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The first exercise on this sheet generalizes the construction of the quotient field of an integral
domain in Algebra I §4.1. If R is an integral domain and S is the set of non-zero elements
of R, then S−1R is the quotient field of R. For example if R = Z then S−1R = Q.

Aufgabe 7.1. (1+1+1+1) Let R be a commutative ring and let S ⊆ R be a multiplicative
subset of R, which means that 1 ∈ S and st ∈ S for all s, t ∈ S. Let M be an R-module.

(i) Show that the relation ∼ on S ×M defined by

(s1,m1) ∼ (s2,m2) ⇔ t(s1m2 − s2m1) = 0 for some t ∈ S

is an equivalence relation.

(ii) We denote the equivalence class containing (s,m) ∈ S ×M by m/s, and we denote by
S−1M the set of all equivalence classes. We call S−1M the localization of M with respect to
S. Show that m/s = (um)/(us) for all m ∈ M and s, u ∈ S.

(iii) Show that the operation

m/s+m′/s′ = (s′m+ sm′)/(ss′)

for m,m′ ∈ M and s, s′ ∈ S is well-defined and turns S−1M into an additive group.

(iii) Now consider the case M = R. Show that the operation

(r/s)(r′/s′) = (rr′)/(ss′)

for r, r′ ∈ R, s, s′ ∈ S is well-defined and turns S−1R into a ring.

Mehr...



Aufgabe 7.2. (1+1+1+1) As before, let R be a commutative ring, let S ⊆ R be a multi-
plicative subset and let M be an R-module.

(i) Show that there is a well-defined mapping τ : S−1R × M → S−1M with τ(r/s,m) =
(rm)/s.

(ii) We consider S−1R as a right R-module via (r/s)r′ = (rr′)/s. Show that τ is a homomor-
phism of additive groups in each argument and R-balanced.

(iii) Let N be an additive group and let f : S−1R × M → N be a mapping which is
R-balanced. Show that there is a well-defined mapping α : S−1M → N , with α(m/s) =
f(1/s,m). [Hint. If m/s = m′/s′, then t(s′m − sm′) = 0 for some t ∈ S. Now write 1/s in
the form s′t/ss′t.]

(iv) Show that S−1M together with τ satisfies the universal property defining a tensor
product, and hence deduce that

S−1R⊗R M ∼= S−1M

with (r/s)⊗m corresponding to (rm)/s.

Aufgabe 7.3. (2+2) As before, let R be a commutative ring, let S ⊆ R be a multiplicative
subset and let M be an R-module.

(i) Show that the mapping i : M → S−1R⊗R M , i(m) = 1⊗m, has kernel

Ker i = {m ∈ M : sm = 0 for some s ∈ S}.

(ii) Show that if θ : M → N is an injective homomorphism of R-modules, then 1 ⊗ θ :
S−1R⊗R M → S−1R⊗R N is injective.

[Hint. Use Aufgabe 7.2 (iv) in both cases to turn it into a problem about S−1M . Here 1
denotes the one for the ring S−1R, which is 1/1.]

Aufgabe 7.4. (2+2) (i) For n ≥ 1, let Xn be the additive group Z/Zn of order n. Show
that the additive group

∞∏
n=1

Xn

contains an element of infinite order, and hence that it has a subgroup isomorphic to Z.

(ii) Deduce that

Q⊗Z (
∞∏
n=1

Xn) ̸∼=
∞∏
n=1

(Q⊗Z Xn).


