
Thus it is an S-module map. Thus f = g.

3.3 Functors

If C'and D are categories, a (covariant) functor F': C'— D is an assignment
of

(i) For each object X € ob(C), an object F'(X) € ob(D), and

(ii) For each X,Y € 0b(C) amap F : C(X,Y) — D(F(X),F(Y)),

such that F'(0¢) = F(0)F(¢) and F(idx) = idp(x).

A contravariant functor F : C'— D is the same thing as a covariant functor
C° — D. Thus it is an assignment of

(i) For each object X € ob(C), an object F'(X) € ob(D), and

(ii) For each morphism 6 : X — Y in C' a morphism F(0) : F(Y) — F(X)
in D,

such that F(0¢) = F(¢)F(0) and F(idx) = idp(x).
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Definitions. If for all X,Y € ob(C) the map F : C(X,Y) — D(F(X), F(Y))
is injective, then F'is faithful. It it is surjective then F'is full. If every object
in D is isomorphic to F'(X) for some object X in C' we say F' is dense.

The inclusion of a subcategory is a faithful functor. It is full if and only if
the subcategory is full.

Representable functors. Let C' be a category and let Hom(X,Y") denote the
Hom sets for C. Suppose we fix X € ob(C). For Y € ob(C) we define
F(Y) =Hom(X,Y) and for # € Hom(Y,Y’) we define F'(d) : Hom(X,Y) —
Hom(X,Y”) to be the map sending ¢ to 0¢. Then F' defines a functor C' —
Sets. We denote it Hom(X, —).

Dually fixing Y, we get a contravariant functor Hom(—,Y") from C' to Sets.
In fact Hom defines a functor C? x C' — Sets.

Examples.

(1) The forgetful functor, forgetting some structure, for example Groups to
Sets, or K-Alg to K-Mod. It is faithful.

(2) Given a ring homomorphism ¢ : R — S there is a restriction functor
S — Mod — R — Mod. It is faithful. It is full if and only if 8 is a ring-
epimorphism.

(3) The functor M, from rings to rings sending R to M,(R). It is faithful.
(4) If M is an R-S-bimodule, then any morphism of S-modules X — X’
gives a map M ®g X — M ®g X'. Thus M ®g — becomes a functor from
S-Mod to R-Mod.

(5) With a bimodule one also gets functors Hompg(M, —) from R-Mod to
S-Mod and Hompg(—, M) from R-Mod” to S°’-Mod. Special case: if K is
a field, then duality V' ~~ V* = Homg(V, K) gives a contravariant functor
K-Mod to K-Mod.

3.4 Natural transformations

Definition. If F,G are functors C' — D, then a natural transformation @ :
F — @ consists of morphisms ®x € D(F(X),G(X)) for all X € ob(C') such
that G(0)®x = &y F(0) for all 0 € C(X,Y).

The natural transformations form the morphisms for a category whose ob-
jects are the functors C' — D.

o1



Clearly ® has an inverse if and only if all ®x are isomorphisms. In this case
we call ® a natural isomorphism.

Examples. (1) If K is a field and V' is a K-vector space, there is a natural map
V — V** v (6 — 6(v)). This is a natural transformation 1o — (—)** of
functors from K-Mod to K-Mod. If we used the category of finite dimensional
K-vector spaces, it would be an isomorphism.

(2) A map of R-S-bimodules M — N gives a natural transformation of
functors M ®s — — N ®g — from S-Mod to R-Mod. It gives a natural
transformation Hompg (N, —) — Hompg(M, —) of functors from R-Mod to S-
Mod. It gives a natural transformation Hompg(, M) — Hompg(, V) of functors
from R-Mod® to S°P-Mod.

(3) If M is an R-S-bimodule, X an R-module and Y an S-module, one gets
a map
Hompz(X, M) ®sY — Hompg(X, M ®sY).

Varying Y, you can consider this as a natural transformation of functors
S-Mod to K-Mod. Varying X, consider this as a natural transformation of
functors R — Mod” to K-Mod. Varying both, consider as natural transfor-
mation of functors R — Mod” xS — Mod to K-Mod.

Yoneda’s Lemma. For a functor F' : C' — Sets and X € ob(C') there is a
1-1 correspondence between natural transformations Hom(X,—) — F and
elements of F'(X).

Proof. Given ® : Hom(X,—) — F we get ®x : Hom(X, X) — F(X), and
Oy (idx) € F(X). Conversely, given f € F(X) and Y € 0ob(C) we get
a map ®y : Hom(X,Y) — F(Y), 6§ — F(0)(f). This defines a natural
transformation ®. These constructions are inverses.

Definition. Given functors F': C' — D and G : D — C, we say that (F,G)
is an adjoint pair, or that F' is left adjoint to G or G is right adjoint to F
if there is a natural isomorphism ® : Hom(F(—),—) = Hom(—,G(—)) of
functors C? x D — Sets.

Thus one needs bijections

Oy : Hom(F(X),Y) = Hom(X, G(Y))
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for all X € ob(C) and Y € 0b(D), such that

Hom(F(X"),Y) -, Hom(X’,G(Y))
AF(G)J -9l
Hom(F(X),Y) —* Hom(X,G(Y))

commutes for all #: X — X’ and

Hom(F(X),Y) XY Hom(X,G(Y))
o cto |
Hom(F(X),Y") ¥, Hom(X,G(Y"))
commutes for all ¢ : Y — Y.
Examples. (1) (Hom tensor adjointness) If M is an R-S-bimodule then
Homp(M ®s X,Y) = Homg (X, Homgz(M,Y))

for X an S-module and Y an R-module, so (M ®g —, Homg(M,—)) is an
adjoint pair between R-modules and S-modules.

(2) Free algebras and free modules. For K a commutative ring,
Hompg (K (X), R) = Homges (X, R),

for X from the category of sets and R from the category of K-algebras, so
(X — K(X), Forget) is an adjoint pair between K-algebras and sets. For R
a ring

Homp(RYX), M) = Homgs(X, M)

for X from the category of sets and M from the category of R-modules, so
(X = RYX) Forget) is an adjoint pair between R-modules and sets.

(3) Homg.aig(VR, S) = Homgeag( R, M, (S)), so (/—, M,(—)) is an adjoint
pair between K-algebras and itself.

3.5 [Equivalences of categories

Definition. A functor F' : C' — D is an equivalence if there is G : D — C
such that FFG = 1p and GF = 1.
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Theorem. F'is an equivalence if and only if it is full, faithful and dense.

Proof. Suppose there is a G and natural isomorphisms ® : GF — 1o and
U:FG — 1p. For0 € C(X,Y) we get 0@x = Oy G(F(0)) soif F(0) = F(¢)
then 0@y = 0'®x, so 0 = &' since @y is an isomorphism. Thus F' is faithful.
Similarly G is faithful. Suppose ¢ € D(F(X), F(Y)). Let § = &y G(¢)®y' €
C(X,Y). Then 0dx = &y G(F(0)) gives G(¢) = G(F(0)), so ¢ = F(6), so
F is full. Also any Y € ob(D) is isomorphic to F(G(Y)), so F is dense.

On the other hand, if F' satisfies the stated conditions, for each Z € 0b(D)
choose G(Z) € ob(C) and an isomorphism 71z : Z — F(G(Z)). We extend it
to a functor G : D — C by defining G(0) for 6 € D(Z,W) to be the unique
morphism a € C(G(Z),G(W)) with F(G(a)) = nwon,".

Examples. (i) If K is a field, there is an equivalence of categories from the
category with objects N and Hom(m,n) = M,xn(K) to the category of
finite dimensional K-vector spaces, sending n to K™ and a matrix A to the
corresponding linear map.

(ii) The assignment V +— ®V gives an equivalence from the category of K-
representations of () to the category of K()-modules.

(iii) If R is a graded ring, the category of graded R-modules is equivalent to
the category of modules for the associated ring with enough idempotents.

3.6 Universal constructions and additive categories

Let K be a commutative ring.

Definition. A K-category is a category C' with the additional structure that
each of the sets Hom(X,Y') is a K-module, in such a way that composition
Hom(Y, Z) x Hom(X,Y) — Hom(X, Z) is K-bilinear. In particular each set
Hom(X,Y') contains a distinguished element, the zero element.

