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Aufgabe 4.1. (2+2) Let K be a field. Recall that K-modules are the same thing as vector
spaces over K.

(i) Show that if 0 → X → Y → Z → 0 is an exact sequence of finite-dimensional vector
spaces over K, then dimY = dimX + dimZ. [Hint: Rank Theorem from Linear Algebra I
§5.3]

(ii) Show that if 0 → X1 → X2 → · · · → Xn → 0 is an exact sequence of finite-dimensional
vector spaces over K, then

n∑
i=1

(−1)i dimXi = 0.

Aufgabe 4.2. (4) Let I be a set and for each i ∈ I, let Mi be an R-module.

Show that M =
⊕

i∈I Mi is finitely generated if and only if the Mi are all finitely generated,
and all but finitely many of the Mi are zero.

[Hint. Use that if j ∈ I, then the projection homomorphism
⊕

i∈I Mi → Mj is surjective.]

Aufgabe 4.3. (1+2+1) Let R be a ring. An element e ∈ R is called an idempotent if e2 = e.

(i) Show that e ∈ R is idempotent if and only if 1− e is idempotent.

(ii) Show that if e ∈ R is idempotent, then R = Re⊕R(1− e). Show similarly, that if M is
a left R-module, then as an additive group we have a decomposition M = eM ⊕ (1− e)M .

(iii) Show that if e ∈ R is idempotent and M is a left R-module, then HomR(Re,M) ∼= eM
as additive groups.

Mehr...



Aufgabe 4.4. (1+1+1+1) Let R be a ring and let I be a left ideal in R. By definition

I2 = {a1b1 + · · ·+ anbn : n ≥ 0, a1, . . . , an, b1, . . . , bn ∈ I}.
We suppose that I2 ̸= 0 and that I is simple as a left R-module.

(i) Show that if b ∈ I, then Ib = {xb : x ∈ I} is a submodule of I.

(ii) Show that there is some b ∈ I with Ib = I.

(iii) With b as in (ii), show that the set N = {x ∈ I : xb = 0} is a submodule of I and that
N ̸= I. Hence deduce that N = 0.

(iv) With b as in (ii), show that there is an element e ∈ I with eb = b. By considering
(e2 − e)b, show that e is an idempotent and that I = Re.


