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Masters course: Homological algebra

Homological algebra is the algebra that was invented in order to define and study
the homology and cohomology of topological spaces, but it has applications all over
mathematics.

My aim is to cover the properties of projective, injective and flat modules, com-
plexes of modules and Ext and Tor groups, homological dimensions, homology and
cohomology of groups, and more abstractly, abelian and triangulated categories.

Students are expected to already have some familiarity with rings and modules.

Some suggested books:
e C. A. Weibel, An introduction to homological algebra, CUP 1994.
e J. J. Rotman, An introduction to homological algebra, Springer 2009.

e M. S. Osborne, Basic homological algebra, Springer 2000.

S. I. Gelfand and Yu. I. Manin, Methods of homological algebra, 2nd ed.,
Springer 2010.

e H. Krause, Homological theory of representations, CUP 2022.

The Stacks Project, https://stacks.math.columbia.edu/

e T. Leinster, Basic category theory, CUP 2014, now published as arXiv:1612.09375
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1 Abelian categories

The basic setting setting for homological algebra, for example used in the book by
Henri Cartan and Samuel Eilenberg, ‘Homological algebra’, 1956, is complexes of
additive groups, or more generally complexes of modules for a ring R.

Algebraic geometers also want to work with complexes of sheaves on an algebraic
variety, and in his paper ‘Sur quelques points d’algébre homologique’, Tohoku
Math. J. 9 (1957), 119-221, Alexander Grothendieck showed that you can unify
the two settings by working with abelian categories.

Although we won’t work with sheaves, it is good to start with abelian categories:
modern homological algebra uses triangulated categories and other concepts, and
abelian categories are a necessary preparation.

We begin with the language of categories, although students may have seen this
already.

1.1 Categories and functors

Definition. A category C consists of
(i) a collection ob(C) of objects

(ii) Forany X,Y € ob(C), aset Hom(X,Y") (also denoted C(X,Y") or Hom¢(X,Y))
of morphisms (or homomorphisms) 6 : X — Y, and

(iii) For any X,Y,Z € ob(C), a composition map Hom(Y, Z) x Hom(X,Y) —
Hom(X, 2), (6, ) — 06.

satisfying
(a) Associativity: (0¢)y = 0(¢) for X Yy bz b W, and

(b) For each object X there is an identity morphism Idx € Hom(X, X), with
Idy# =60 =0Idx forall0: X — Y.

An inverse of a morphism 6 : X — Y is a morphism ¢ : Y — X with 6¢ = Idy
and ¢f = Idx. If  has an inverse, it is unique, and denoted #~!. An isomorphism
is a morphism with an inverse.

Examples. (1) The categories of Sets, Groups, Rings, etc. The category R-Mod
of (left) R-modules for a ring R. These are concrete categories: the objects are
sets, possibly with extra structure, and the morphisms are maps of sets preserving
the extra structure. (Note that I use the words ‘morphism’ and ‘homomorphism’



interchangeably, but perhaps homomorphism should only be used for concrete cat-
egories. )

(2) If C is a category, the opposite category CP is given by ob(C°) = ob(C) and
Homeer (X, Y) = Home(Y, X), with composition derived from that in C.

(3) If C and D are categories, the product C x D is the category with ob(C x D) =
ob(C) x ob(D) and Hom((X,U),(Y,V)) = Home(X,Y) x Homp(U,V). Note
that any morphism (6,¢) can be written as a composition (0,Idy)(Idy,®) or
(Idy, ¢)(0, 1dy).

(4) Given a group G or a ring R, there is a category with one object %, Hom(x, ) =
G or R and composition given by multiplication.

(5) A partially ordered set (S, <) gives a category with objects s € S and

e (s <t)
Hom(s,t) = {(D (s £ 1)

The composition must be given by 4,15 = ig, for s <t < u, so Idy = ig,.

(6) A quiver Q = (Qo, @1, s,1t) consists of a set Qo of vertices, a set )1 of arrows
and mappings s,t : Q1 — Qo giving the source and target of each arrow, so
s(a) = t(a). It is like a category without a composition. The path category of a
quiver has objects the vertices, and the morphisms ¢ — j are the paths a,, ...asay
given by sequences of arrows

. . al . a2 an - .
1= —>11 —> ... =2 1ln=17.
There is also a trivial path Id; for each vertex i. Composition is given by concate-

nation. For example the category given by the poset (N, <) is isomorphic to the
path category of the quiver 0 -1 —2 — .. ..