A functor F : C — D between K-categories is K -linear, if all of the maps
C(X,Y)— D(F(X),F(Y)) are K-module maps.

One uses the terminology pre-additive category and additive functor if these
hold for some K (equivalently for K = 7Z).

For example K-Mod is a K-category. Also, if R is a K-algebra, then R-Mod
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is a K-category. Note, however, that the category of K-algebras is not a
K-category. Certainly not in a natural way, since the zero map between two
K-algebras is not a K-algebra morphism. But not at all, since you can find
examples of K-algebras that have no algebra homomorphisms between them.

If C'is a K-category and X is an object in C', then the representable functor
Hom(X, —) can be considered as a functor from C to K-Mod, and it is K-
linear.

Definition. In a category C. An initial object is an object X with a unique
morphism to any other object. A terminal object is an object Y with a
unique morphism from any other object. If they exist, they are unique up to
isomorphism.

See the exercise sheet for a discussion of initial and terminal objects.

Proposition. In a K-category, X is initial < terminal < Hom(X, X) = 0.
Such an object is called a zero object.

Proof. If X is initial or terminal, then Hom(X,X) = 0. Conversely, if
Hom(X,X)=0and 6 : X — Y then 6 = fidx = 60 =0, so X is initial.

Definition. A product of a family of objects Y; (i € I) is an object Z
equipped with morphisms p; : Z — Y, such that for all objects X, the
map Hom(X, Z) — [[, Hom(X,Y;), 6 — (p;0) is a bijection.

It the product exists, it is unique up to isomorphism, and denoted [], Y;.

A coproduct of a family of objects X is an object Z equipped with morphisms
i; : X; = Z giving an bijection Hom(Z,Y) — [[, Hom(X,,Y"), 6 — (64;) for
all objects Y.

It the coproduct exists, it is unique up to isomorphism, and denoted [[, X;.

Examples. (a) In the category of sets, the usual product [ [, Y; is a categorical
product. The coproduct [], X; is the disjoint union of the sets Xj.

(b) In the category R-Mod, the product and direct sum of modules are the
product and coproduct.

(c) In the category of K-algebras, the product and coproduct of two algebras
A and B are the usual product A x B and the free product A xx B.

(d) In the category of commutative K-algebras, the product and coproduct
of two algebras A and B are the usual product A x B and the tensor product
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Proposition. For objects X, Y, Z in a K-category the following are equivalent
(i) Z is a product of X and Y for some morphisms px, py

(ii) Z is coproduct of X and Y for some morphisms iy, iy,

(iii) There are morphisms

pPx Py
X zZ,/ 'Y
X A%

with pxix = idx, pxiy =0, pyiy =idy, pyix =0, ixpx + iypy = idz.
In this case we write Z = X @Y and call it a direct sum.

Proof. (i)=-(iii) Suppose Z is a product. It comes with morphisms px :
Z — X and py : Z — Y. Using the zero morphism as one component and
the identity morphism as the other, one gets morphisms iy : X — Z and
iy : Y — Z. They satisfy the conditions. For example if ¢ = ixpx + typy
then px¢ = pxixpx + pxiypy = px + 0= px and px¢ = py, so ¢ = idy.

(ili)=(i) For any U one has bijections
(a,f)—ixatiy B
Hom(U,Z) <5 Hom(U, X) x Hom(U,Y)
9*—)(px9,py9)
so px and py turn Z into a product.
(il)<(iii) Dual.

Definition. A category is additive if it is a K-category for some K, if it has
a zero object and every pair of objects has a direct sum.

Example. R-Mod, R-mod, the category of free R-modules.

Lemma. If F is a K-linear functor between additive K-categories, then
F0)=0and F(XaY)=F(X)® F().

Proof. idp() = F(idy) = F(0) = 0. Apply F to the morphisms in the direct
sum.

Definition. In a K-category, a kernel of a morphism 0 : X — Y is a morphism
k: U — X with 8k = 0 and such that any morphism ¢ : 7 — X with ¢ =0
factors uniquely through k. If it exists, it is a monomorphism.

A cokernel of a morphism 6 : X — Y is a morphism c¢: Y — Z with ¢f =0
and such that any morphism ¢ : Y — W with ¢ = 0 factors uniquely
through c.

56



Example. For modules we take the inclusion & : Ker# — X and the projec-
tion ¢: Y +— Y/Imé.

Definition. Given morphisms f : X — Z and g : Y — Z in a category, a
pullback consists of an object W and morphisms p: W — X andg: W — Y
giving a commutative square

w25 X

AR

y 2 Z
and which is univeral for such commutative squares, that is for any other
Wip W — X, ¢ : W —Y with fp/ = g¢ there is a unique 6 : W/ — W
with p’ = pf and ¢ = ¢f.

Dually a pushout of morphisms p : W — X and ¢ : W — Y, is an object
Z and morphisms f: X — Z and g : Y — Z giving a commutative square
such that for all Z’ and f': X — Z’ and ¢’ : Y — Z' with ¢'q = f'p there is
unique ¢ with f' = ¢f and ¢’ = ¢g.

More generally, there is the notion of a limit or colimit of a functor F': G —

C.

Properties (i) In a pullback, if f is mono, then so is ¢. In a pushout, if ¢ is
epi, so is f.

(ii) For an additive category, if kernels exist, so do pullbacks, if cokernels
exist, so do pushouts.

Proof. (i) If a, 8 : U — W and qa = ¢, then gqa = gqf, so fpa = fpS.
Since f is mono, pa = pB. Thus one gets the same commutative square
using pa and ga or unig pf and ¢f. Thus by the uniqueness property of the
pullback a = S.

(i) morphisms f : X — Z and g : Y — Z induce a morphism 6 : X Y — Z
via 0 = fpx+gpy,so f =0ix and g = 0iy. Let k: W — X @Y be a kernel.
We define p = pxk and ¢ = —pyk. Then fp — gq = Oixpxk + Oiypyk =
O1lxayk = 0k =0, so fp = gq, and similarly one can show that the universal
property holds.
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3.7 Abelian categories and exact functors

Definition. A category is abelian if it is additive, has kernels and cokernels,
every mono is the kernel of its cokernel, and every epi is the cokernel of its
kernel.

Example. R-Mod. Also the category R-mod of finitely generated modules,
for R a left noetherian ring.

A subobject of an object X in an abelian category is an equivalence class of
monos to X, where a : U — X is equivalent to §: V — X < a = (¢ for
some isomorphism ¢ : U — V.

Given a morphism 6 : X — Y, the kernel can be considered as a subobject
Ker 6 of X. We define Im 6 to be the kernel of the cokernel of 6, considered
as a subobject of Y.

Recall that a sequence of modules

o xLhvSzo

is exact at Y if Im f = Ker g. This makes sense for an abelian category too.
Definition An exact sequence

0-XLESY S50

is split if it satisfies the following equivalent conditions
(i) g has a section, a morphism s : Y — E with gs = idy.
(ii) f has a retraction, a morphism r : F — X with rf = idx.
(iii) There are

r g

X EZY

f s

with gs =idy, gf =0,rs =0, rf =idx and sg+ fr =idg,so E=Z X PY.

Proof of equivalence. (i)=-(iii). g(idg — sg) = 0, so idg — sg factors through
Kerg =1Im f,s0tdgp—sg = frforsomer: E — X. Then frf = f—sgf = f,
so rf =idy since f is a mono. The rest is trivial or dual.

Definition. If F' is an additive functor between abelian categories, we say
that F' is exact (respectively left exact, respectively right exact) if given any
exact sequence

0=-X—=Y—=>2-=0
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the sequence
0—F(X)—=FY)—>F(Z)—0

is exact (respectively left exact, respectively right exact). Similarly, if F' is a
contravariant functor, we want the sequence
0—-FZ)—-FY)—F(X)—0

to be exact (respectively left exact, respectively right exact).

Notes. (i) Any additive functor between abelian categories sends split exact
sequences to split exact sequences.

(ii)) An exact functor sends any exact sequence (not just a short exact se-
quence) to an exact sequence. A left exact functor sends a left exact sequence
0= X — Y — Z to a left exact sequence 0 — F(X) — F(Y) — F(Z2).
Similarly for right exact.

