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Let K be a field and let a = (ay,...,a,) € K™ The Clifford algebra C(K",q,) can be
identified with quotient algebra K(by,...,b,)/I(a) where K(by,..., b,) is the free algebra
on by,...,b, and I(a) is the ideal generated by the elements b? — a;1 and b;b; + b;b; for
i # j. Moreover C'(K™,q,) has a K-basis given by the elements b;, ...b;, with d > 0 and
1 < - <lig.

Aufgabe 9.1. (4) Recall that the centre of an algebra R is
Z(R)y={re R:rs=srVse€ R}
Let K be a field with char K # 2, and let a = (a;,a3) € K?. Show that

{AL+ ubibs - A\,p € K} (a=0)

Z(C(Kqua»:{{)\l;)\eK} (a #0)

Aufgabe 9.2. (2+2) Let K be a field with char K # 2 and let 0 # ¢ € K.
(i) By considering the basis
€11 = %(1 —by1), e = %(1 +b1), €12 = %(52 —biby), ex = %(62 + b1b2),
show that C(K?,q(1,¢)) = Ma(K).
(ii) Find the matrices A; and Ay in My(K) corresponding to the elements b; and by, and

check that they satisfy A2 =1, A2 =cl and A} Ay = —AyA;.

Aufgabe 9.3. (4) By considering the matrices

Go) G2 60 (%)

show that the so-called Space-Time Algebra, C(R?, g(1,—1,-1,-1y), is isomorphic to M(H),
where H is the quaternion algebra.

Mehr...



Aufgabe 9.4. (1+1+2) Let K be a commutative ring and let V' be a K-module. The
symmetric algebra of V' is the algebra

S(V)=1T\V)/1
where [ is the ideal in T'(V') generated by the elements v ® w — w ® v for v,w € V.

(i) Given an element v; @ v, ® - -- @ vy € T4(V), we denote its image in S(V) by vivs ... vg.
Show that any two elements of this form commute, and deduce that S(V') is commutative.

(i) Show that if R is a commutative K-algebra, and ¢ : V' — R is a K-module homomor-
phism, then there is a unique algebra homomorphism 6 : S(V) — R with 6(v) = v for
all v € V. [Hint: use the corresponding statement for tensor algebras in §3.3 of the lecture
notes.|

(iii) Show that if V' is a free K-module with basis (by,...,b,), then there is an isomorphism
of algebras K[X1,...,X,] — S(V) sending X; to b;. [Hint. Use Lemma (3) in §3.2 of Algebra
I to find a homomorphism, and use (ii) to find an inverse.|