Definition. Because of Russell’s paradox, there is no set of all sets. One solution
is to allow normal sets and ‘big sets’ called classes. There is a class of all sets.

e Normal category: ob(C) is a class, Hom(X,Y') are sets. For example the
concrete categories above.

e BIG category: ob(C) is a class, Hom(X,Y') are classes. We only rarely need
this.

e Small category: ob(C) is a set, Hom(X,Y") are sets. For example the category
given by a partially ordered set.

o Skeletally small category: A normal category, such that there is a set S of
objects such that every object is isomorphic to one in S.
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Definition. A subcategory of a category C is a category D such that
e ob(D) is a subclass of ob(C).
e Homp(X,Y) C Home(X,Y) for all X,Y € ob(D).
e 1d$; € Homp (X, X) for all X € ob(D).
e Composition in D is the same as composition in C.

It is a full subcategory if Homp(X,Y) = Home(X,Y) for all X, Y € ob(D). Thus
a full subcategory of C is determined by a subclass ob(D) of ob(C).

Examples. (a) The category Ab of abelian groups is a full subcategory of the
category of all groups.

(b) The category R-mod of finitely generated R-modules is a full subcategory of
R-Mod. It is skeletally small, with S = {R"/U : n € N,U C R"}.

(c) The category whose objects are sets and with Hom(X,Y") = the injective func-
tions X — Y is a subcategory of the category of sets.

Definition. A monomorphism in a category is a morphism 6 : X — Y such that
for all pairs of morphisms «, 5 : Z — X, if fa = 0 then a = f3.

An epimorphism is a morphism 0 : X — Y such that for all pairs of morphisms
a,B:Y — Z,if af = 560 then a = .

Examples. (1) In the categories of sets or of R-modules, monomorphism = injec-
tive map, epimorphism = surjective map. For example we show epi = surjection
for modules. Say 6 : X — Y is surjective and af = 6. Since 6 is surjective, for all
y € Y thereis x € X with 6(z) = y. Then a(y) = a(f8(z)) = B(6(z)) = B(y). Thus
a= (. Say 0 : X — Y is an epimorphism. The natural map Y — Y/Im6 and the
zero map have the same composition with 6, so they are equal. Thus Im6f =Y.

(2) In the category of rings, the inclusion map 6 : Z — Q is not surjective, but it
is an epimorphism.

Definition. Let C,D be categories, a (covariant) functor F : C — D is given by
e For each object X € ob(C), an object F'(X) € ob(D), and
e For each morphism 6 : X — Y in C, a morphism F(0) : F(X) — F(Y) in D
such that F(Idx) = Idpx) for all X € ob(C) and F(0¢) = F(0)F(¢) for compos-

able morphisms X 2y b g

A contravariant functor F : C — D is the same thing as a covariant functor
C? — D. Thus it is an assignment of



e For each object X € ob(C), an object F'(X) € ob(D), and

e For each morphism 6 : X — Y in C a morphism F(0) : F(Y) — F(X) in D,
such that F(Idx) = Idpx) and F(0¢) = F(¢)F(#) for composable morphisms
xLyLz
A functor F': C — D is:

o faithful if the map F' : Home(X,Y) — Homp(F(X), F(Y)) is injective for
all X, Y € ob(C),

e full if the map F' : Home(X,Y) — Homp(F(X), F(Y)) is surjective for all
X,Y € ob(C),

fully faithful if it is full and faithful.

e dense or essentially surjective if every object in D is isomorphic to F'(X) for
some object X in C.

An equivalence if it is fully faithful and dense.

e An isomorphism if it has an inverse, or equivalently if it is fully faithful and
a bijection on objects. Thus every isomorphism is an equivalence.

Examples. (1) The inclusion functor of a subcategory, for example Ab to Group,
is always faithful. It is full if and only if the subcategory is full.

(2) A composition of functors is a functor. (Thus there is a category of small
categories.)

(3) There are many examples of forgetful functors for concrete categories, which
forget some structure. For example Group — Set, or R-Mod — Ab. They are
faithful.

(4) Given a ring homomorphism 6 : R — S, restriction defines a faithful functor
S-Mod — R-Mod. |[It is full if and only if € is a epimorphism in the category of
rings, but that is another story.|

(5) If K is a field, then duality V' ~» V* = Homg(V, K) gives a contravariant
functor x : K-Mod — K-Mod, sending a morphism 6 : V. — W to #* : W* — V*
given by 0*(&)(v) = £(0(v)).

Thus it gives a covariant functor (K-Mod)?” — K-Mod.

Considering only finite-dimensional vector spaces, this gives a functor (K-mod)” —
K-mod. This is an equivalence since every n-dimensional vector space is isomor-

phic to V* with V' an n-dimensional vector space, and the map * : Hom(V, W) —
Hom(W*, V*) is injective, so an isomorphism by dimensions.
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(6) Let C be a category and let Hom(X,Y) denote the Hom sets for C. Fix an
object X € ob(C). There is a functor Hom(X, —) : C — Set sending an object Y to
Hom(X,Y), and sending a morphism 6 € Hom(Y, Z) to the mapping Hom(X,0) :
Hom(X,Y) — Hom(X, Z) defined by Hom(X, 0)(¢) = 0¢.