Lemma. (Left exactness of Hom) For an abelian category, Hom(—, —) gives
a left exact functor in each variable. That is, if M is an object and 0 —
X —-Y — Z — 0 is exact, then so are

0 — Hom(M, X) - Hom(M,Y) — Hom(M, Z)
and

0 — Hom(Z, M) — Hom(Y, M) — Hom(X, M).

Proof. The first sequence is exact at Hom(M,Y) since X — Y is a kernel
for Y — Z, and it is exact at Hom(M, X) since X — Y is a mono.

Lemma. Pullbacks and pushouts exist in an abelian category. Moreover a
pullback involving the second map in a short exact sequence gives a commu-
tative diagram with exact rows

0 U w2

|

S
(e

N

0 s U y 2 > 0
and also a pushout involving the first map
0 > W —— X % > 0
Lol
0 vy 2 Z 1% 0
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Proof. We already saw existence. The morphism « : U — Y together with
the zero morphism U — X give a morphism 5 : U — W. We need to show
0—=U—W — X — 0 is exact.

We prove it for modules by diagram chasing. For this one needs to work with
module categories. The argument for a general abelian category needs some
other ideas - it is omitted.

We have W = Ker(f —¢g) : X ®Y — Z, with p the projection onto X and ¢
the projection onto Y. Moreover f(u) = (a(u),0). Given z € X, f(z) € Z,
so there is y € Y with ¢g(y) = f(x). Then w = (z,y) € W, and p(w) = z,
so p is onto. Now suppose w = (z,y) € W and p(w) = 0. Thus w = (0,y).
Clearly g(y) = gq(w) = fp(w) = f(0) = 0. Thus y = a(u) for some u. Then
w = (0,y) = B(u). Also, if u € U and S(u) = 0, then a(u) =0, so u = 0.

I did the proof differently in the lecture.

3.8 Projective modules

Definition. An object P in an abelian category is projective if it satisfies the
following equivalent conditions.

(i) Hom(P, —) is exact.

(ii) Any short exact sequence 0 — X — Y — P — 0 is split.

(iii) Given an epimorphism 6 : Y — Z, any morphism P — Z factors
through 6.

Proof of equivalence. (i)=(ii) Hom(P,Y) — Hom(P, P) is onto. A lift of
idp 1s a section.

(ii)=-(iii) Take the pullback along the map P — Z. The resulting exact
sequence has P as third term, so is split. This gives a map from P to the
pullback. Composing with the map to Y gives the map P — Y.

(iii)=(i) Clear.

Lemma (Better in section 1.6). Given sequences 0 — X; - Y; = Z; — 0
(¢ € I) of R-modules, the following are equivalent.

(i) The sequences are exact for all i € I.

i) 0 =T, Xi = 1LY = 1, Z — 0is exact.

(ili)) 0 = P, X; = B, Y: = P, Z; — 0 is exact.
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Proof. Straightforward.

Proposition. A direct sum of modules €, M; is projective < all M, are
projective.

Proof. Hom(Ep, M;, —) = [[, Hom(M;, —), so €, M, is projective

< 0 — Hom(p, M;, X) — Hom(P, M;,Y) — Hom(EP, M;, Z) — 0 exact
foral 0 = X =Y =27 =0

< 0 — [[, Hom(M;, X) — [[, Hom(M,;,Y) — [[, Hom(M;, Z) — 0 exact

< all 0 - Hom(M;, X) — Hom(M;,Y) — Hom(M;, Z) — 0 are exact

& all M; are projective.

Theorem. Any free module is projective, and any module is a quotient of a
free module. A module is projective if and only if it is a direct summand of
a free module.

Proof. Homg(R,X) = X, so R is a projective module, hence so is any direct
sum of copies of R. If F' — P is onto with F' free and P projective, then P
is isomorphic to a summand of F'.

Examples.

(i) If R is semisimple artinian, for example a field, then every submodule is
a direct summand, so every short exact sequence is split, so every module is
projective.

(i) For a principal ideal domain, any finitely generated projective module is
free. This follows from the usual classification of f.g. modules for a pid.

(iii) If e € R is an idempotent, then Re is a projective R-module, and if e is
primitive, it is an indecomposable projective module.

(iv) Any projective module for a path algebra K@ is isomorphic to a direct
sum of left ideals generated by trivial paths K(Qe;. Any submodule of a
projective K ()-module is projective.

An R-module is finitely generated projective if and only if it is isomorphic
to a direct summand of a free module R" for some n. We write R — proj for
the category of finitely generated projective left R-modules.

Lemma. The functor Hompg(—, R) defines an antiequivalence between R —
proj and R? — proj.

Proof. There is a natural transformation
X — Homg(Hompg(X, R),R), x> (0 — 0(x)).

It is an isomorphism for X = R, so for finite direct sums of copies of R, so

61



for direct summands of such modules.
Lemma. If M is an R-S-bimodule, then there is a natural transformation
Hompg(X, M) ®sY — Homgz(X, M ®5Y), 6y~ (r—0(z)Ry)

for X an R-module and Y an S-module. It is an isomorphism if X is finitely
generated projective. Moreover, if idy is in the image of the natural map
Hompg(X, R) ®p X — Endg(X), then X is finitely generated projective.

Proof. For the first part, reduce to the case of X = R. Say idx comes from
>; 0; ® x;, then the composition of the maps

(65) (4)

X —R"==3X

is the identity.

3.9 Injective modules

Definition. An object I in an abelian category is injective if it satisfies the
following equivalent conditions.

(i) Hom(—, I) is exact.

(ii) Any short exact sequence 0 — I — Y — Z — 0 is split.

(iii) Given an injective map 6 : X — Y, any map X — [ factors through 6.

Proof of equivalence. This is the opposite category version of the result for
projectives.

Definition. An inclusion of R-modules M C N is an essential extension of
M if every non-zero submodule S of N has SN M # 0.

Theorem. For an R-module I, following conditions are equivalent.

(a) I is injective.

(b) (Baer’s criterion) Every homomorphism f : J — I from a left ideal J of
R can be extended to a map R — I.

(c) I has no non-trivial essential extensions

Proof. (a)=-(b) is trivial.

(b)=(c) Let I C L be a non-trivial essential extension and fix £ € L\ I. We
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consider the pullback
J — R

]

I — L
where R — L is the map r +— r{. Then J — R is injective, so J is identified
with a left ideal in R. By (b), the map J — [ lifts to a map R — I, say
sending 1 to 4. Then if (¢ — i) € I, then v € I, sor € J, so rl = ri, so
r(0 —i) =0. Thus I N R({ —i) = 0 and R({ — i) # 0, contradicting that
I C L is an essential extension.

(c)=(a). Given I C Y, we need to show that [ is a summand of Y. By
Zorn’s Lemma, the set of submodules in Y with zero intersection with I has
a maximal element C'. If [+C =Y, then C'is a complement. Otherwise, I =
(I +C)/C CY/C is a non-trivial extension. By (c) it cannot be an essential
extension, so there is a non-zero submodule U/C with zero intersection with
(I+C)/C. Then UN(I+C)=C,s0UNICCNI=0. This contradicts
the maximality of C'.

Proposition. A direct product of modules [[, M; is injective < all M; are
injective

Proof. Use that Hom(—, [[, M;) = [[, Hom(—, M;).

Definition. If K is an integral domain, then a K-module M is divisible if and
only if for all m € M and 0 # a € K there is m’ € M with m = am/.

Observe that if M is divisible, so is any quotient M/N.

Theorem. If K is an integral domain, then any injective module is divisible.
If K is a principal ideal domain, the converse holds.

Proof. Divisibility says that any map Ka — M lifts to a map K — M. If
K is a pid these are all ideals in K.

Now suppose that K is a field or a principal ideal domain. We define (—)* =
Hompg(—, E), where

K (if K is a field)
| F/K (if K is a pid with fraction field F # K)

Then FE is divisible, so an injective K-module, so (—)* is an exact functor. It
gives a functor from R-modules on one side to R-modules on the other side.
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Lemma. If M is a K-module, the map M — M**, m — (0 — 0(m)) is
injective. (It is an isomorphism if K is a field and M is a finite-dimensional
K-vector space).

