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Aufgabe 8.1. (4) Give an example of injective map of additive groups 6 : X; — X, and an
additive group Y, such that the map of tensor products § ® Idy : X; ®z Y — Xy ®z Y is
not injective.

Aufgabe 8.2. (2+2) Let K be a field. Recall that the dual of a K-vector space V is the
vector space V* = Homg (V) K).
(i) For any vector spaces V, W over K, show how to define a natural linear map

V*®@xg W — Homg (V, W).

(ii) If V' is finite-dimensional, show that this mapping is an isomorphism.

Aufgabe 8.3. (2+2) Let U, V, W be vector spaces over a field K.

(i) Show that Homg (U ®x V,W) = Homg(V,Homg (U, W)). [Hint. To use Hom-Tensor
adjointness from the end of §3.2 in the notes, explain how to consider U as a bimodule.]

(ii) Show that if V is finite-dimensional, then (U ®x V)* =2 V* @ U*.

Aufgabe 8.4. (1+1+1+1) Let V be a finite dimensional vector space over a field K and let
T?V =V @k V be the tensor square of V. We call elements of T2V tensors. Assume that
the characteristic of the field satisfies char K # 2.

(i) Show that there is a linear mapping 7 : T*V — T?V with 1(z ® y) = y @z for z,y € V.

(i) We say that a tensor & is antisymmetric if 7(§) = —¢. Show that the set (7°V), of
antisymmetric tensors is spanned by the elements of the form z ® y — y ® x with x,y € V.

(iii) We say that a tensor £ is symmetric if 7(£) = €. Show that the set (T°V); of symmetric
tensors is spanned by the elements of the form x ® x with # € V. [Hint: consider (z + y) ®
(z+y) —2z@r-yxy]

(iv) Show that T2V = (T2V), & (T?V),.