Dually, fixing Y, we get a contravariant functor Hom(—,Y") : C — Set.
Varying both X and Y, we get a functor Hom(—, —) : C%? x C — Set.

1.2 Natural transformations and functor categories

Definition. Let F, G be functors C — D. A natural transformation o : F' — G is
given by morphisms ayx : F(X) — G(X) for all X € ob(C) such that G(8)ax =
ay F(0) for every morphism 6 : X — Y in C.

It is a natural isomorphism if all ax are isomorphisms in D.

Example. If K is a field and X is a K-vector space, there is a map ay : X — X**
given by ax(z)(¢) = ¢(x) for ¢ € X*. Together, these give a natural transforma-
tion o : Id — (—)** of functors from K-Mod to K-Mod. Namely, if § : X — Y
is a linear map, then 6* : Y* — X* is given by 6*(¢) = ¥0 for ¢ € Y*, and
0 X** — Y™ is given by 0**(§) = £0* for £ € X**. Then

07 (ax (2)) () = ax () (0" (V) = ax(x)(P0) = (Yob)(x) = (0(x)) = ay(6(x))(¥),

so 0 ax = ayf. If we used K-mod, then a would be a natural isomorphism.

Definition. The functor category Fun(C, D) has objects the functors F': C — D.
The morphisms are the natural transformations. The composition Sa of natural

transformations F % G 2 H is given by (fa)x = fxax. The identity natural
transformation Idp : F — F' is given by (Idp)x = Idpx).

Remarks. (1) In general this is a BIG category. To get a normal category, we
can take C small, or more generally skeletally small. We need to check that the
collection of natural transformations F' — G is a set. Every object in C is isomor-
phic to an object in a set S. A natural transformation o : F' — G is determined
by the morphisms ayx for X € S, for if # : Y — X is an isomorphism, then
Qy = G(Qil)O[)(F(Q)

(2) The natural isomorphisms F' — G are the isomorphisms in the functor category,

e.g. if a is a natural isomorphism, it has inverse a~! defined by (a™!)x = (ax)™'.

Lemma (Yoneda’s Lemma). For a functor F : C — Set and X € ob(C), there
is a 1-1 correspondence between natural transformations o : Hom(X, —) — F and
elements f € F(X).



Proof. A natural transformation « gives a mapping ay : Hom(X, X) — F(X),
and hence an element f = ax(Idx) € F(X). Conversely, given f € F(X) and
Y € ob(C) we get a morphism ay : Hom(X,Y) — F(Y), 6 — F(0)(f). This
defines a natural transformation «. These constructions are inverses. O]

Remark. In particular, if ' = Hom(Y, —), this shows that we get a bijection
Hom(Y, X) ~» {natural transformations Hom(X, —) — Hom(Y, —)}

Thus we get a fully faithful functor C? — Fun(C, Set).

Also Hom(X, —) and Hom(Y, —) are naturally isomorphic if and only if X and YV
are isomorphic.

Definition. A functor C — Set is representable if it is naturally isomorphic to a
functor of the form Hom (X, —) for some object X. Thus it is equivalent that there
is an object X and f € F(X) such that for all objects Y, the map Hom(X,Y) —
F(Y), 0 — F(6)(f) is a bijection.

Dually, a contravariant functor from C to Set is representable if it is naturally
isomorphic to a functor of the form Hom(—,Y").

Definition. Given functors F' : C — D and G : D — C, we say that (F,G)
is an adjoint pair, or that F' is left adjoint to G or G is right adjoint to F if
there is a natural isomorphism « : Hom(F(—),—) — Hom(—, G(—)) of functors
C? x D — Sets.

Thus one needs bijections
ayy : Hom(F(X),Y) — Hom(X,G(Y))
for all X € ob(C) and Y € ob(D), such that
Hom(F(X'),Y) =% Hom(X', G(Y))
-F(G)l .9l
Hom(F(X),Y) —¥ Hom(X,G(Y))
commutes for all § : X — X', and

Hom(F(X),Y) —% Hom(X,G(Y))

¢i G(¢)l
Hom(F(X),Y") = Hom(X,G(Y"))

commutes for all ¢ : Y — Y. (Here we have used that every morphism in a product
of categories is a composition of morphisms in which one of the components is the
identity.)