Proof. Given 0 # m € M it suffices to find a K-module map f: Km — E
with f(m) # 0, for then since E is injective, f liftstoamapf: M — E. If K
is a field there is an isomorphism K'm — E. If K is a principal ideal domain,
choose a maximal ideal Ka containing ann(m) = {z € K : zm = 0}. Then
there is a map K'm — E sending xm to K + z/a.

If K is a field, and M is of dimension d, then so is M*, and so also M** so
the map M — M™** must be an isomorphism.

Theorem. Any R-module embeds in a product of copies of R*, and such a
product is an injective R-module. A module is injective if and only if it is
isomorphic to a summand of such a product.

Proof. We have R* injective since Hompg(—, R*) = (—)* is exact. Thus

any product of copies is injective. Now choose a free right R-module and a
surjection R®X) — M*. Then M embeds in M** and this embeds in (R(*))* =

(R*)X. The last part is clear.
Corollary. Any module over any ring embeds in an injective module.

Proof. Apply the last result with K = Z.

3.10 Flat modules

Proposition. If M is an S-R-bimodule, then M ®r — defines a right exact
functor from R-Mod to S-Mod which commutes with direct sums

M ®g (@X@) = @(M Qr X;) .
iel icl
Moreover any right exact functor from R-Mod to S-Mod which commutes

with direct sums is naturally isomorphic to a tensor product functor for some
bimodule.

Proof. M®pg— is a functor by the discussion in the section on tensor products,
it commutes with direct sums and it is right exact by item (5) in that section.

Suppose that F'is a right exact functor from R-Mod to S-Mod. Then F(R)
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is an S-module, and it becomes an S-R-bimodule via the map
R 5 Endgp(R)” 5 Endg(F(R))™.
Now for any R-module X there is a R-module map
X 5 Hompg(R, X) & Homg(F(R), F(X)).

By hom-tensor adjointness this gives an S-module map F(R)®r X — F(X).
This is natural in X, so it ®x for some natural transformation ® : F(R) ®pg
— — F. Clearly ®p is an isomorphism. Then for any free module RY) we
have F(RD) = F(R)D) = F(R)® RY), so ® () is an isomorphism. Then for
any module X there is a presentation RY) — RY) — X — 0 and the first
two vertical maps in the diagram

FR)@ RY) —— F(R)® RY) —— F(R)® X —— 0

QL) l PR l <I>xl

F(RDYy —— FRY) —s FX) —0

are isomorphisms. Also the rows are exact. Hence the third vertical map is
an isomorphism. Thus ® is a natural isomorphism.

Definition. A right R-module is flat if M ®pg — is an exact functor (from
R — Mod to K — Mod).

Properties.

(i) A direct sum of modules is flat if and only if each summand is flat, since
M ®p (EBZ Xi) = @z M @p X;.

(ii) Any projective module is flat, for R ®g X = X, so R is flat. Now use
the previous result.

Proposition. If K is a field or a pid, then an R-module M is flat if and only
if M* is injective.

Proof. We have Hompg(X, M*) = (M ®g X)*. If M is flat, then the right
hand functor is exact, so M* is injective. Conversely, if M* is injective then
the right hand functor is exact. Suppose M is not flat. Given an exact

sequence
0—-X—->Y—-27-0

we get
0—=>L->MIrX > M®gY - Mxgr 24— 0.
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Then get
(M@pY) - (M®rX)"—=L"—0

Thus L* = 0. But L embeds in L**, so L = 0.

Proposition. A module My is flat if and only if the multiplication map
M ®p I — M is injective for every left ideal I in R.

Proof. If flat, the map is injective. For the converse we can work over K = Z.
If the map is injective, then the map M* — (M ®gr I)* is surjective. We
can write this as Hompg (R, M*) — Hompg(I, M*). By Baer’s criterion M* is
injective. Thus M is flat.

Example. A Z-module is flat if and only if it is torsion-free. If I = Zn then
M ® I — M is injective if and only if multiplication of M by n is injective.
For example Q is a flat Z-module.

Proposition. If S is a left reversible left Ore set in R then the assignment
M ~ S7'M defines an exact functor which is naturally isomorphic to the
tensor product functor M ~~» Rg ®r M, so Rg is a flat as a right R-module.

Proof. Since a finite number of fractions can be put over a common denom-
inator, it follows that the functor M ~» S~'M commutes with direct sums.

Thus it suffices to show that it is exact. Now if L % M & N is exact, and
s7'm is sent to zero in ST'N, then there is v € R with u¢(m) = 0 and
us € S. Then ¢(um) = 0, so um = 6(£). Then (us)™'¢ € S~'L is sent to
stme STIM.

Definition A module M is finitely presented if it is a quotient of a finitely
generated free module by a finitely generated submodule. Equivalently if
there is an exact sequence R™ — R" — M — 0.

Any f.g. projective module is finitely presented. If R is left noetherian, any
finitely generated left R-module is finitely presented.

Lemma. If M is an R-S-bimodule, the natural transformation
I‘IOIH}:{()(7 M) ®KRsY — HOIIIR(X, M ®g Y)
is an isomorphism if X is finitely presented and Y is flat.

Proof. It is clear for X = R. Then it follows for X = R". In general there is
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an exact sequence R™ — R"™ — X — 0, and in the diagram

0 —— HOIDR(X,M) ®SY " HOHlR(Rn,M) ®SY E— HOHlR<Rm,M) ®SY

! ! l

0 —— HOIIIR(X,M@S Y) e HomR(Rn,M®5 Y) —_— HOII]R<Rm,M®S Y)

the rows are exact and the right two vertical maps are isomorphisms, hence
so is the first.

Proposition. A finitely presented flat module is projective.

Proof. The natural map Hompg(X, R) ® g X — Endg(X) is an isomorphism.

3.11 Envelopes and covers

Suppose C is a full subcategory of R-Mod, closed under finite direct sums
and direct summands.

Definition. If M is an R-module, a C-preenvelope is a homomorphism 6 :
M — C with C in C, such that any 6’ : M — C” with C’ in C factors as
0" = ¢ for some ¢ : C — C'. It is a C-envelope if in addition, for any
¢ € Endg(C), if ¢80 = 0, then ¢ is an automorphism.

If a C-envelope exists, it is unique up to a (non-unique) isomorphism.

Dually, if M is an R-module, a C-precover is a homomorphism 6 : C — M
with C' in C, such that any C’ — M factors through C' — M. It is a C-cover
if in addition, for any ¢ € Endg(C), if 8¢ = 0, then ¢ is an automorphism.

If a C-cover exists, it is unique up to a (non-unique) isomorphism.

Theorem. Every module M has an injective envelope. Moreover 6 : M — [
is an injective envelope if and only if 8 is a monomorphism, I is injective and
Im @ C I is an essential extension.

Proof. Any module M embeds in an injective module E. Zorn’s Lemma
implies that the set of submodules of E which are essential extensions of M
has a maximal element I.

Suppose that I C J is a non-trivial essential extension. Then M C J is an
essential extension. Since F is injective the inclusion I — E can be extended
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toamap g:J — E. Clearly M NKerg = 0, so since M is essential in J it
follows that Kerg = 0. Thus we can identify J with g(J). But then M is
essential in J, contradicting the maximalirty of I.

Thus I has no non-trivial essential extensions, so [ is injective.

Thus the inclusion 0 : M — [ satisfies the stated conditions. We show it is
an injective envelope. Clearly it is a preenvelope.

Say ¢f = 6 for some ¢ : I — I. Then M NKer¢p = 0, so Ker¢ = 0. Then
¢ : I — I is a monomorphism, so I = Im ¢ @ C' for some complement C. But
then M NC =0, s0 C'=0. Thus ¢ is an automorphism.

Remark. (i) Bass 1960 showed that modules have projective covers only for
some rings, the left perfect rings.

(ii) Bican, El Bashir and Enochs 2001 showed that every module has a flat
cover.

An interesting connection between these concepts is the fact that a flat mod-
ule has a projective cover if and only it it is already projective. This is
Exercise 4.20 in T. Y. Lam, Lectures on Modules and Rings (combined with
standard facts about projective covers and Proposition 9.13 in Anderson and
Fuller, Rings and Categories of Modules).

3.12 Morita Equivalence

Definitions. An abelian category A is cocomplete if for every set of objects
M; (i € I) there is a coproduct [],., M;. If so, then an object P is finitely
generated if Hom(P, —) preserves coproducts, and P is a generator if for
every object M there is an epimorphism PY) — M.

Note that a module category R-Mod is cocomplete, finitely generated is the
same as the usual definition, and R is a projective generator.

Theorem. If A is an abelian category and R is a ring, then A is equivalent
to R-Mod if and only if A is cocomplete, and it has a finitely generated
projective generator P with R = End(P)°.

Proof. The module category R-Mod has these properties, with P = R. For
sufficiency, consider the functor F' = Hom(P, —) from A to R-Mod. Given
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objects X and Y choose epimorphisms px : PY) — X and py : P) - Y.
Given 0 : X — Y, if F() =0, then the composition P¥) — X — Y is zero,
so 0 is zero. Thus F' is faithful.

Applying F one gets RY) — F(X) and R — F(Y). Any R-module map
a: F(X) — F(Y) lifts to an R-module map RY) — R). This corresponds
to an element of Hom(P"), P())). Now the composition Kerpy — PY) —
PY) Y is sent by F to zero, so since F' is faithful, it is zero itself. Thus
there is an induced morphism 0 : X — Y giving a commutative square. Thus
F(0) gives a commutative square with the map RYY) — RY). Thus a = F(0).
Thus F' is full.

Now for any R-module M there is a presentation RY) — RY) — M — 0.
The first map comes from a morphism P — P()) Let this have cokernel X .
Then since F is exact, we get RY) — R() — F(X) — 0. Thus M = F(X).
Thus F' is dense.

Theorem (Morita). Let R and S be two rings. The following are equivalent.
(i) The categories R-Mod and S-Mod are equivalent

(ii) There is an S-R-bimodule M such that M ®p — gives an equivalence
R-Mod to S-Mod

(iii) S = Endg(P)° for some finitely generated projective generator P in

R-Mod.
Proof. (i)« (iii) follows from the theorem.

(ii)=-(i) is trivial. For (i)=-(ii) note that an equivalence is exact, and pre-
serves direct sums, so it must be a naturally isomorphic to a tensor product
functor.

Examples. (i) R is Morita equivalent to M,,(R) for n > 1. Namely the module
R™ is a finitely generated projective generator in R-Mod with Endg(R™)% =
M,(R).

(ii) If e € Risidempotent, and ReR = R, then R is Morita equivalent to e Re.
Namely, the condition ensures that the multiplication map Re ®.r. eR — R
is onto. Taking a map from a free eRe-module onto eR, say eRe!!) — eR,
we get a map Re!) — R, so Re is a generator. Then Endz(Re)” = eRe.

Another approach to (i) is to use that M, (R) = M,(R)e'' M,(R) and e'' M,,(R)e'! =
R.

(iii) A semisimple artinian ring is isomorphic to a product of matrix rings over
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division rings M,,, (D) X -+ x ... M, (D,). This is always Morita equivalent
to a product of division rings Dy X - -+ X D,.

Examples. I would have liked to have had more time to talk about these.

(i) If Q is a quiver, K a commutative ring and A € K@ there is the deformed

preprojective algebra I1*(Q). For example if @ =1 %925 3 then a I1(Q)-
module is a representation X of )

a* b*
— oy —
a b

satisfying the relations

—a*a = A\jidy,,aa* — b"b = A\yidyx,, bb* = Azidx,.

The usual preprojective algebra has A # 0. Why is is useful to introduce
the version with A? Because if \; € K is invertible then there is a reflection
functor corresponding to the vertex ¢

INQ) — Mod — TI"(Q) — Mod

for suitable p, which is a Morita equivalence. For example for ¢ = 3 above, we
have e = A\;'b*b an idempotent endomorphism of X, with image identified
with X3. The functor sends the representation to

a* inclusion
Xi T X . Im(1—e),
a 7)\3(176)

a representation of I1#(Q) with p = (A1, Ay + A3, —A3).

(ii) Let K = C. McKay correspondence gives 1-1 correspondence between
finite subgroups G of SLy(K) (up to conjugacy) and extended Dynkin dia-
grams.

Cyclic group of order n A,,_1 cyclic graph with n vertices
Binary dihedral group of order 4n Dyyo
Binary tetrahedral group of order 24 Es
Binary octahedral group of order 48 E.
Binary icosahedral group of order 120 Eq

Let @ be a quiver obtained by orienting the corresponding extended Dynkin
diagram.
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Let e € KG be the idempotent giving a Morita equivalence between KG and
K x---x K. Thus KGeKG = KG and eKGe =2 K x --- x K.

Then one can show that e(K[z,y|#G)e = I1(Q), so Klx,y|#G is Morita
equivalent to T1(Q).

Similarly, there is a Morita equivalence between (K (z, y)#G)/(yx —zy — \)
and IV (Q).

One can show that O* is isomorphic to e;I1" (Q)e; for a suitable vertex i.
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4 Homological algebra

Recommended book: C. A. Weibel, An introduction to homological algebra.

4.1 Complexes

Definition. Let R be a ring. A chain complex C' (or C. or C,) consists of
R-modules and homomorphisms

d d d, d_
...—>C’2—2—>C’1—1—>C’0—0—>C’_1—1—>C_2%...

satisfying d,d,.1 = 0 for all n. The elements of C,, are called chains of
degree n or n-chains. The maps d,, are the differential.

If C' is a chain complex, then its homology is defined by
H,(C) =Ker(d,)/Im(d, 1) = Z,(C)/B,(C).

The elements of B,,(C) are n-boundaries. The elements of Z,(C') are n-cycles.
If z is an n-cycle we write [z] for its image in H,,(C).

A chain complex C is acyclic if H,(C) = 0 for all n, that is, if it is an exact
sequence. It is non-negative if C,, = 0 for n < 0. It is bounded if there are
only finitely many nonzero C,.

Definition A cochain complex C' (or C" or C*) consists of R-modules and
homomorphisms

_9 d2 _1 dt d° dt
Y G b NGl SN -G LNy o LI

satisfying d"d"~! = 0 for all n. The elements of C™ are called cochains of
degree n or n-cochains.

The cohomology of a cochain complex is defined by
H"(C) = Ker(d")/Im(d"™ ") = Z™(C)/B"(O).

The elements of B"(C) are n-coboundaries. The elements of Z"(C) are n-
cocycles.

Remarks. (i) There is no difference between chain and cohain complexes,
apart from numbering. Pass between them by setting C" = C_,,.
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(ii) Many complexes are zero to the right, so naturally thought of as non-
negative chain complexes, or zero to the left, so naturally thought of as
non-negative cochain complexes.

(iii) More generally we could replace R-modules by objects in an abelian
category.

Definition. The category of cochain complexes C(R — Mod) has as objects
the cochain complexes. A morphism f : C' — D is given by homomorphisms
f" . C™ — D™ such that each square in the diagram commutes

d d d

EEECENGTE , O y ot 4,
fnfll fnl fn+1J{
4y prt 4 pn 4 pet 4

There is a shift functor [i] : C(R— Mod) — C(R — Mod) defined by C[i|" =
C™*" with the differential dep; = (—1)"dc.

The category C'(R — Mod) is abelian. (It can be identified with the category
of graded R][d]/(d?)-modules, where R has degree 0 and d has degree 1 (or
—1). Alternatively it is the category of modules for a ring with enough
idempotents.)

Direct sums are computed degreewise, (C@& D)™ = C"@® D™. Also kernels and
cokernels are computed degreewise. Thus a sequence 0 - C — D — E — 0
is exact if and only if all 0 - C™ — D" — E™ — 0 are exact.

Lemma. A morphism of complexes f : C' — D induces morphisms on coho-
mology H"(C') — H"(D), so H" is a functor from C(R — Mod) to R-Mod.

Proof. An arbitrary element of H"(C') is of the form [z] with x € Z"(C) =
Kerd". We send it to [f"(z)] € H"(D).

Definition. A morphism of complexes f : C' — D is a quasi-isomorphism if
the map H"(C') — H™(D) is an isomorphism for all n.

Example. Morphism from Z % Z to 0 — Z/aZ for a # 0.

Theorem. A short exact sequence of complexes 0 - C — D — E — 0
induces a long exact sequence on cohomology

oo H"YE) - H"(C) — H"(D) - H"(E) — H"" (C) — H""Y(D) — ...
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for suitable connecting maps ¢" : H"(E) — H"1(C).
Proof. For all n we have a diagram
O— ¢" — D" — E" — 0
NI
0 — Ot —— Dt —— Ertl ——— ()

and the easy part of the snake lemma gives exact sequences on kernels of the
vertical maps

0—2"C)—Z"(D)— Z"(E)

and on cokernels
Cn+1/Bn+l(C«) N Dn+1/Bn+l(D) - En+l/Bn+l(E) -0

This holds for all n, so shows that the rows in the following diagram are
exact

¢ /B"(C) — D"/B"(D) —— E"/B"(E) — 0

agJ’ agl agl

0 — Zz"YC) —— Z"YD) —— Z""Y(E).

Here the vertical maps are induced by d, d}, and d}, so the diagram com-
mutes. Thus by the snake lemma one gets an exact sequence

Ker(dy,) — Ker(dp,) — Ker(dy) — Coker(dy,) — Coker(d},) — Coker(dy,)
That is,
Hn(O) — H”(D) — Hn(E) N Hn+1(c) - Hn+1(D) - Hn+1(E)

as required.

4.2 Ext

Definition. If M is an R-module, then a projective resolution of M is an
exact sequence

PP RS M0
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with the P; projective modules. It is equivalent to give a non-negative chain
complex P of projective modules and a quasi-isomorphism P — M (with M
considered as a chain complex in degree 0),

> P d2\P1 dl)PQ 0 >
> 0 > 0 > M > 0 >

Note that every module has many different projective resolutions. Choose
any surjection € : Py — M, then any surjection d; : P, — Kere, then any
surjection dy : P, — Kerdy, etc.

If one fixes a projective resolution of M then the syzygies of M are the
modules Q"M = Im(d : P, — P,_;) (and Q°M = M). Thus there are exact
sequences

0—Q""'M — P, - Q"M — 0.
Dually an injective resolution of a module X is an exact sequence

0= X —>I1">T"—>51%—> ...

with the I" injective modules. The cosyzygies are Q"X = Im([""! — I")
(and Q°X = X)), so

0—=Q"X =" —=Q "y 0.
Definition. Given modules M and X, choose a projective resolution P, — M

of M. We define Ext;(M, X) = H"(Hompg(P,, X)), the nth cohomology of
the cohain complex of K-modules Hompg(P;, X), which is

50— 0 — Homp(Py, X) 25 Homp(Pr, X) 2 Homp(Ps, X) — ...
where Hompg(P,, X) is in degree n.

Properties. (i) Ext%(M, X) is a K-module, it is zero for n < 0, and Ext%(M, X) =
Hom(M, X) since the exact sequence Py — Py — M — 0 gives an exact se-

quence
0 — Hompg(M, X) — Hompg(Fy, X) — Hompg (P, X).

(i) This definition depends on the choice of the projective resolution. But we
will show that Ext', (M, X) can also be computed using an injective resolution
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of X, and that will show that it does not depend on the projective resolution
of M.

(iii) Exti(M,X) = 0 for n > 0 if X is injective. Namely, the sequence
- — Py — P, — P, is exact, hence so is the sequence

Hom(Fy, X) — Hom(P;, X) - Hom(P, X) — ...
Lemma. A map X — Y induces a map Ext (M, X) — Exth(M,Y), and in
this way the assignment X ~» Ext,(M, X)) is a K-linear functor.

Proof. It induces a map of complexes Hompg(P,, X) — Hompg(P,,Y), and
that induces a map on cohomology.

Proposition 1. A short exact sequence 0 - X — Y — Z — 0 induces a long
exact sequence

0 — Hompg(M, X) — Homg(M,Y) — Homg(M,Y)
— Exth(M, X) = Extp(M,Y) — Exty(M, Z)
— Exth(M, X) — Ext%(M,Y) — Extp(M, Z) — ...
Proof. One gets a sequence of complexes
0 — Hompg(P., X) — Hompg(P,,Y) - Hompg(Ps, Z) — 0.

This is exact since each P, is projective. Thus it induces a long exact sequence
on cohomology.

Proposition 2. If 0 — X — I® — I' — I? — ... is an injective resolution of
X, then one can compute Extz (M, X) as the nth cohomology of the complex
Hompg(M, I*) if K-modules:

0 — Homp(M, I°) — Homp (M, I') — Homp(M, I?)...

Proof. Break the injective resolution into exact sequences
050X 51" QX 50
for i > 0 where Q°X = X. One gets long exact sequences

0 — Hompz(M, Q" X) — Homg(M, I') — Hompg(M, Q- D X)
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— Exth(M, Q7' X) — 0 — Exth(M, Q) X)
— Ext%(M,Q7'X) — 0 — Ext3(M,Q (VX)) ...

S0
Exth(M,Q7"X) 2 Coker(Hompg (M, I') — Homp(M, Q~(F1))

and
Ext?, (M, QD X) = Ext? ™ (M, Q7 X)

for j > 1. Thus (it is called dimension shifting)
Ext (M, X) = Ext (M, Q7 'X) >~ | = Ext}%(M7Q—(n—1)X)

=~ Coker (Homp(M, I"™") — Homp(M,Q " X))

Now 0 — Q27X — I™ — I™*! is exact, hence so is
0 — Homp(M, Q" X) — Homp(M, I") — Homp(M, I"*")
It follows that Ext}; (M, X) is the cohomology in degree n of the complex
-+ — Hompg(M, I"™') — Homp(M, I") — Homp(M, I""') — ...
as required.

Remarks. (i) As mentioned, it follows that Ext’; (M, X)) does not depend on
the projective resolution of M.

(ii) Using the description in terms of an injective resolution of X it follows
that the assignment M ~» Ext"(M, X) is a contravariant K-linear functor.

Also, if 0 - L - M — N — 0 is an exact sequence and [* is an
injective resolution of X, then one gets an exact sequence of complexes
0 — Hompg(N, I*) — Hompg(M, I*) — Hompg(L,I*) — 0, and hence a long
exact sequence

0 — Hompg(N, X) — Homg(M, X) — Hompg(L, X)
— Extp(N, X) — Extp(M, X) — Extyp(L, X)
— Exth(N, X) — BExt%h(M, X) — Exth(L, X) — ...

Example 1. If 0 # a € Z then Z/aZ has projective resolution 0 — Z % Z —
Z]aZ — 0. Thus Ext}(Z/aZ, X) is the cohomology of the complex

=0 — Hom(Z, X) % Hom(Z, X) =0 — ...
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that is,

=3 0= XS5 X 50—
so BExt)(Z/aZ,X) = Hom(Z/aZ,X) = {z € X : ar = 0} and Ext}(Z/aZ, X)
X/aX.

Example 2. Let R = K|[z]/(2?) with K a field. Any finitely generated module
is a direct sum of copies of K (with = acting as 0) and R. The module K
has projective resolution

—+ RS RS R— K —0.
Now Hompg (R, K) = 0, and we get Extz(K, K) = K for all n > 0.

Example 3. Consider the algebra R = KQ/(p) given over a field K by a
linearly oriented quiver () and some zero relations p, e.g.

152535455
and p = {cba,dc}. Then R has basis the paths which don’t go through a zero

relation. Recall that R-modules correspond to representations of () satisfying
the relations.

For each vertex i there is a simple module S(7) which as a representation is
K at vertex ¢ and zero elsewhere.

For each vertex i there is a projective module P(i) = Re;. Considering P(7)
as a representation of (), the vector space at vertex j has basis the paths
from 7 to j which don’t pass through a zero relation.

This gives representations

S1):K—-0—-0—-0—0, Pl): K >K—-K—=0—0,
S2):0-K—-0—-0—0, P2):0-K—K—K—D0,
SB3):0-0—-K—-0—0, PB):0-0—K—K-—=0,
S4):0-0—-0—-K—0, P4):0-0—-0—K — K,
S(B5):0-0—-0—-0—-K, P5):0-0—-0—0— K.

The simples have projective resolutions:

0— P(5) —=S(5) — 0,

0— P(5) — P(4) =S(4) — 0,

0— P(5) — P(4) — P(3) =S(3) — 0,

0— P(3) — P(2) —»S(2) — 0,

0— P(5) = P(4) — P(2) —» P(1) =»S5(1) =0
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We can compute Ext’;(S(7), S(j)) as the cohomology of the complex Hompg (P, S(7))
where P, is a projective resolution of S(i). Use that

Hompg(P(i),S(j)) = Homg(Re;, S(j)) = €:S(j) = {

For example for Ext™(S(1), S(4)) we have
0 — Hom(Py, S(4)) — Hom(Py, S(4)) — Hom(P, S(4)) — Hom(Ps, S(4)) — ...

which is

0 — Hom(P(1), S(4)) — Hom(P(2), S(4)) — Hom(P(4), S(4)) — Hom(P(5), S(4)) — 0 — ...

which is
0—-0—-0—-K—=0—20—...

SO

Emﬂﬂbﬁ@»:{K (n=2)

4.3 Description of Ext! using short exact sequences

Definition 1. Two short exact sequences &, &’ with the same end terms are
equivalent if there is a map € (necessarily an isomorphism by the Snake
Lemma) giving a commutative diagram

£:0 y L y M y N 0
|
€0 y L M N 0

It is easy to see that the split exact sequences form one equivalence class.

Definition 2. For any short exact sequence of modules
E:0—=L—->M—=>N-=0

we define an element & € Exty(N, L) as follows. The long exact sequence

for Hompg (N, —) gives a connecting map Hompg(N, N) — ExtL(N, L) and &
is the image of idy under this map.
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Theorem 1. The assignment & —» é gives a bijection between equivalence
classes of short exact sequences 0 — L — M — N — 0 and elements
of Extp(N,L). The split exact sequences correspond to the element 0 €
Exth(N, L).

Proof. Fix a projective resolution of NV, and hence an exact sequence

0= QNS P S N o

An exact sequence £ gives a commutative diagram with exact rows and
columns

0
Hom(N, N)
0 —— Hom(P,L) —— Hom(F,M) —— Hom(F,N) —— 0

o |

0 —— Hom(Q'N,L) —— Hom(Q'N, M) —— Hom(Q'N, N)

Ext'(N, L)

0
and the connecting map Hom(N, N) — Ext!(V, L) is given by diagram chas-
ing, so by the choice of maps «, 8 giving a commutative diagram

0 —— QN > Py N > 0

L
£€:0 —s L Lo M 25N » 0.
Then € = [a] where [...] denotes the map Hom(Q!N, L) — Ext!(N, L).

Any element of Ext'(N, L) arises from some . Namely, write it as [a] for
some a € Hom(2!N, L). Then take £ to be the pushout

0 — QN s P, N y 0
£:0 —s L y M N y 0.
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Now if £, & are equivalent exact sequences one gets a diagram

0 —— QN s B s N s 0
S A

E:0 —— L > M > N > 0

&:0 —— L > M’ > N > 0.

so & and ¢ correspond to the same map a, so & = &. If two short ex-
act sequences &, £ give the same element of Ext!(N, L) there are diagrams
with maps «, 8 and o/, 3 and with @ — o/ in the image of the map 6* :
Hom(FPy, L) — Hom(Q'N, L). Say a — o’ = ¢f with ¢ : Py — L. Then there
is also a diagram

0

0 —— QN > Py > N > 0

el

Y N s 0.

E:0 — L

This is a pushout, so by the uniqueness of pushouts, £ and & are equivalent.

Remark. Homomorphisms L — L' and N” — N induce maps Ext'(N, L) —
Ext'(N, L') and Ext'(N, L) — Ext'(N”,L). One can show that these maps
correspond to pushouts and pullbacks of short exact sequences. For pushouts
this follows directly from the definition. For pullbacks it needs more work -
omitted.

Theorem 2. The following are equivalent for a module M.
(i) M is projective

(i) Ext"(M,X) =0 for all X and all n > 0.

(iii) Ext'(M, X) = 0 for all X.

The following are equivalent for a module X.
(i) X is injective

(ii) Ext™(M,X) = 0 for all M and all n > 0.
(iii) Ext' (M, X) = 0 for all cyclic modules M.

Proof. (i)=(ii)=-(iii) are clear. (iii)=(i) using the characterization of a
projective or injective module as one for which all short exact sequences
ending or starting at the module split. In the injective case we use Baer’s
criterion: if I is a left ideal in R, the pushout of a sequence 0 — I — R —

81



R/I — 0 along any map I — X spits. Using the splitting one gets a lift of
the map to a map R — X, and then by Baer’s criterion X is injective.

4.4 Global dimension

Proposition/Definition 1. Let M be a module and n > 0. The following are
equivalent.

(i) There is a projective resolution 0 = P, — -+ = Py - M — 0

(i) Ext™(M,X) =0 for all m > n and all X.

(iil) Ext"™ (M, X) = 0 for all X.

(iv) For any projective resolution of M, we have Q"M projective.

The projective dimension, proj.dim M, is the smallest n with this property
(or oo if there is none).

Let X be a module and n > 0. The following are equivalent.

(i) There is an injective resolution 0 - X — I — --- — " — 0

(ii) Ext™(M, X ) = 0 for all m > n and all X.

(iii) Ext"™ (M, X) = 0 for all cyclic M.

(iv) For any injective resolution of X, we have Q27 "X injective.

The injective dimension, inj.dim X, is the smallest n with this property (or
oo if there is none).

Proof (i)=-(ii)=-(iii) are trivial. For (iii)=-(iv) let P, — M be a projective
resolution. For any X, dimension shifting gives

0 =Ext"™(M, X) =2 Ext"(Q'M, X) = ... 2Ext' (Q"M, X),
so 2" M is projective. Then
0—-Q"M—-PFP, 1 —--—>F—>M-=0
is also a projective resolution of M, giving (i).
Lemma. If 0 - L - M — N — 0 is exact, then
proj. dim M < max{proj.dim L, proj. dim N},

inj. dim M < max{inj.dim L, inj. dim N}.

Proof. For any X the long exact sequence for Hom(—, X) gives an exact

sequence
Ext"™ (N, X) — Ext""(M, X) — Ext""!(L, X)
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and the outer terms are zero for n = max.
Definition. The (left) global dimension of R (in NU {oo}) is

gl.dim R = sup{proj.dim M : M € R — Mod}
=inf{n € N: Ext"""(M, X) = OVM, X'}
= sup{inj.dim X : X € R — Mod}
= inf{n € N: Ext"*"(M, X) = OVM, X, M cyclic}
= sup{proj.dim M : M cyclic}.

Example. gl.dim R = 0 < all modules are projective < all short exact
sequences split < every submodule has a complement < R is semisimple
artinian.

Proposition/Definition 2. A ring R is said to be (left) hereditary if it satisfies
the following equivalent conditions

(i) gl.dim R < 1.

(ii) Every submodule of a projective module is projective.

(iii) Every left ideal in R is projective.

Proof of equivalence. (i)=-(ii) If N is a submodule of P then for any X, by
the long exact sequence, Ext'(N, X) = Ext*(P/N, X) = 0.

(il)=(iii) Trivial.

(iii)=-(i) For any X and left ideal I we have Ext*(R/I, X) = Ext'(I, X) = 0,
so X has injective dimension < 1.

Examples. A principal ideal domain or a path algebra K of a quiver over
a field is hereditary.

Theorem. Consider a skew polynomial ring S = R[z;0,d] with o an auto-
morphism of R and ¢ a o-derivation.
(i) For any S-module M there is a an exact sequence

0= S®r (M) L SorM L M0
where ¢ is multiplication and f(s ® m) = szt ® m — s ® xm.
(ii) gl. dim S < 1 + gl. dim R.
(iii) gl. dim S =1+ gl.dim R if § = 0.

Proof. (i) Since o is an automorphism, S is a free right R-module with
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basis {1,z, 22, ...}, so the elements of S ®z N can be written uniquely as
expressions Y 1’ ® n;.

The map f is well-defined: define f': S®@x M — S ®r M by f'(s®@m) =
st ®m — s ®xm. Then since zr = o(r)z + 6(r) we get

flisr@m)—f(s@c (rym)=sre@m —sr@azm—sr@c (r)m+s®@zo ' (r)m
=s(re —zo ' (r) @m+s® (zo H(r) —rz)m
=—s5(c 7 (r)@m+s®(c(r)m=0.

Thus f" descends to a map f.

Exact in middle. Clearly gf = 0. Choose an element of Ker g of the form
' @ m+ lower powers of z, with m # 0 and ¢ minimal. Then ¢ = 0, for
otherwise one can cancel the leading term by subtracting f(x'~! ® m). Thus
the element is 1 ® m. But then since the element is in Ker g, it is zero.

Exact on left: an element of the form 2! ® m+ lower powers of x with m # 0
is sent by f to 2™ ® m+ lower powers of x, which cannot be zero.

(ii) Sg is free, so flat, so a projective resolution P, — N of an R-module
N gives an S-module projective resolution S ®r P, — S ®r N. Using
that Homg(S ®p —, X) = Hompg(—, X) for an S-module X, it follows that
Ext%(S ®@r N, X) = Exth(N, X).

By the long exact sequence for Homg(—, X') we get

Ext%(S®M, X) L Ext(S®,-1 M, X) — Exti (M, X) — Ext? ! (S@M, X).

For n > gl.dim R, the second and fourth terms are zero, so also the third
term is zero, so gl.dim S < 1 + gl. dim R.

(iii) Let X be an R-module and X — I* an injective resolution. We get
cosyzygies 0 — Q-0-DX — " — QX — 0. Since § = 0, we can consider
all of these as S-modules with z acting as 0, so for any S-module U, we get
a long exact sequence

0 — Homg (U, Q" "VX) = Hom(U, I') — Homg(U, Q7' X) — Exts(U, Q VX)) - ...

Now suppose U = S @ N. If j > 0 we have Ext’,(U, I') = Ext},(N, I') = 0,
so as in dimension shifting, we get

Homg (U, Q7" X) — ExtL(U, Q""" VX) 2 | =2 Exti(U, X).
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Applying this to the map f we get a commutative square
Homg(S ®@ M,Q"X) —— Ext4(S® M,X)
| g
Homg(S ® ,-1 M, Q27" X) —— Ext4(S® 1M, X)
where f’ is composition with f.

Since z acts as zero on M and Q"X it follows that f’ is zero. Namely
F(@)(s@m) = ¢f(s®@m) = ¢(sz@m—s@zm) = ¢(sz@m) = szp(lem) = 0.

Since the horizontal maps are onto, h is zero. Thus for n = gl.dim R we
get Extit (M, X) = Ext’}(,-1 M, X), and for suitable M, X this is non-zero.
Thus gl.dim S =1 + gl. dim R.

Corollary. If K is a field, then gl. dim Klz1,...,z,] = n.

4.5 Tor

Given a right R-module M and a left R-module X, choose a projective
resolution P, — M (or more generally a flat resolution, where we only require
the P, to be flat). We define Tor’ (M, X) to be the nth homology of the

complex

P*®RXI"'—>P2®RX—>P1®RX—>P0®RX—>O

~

Since the tensor product is a right exact functor, it follows that Torf (M, X)
M ®gr X. Moreover a short exact sequence 0 - X — Y — Z — 0 gives a
long exact sequence

— Torl(M, Z) — Torf (M, X) — Torf(M,Y) — Torf(M, Z) —

- MIrRX > MRRrY - M®grZ — 0.

Using this one can show that Tor can be computed using a projective or flat
resolution of X. Thus the two modules M, X play a symmetrical role; Tor,
is a covariant functor in both arguments. This shows independence of the
resolution.

Theorem. The following are equivalent for a module M.

(i) M is flat
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(ii) Tor®(M, X) = 0 for all X and all n > 0.
(iii) Torf(M, X) = 0 for all X.

Proposition/Definition. Let M be a module and n > 0. The following are
equivalent.

(i) There is a flat resolution 0 - P, — -+ - B — M — 0

(ii) Tor® (M, X) = 0 for all X and m > n

(ili) Tor (M, X) =0 for all X.

(iv) For any flat resolution of M, we have Q"M flat.

The flat dimension flatdim M is the smallest n with this property (or oo if
there is none).

Definition. The weak dimension of R is
w.dim R = sup{flatdim M : VM} = inf{n € N: Tor/,,(M, X) = OVM, X }.

It is left /right symmetric.

4.6 Global dimension for noetherian rings

Proposition 1. (i) For M an R-module, flatdim M < proj.dim M, with
equality if M is a finitely generated and R is left noetherian.

(i) Thus w.dim R < gl. dim R, with equality if R is left noetherian.

(iii) If R is (left and right) noetherian, the left and right global dimensions
or R are equal.

Proof. (i) The inequality holds since any projective resolution is also a flat
resolution. If R is left noetherian and M is f.g., we have a projective resolu-
tion with all P, finitely generated. Then flatdim M < n implies Q"M is flat.
Since it is also finitely presented, it is projective. Thus proj.dim M < n.

(ii) Use that gl. dim R = sup{proj.dim M : M cyclic}.
(iii) Clear.

Let K be a field of characteristic zero. For simplicity suppose it is alge-
braically closed. Recall that the first Weyl algebra is

R = A(K) = K[z][y;d/dz] = K(z,y)/(yx — zy — 1).
We know gl. dim R < 2. In fact more is true.

Theorem. The first Weyl algebra is hereditary.
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Lemma 1. S = k[z| \ {0} is a left and right Ore set in R and Rg =
K(z)[y;d/dzx]. Thus gl.dim Rg < 1.

Proof. To show S is a left Ore set, given @ € R and s € S we need to find
a',s' with a’s = s'a. We do this by induction on the order of a as a differential
operator. Now [a, s| has smaller order, so there is a”, s” with a”s = §"[a, s].
Then (s"a — a”)s = s"sa, so we can take @' = s"a — a” and s’ = s"s. The
rest is straightforward.

Lemma 2. If M is a finitely generated R-module which is torsion-free as a
k[x]-module, then proj.dim M < 1.

Proof. Since M is torsion-free over k[z|, the natural map M — S™'M is
injective. Now S™'M is a module for K(x)[y;d/dx] so it has a projective
resolution 0 — Q1 — Qp — S™'M — 0. As Rg is flat as left R-module, Qg
and @, are flat R-modules, so flatdimp S~*M < 1.

Now M embeds in S™'M and w.dim R = gl.dim R < 2, so for any L the
long exact sequence gives an exact sequence
— Torf (L, (S™'M) /M) — Tory(L, M) — Tors(L, S~ M) —

The outside terms are zero, so flatdim M < 1. Now use that M is finitely
generated.

Lemma 3. If A € K, then the R-module Sy, = R/R(z — \) is simple and
proj.dim Sy < 1.

Proof. Any element of R can be written uniquely as a sum ) y"p,(x), so
as a K-linear combination of elements y"(x — A)™. Thus Sy can be identified
with Ky], with y acting by multiplication and the action of x given by

zq(y) = Aq(y) — q'(y).

To show simplicity, note that the action of (A—z) on K[y] is as differentiation
by y, so the submodule generated by any non-zero element of K[y] contains
1, and hence this submodule is all of K[y].

Now we have projective resolution 0 — R ﬂ R— S, —0.
Proof of the theorem. It suffices to show that proj.dim M <1 for M cyclic.

If M is not torsion-free over K|x], then some non-zero element of M is
killed by a non-zero polynomial p(z). Since K is algebraically closed, we can
factorize this polynomial, and hence find 0 ## m € M and A € K with (z —
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A)m = 0. Then m generates a submodule of M isomorphic to Sy. Repeating
with the quotient module, we get an ascending chain of submodules of M,
and since M is noetherian this terminates. Thus we get submodules

O=MyC M C---CM,CM
such that each M;/M; 1 = S\, and M /My is torsion-free as a K[z]-module.

The quotients M;/M; 1 and M /M, all have projective dimension < 1, and
hence proj.dim M < 1.

Some other facts about noetherian rings.

(i) R is left noetherian < any direct sum of injective modules is injective
& any injective module is a direct sum of indecomposable modules. See for
example Lam, Lectures on modules and rings.

(ii) (Chase) Any product of flat modules is flat if and only if any finitely
generated left ideal is finitely presented. In particular this holds if R is left
noetherian, or left hereditary.

(iii) If R is left noetherian ring and gl. dim R < oo then
gl. dim R = sup{proj.dim S : S simple}.

For a proof see McConnell and Robson, Noncommutative noetherian rings,
Corollary 7.1.14.
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