Examples. (1) Let R be a ring. We have a forgetful functor Forgety : R-Mod —
Sets. Given a set X, let Freer(X) be the free left R-module with basis X. Thus

Freer(X) = {Z r.x 1, € R for x € X, all but finitely many zero}.
rzeX

Any mapping ¢ : X — Y gives a module homomorphism Freeg(X) — Freeg(Y).
This gives a functor Freeg : Sets — R-Mod. For M a left R-module, we have a
bijection

ax v : Homp(Freeg(X), M) — Homges(X, Forgetr(M))

This is natural in both X and M, so it turns (Freeg, Forgetr) into an adjoint pair
of functors.

(2) By defining things with morphisms in the natural way, we get adjoint functors
(Path, Forget) where Forget is the functor from small categories to quivers which
forgets the composition and Path sends a quiver to its path category.

Proposition. A functor F' : C — D has a right adjoint G if and only if the con-
travariant functors Homp(F(—),Y") are representable for all Y € ob(D). More-
over, if a right adjoint exists, it is unique up to natural isomorphism.

Dually, G : D — C has a left adjoint if and only if Hom¢ (X, G(—)) is representable
for all X € ob(C), and if a left adjoint exists, it is unique up to natural isomorphism.

Proof. If there is a right adjoint, then Hom(F'(—),Y) = Hom(—, G(Y)), so it is
representable. Conversely, we show how to define G. For each Y € ob(D), we
choose an object G(Y) € ob(C) and a natural isomorphism Hom(F(—),Y
Hom(—,G(Y)). For each X € ob(C) this gives bijections ayy : Hom(F(X),Y)
Hom(X,G(Y)). Now if ¢ : Y — Y is a morphism in D, we get maps

%
%
Home (X, G(Y)) 2% Homp(F(X),Y) %5 Homp(F(X),Y") X Home (X, G(Y")).

In particular, taking X = G(Y'), this composition sends Idg(y) to an element of
Hom¢(G(Y),G(Y")). We define G(¢) to be this element.

If G and G’ are right adjoints, then we must have a natural isomorphism
B : Home(—, G(—)) = Home(—, G'(—)).
For any Y € ob(D), this gives a bijection
Bawyy : Home(G(Y), G(Y)) = Home(G(Y), G'(Y)).

Let vy be the image of Idg(y). It is straightforward to check that this defines a
natural isomorphism v : G — G'. O



Remark. If (F,G) is an adjoint pair as in the definition, then there are natural
transformations n : Ide — GF and ¢ : FG — Idp called the unit and counit,
defined by nx = ax rx)(Idrpx)) and agy)y(ey) = Idgy). Moreover o can be
recovered from them. For example, if ¢ € Hom(F(X),Y), then the commutative

square
X F(X)

Hom(F(X), F(X)) —%% Hom(X,GF(X))
¢>i G(d>)l
Hom(F(X),Y) —%%  Hom(X,G(Y))
gives axy(¢) = G(¢)nx.

Theorem. A functor F : C — D is an equivalence if and only if there is a functor
G : D — C with natural isomorphisms o : FG = Idp and § : GF = Id¢. In this
case (F,G) and (G, F) are both adjoint pairs.

Proof. If G exists, then the existence of o implies that F' is dense. If 0 : X — X’
is a morphism in C, there is a commutative square

GF(X) 25 X
GF(@)l ({
GF(X') X x

s0 0 = Bx/GF(0)B%". Tt follows that F is faithful. By symmetry G is also faithful.
Now if ¢ : F(X) — F(X’) is a morphism, let § = Bx/G(¢)B%". Then also 0 =
Bx:GF(0)By". Tt follows that G(¢) = GF(6), so ¢ = F(f) since G is faithful. Thus
F is full.

Conversely, suppose that F' is an equivalence, so fully faithful and dense. If Y &€
ob(D), then Y = F(X’) for some X', so

Hom(F(—),Y) = Hom(F(-), F(X")) 2 Hom(—, X").
It follows that F' has a right adjoint G. Then
HOH](—, GF(_)) = HOII](F(—), F(_)) = HOII’I(—7 _)7

which gives a natural isomorphism GF = Ide. Now if Y, Y’ € ob(D) we can choose
X, X’ and isomorphisms ¢y : Y — F(X) and ¢y : Y’ — F(X’). Then

Hom(Y,Y") = Hom(F(X), F(X")) = Hom(X, X’)

~ Hom(GF(X), GF(X")) = Hom(G(Y), G(Y"))
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and the composition is the map given by G, for if ¢ € Hom(Y,Y”) corresponds to
0 € Hom(X, X'), then ¢ = 95,/ F(0)by, and ¢ is sent to

G(¥y) 'GF(0)G(vy) = G(9).
Thus G is fully faithful. Then
Hom(FG(-), ) & Hom(G(~-), G(—)) = Hom(—, —),
so FG = Idp, and
Hom(G(—), —) & Hom(FG(-), F(-)) = Hom(—, F(-))

so (G, F) is an adjoint pair. O

1.3 Limits and colimits

Definition. Let C be a category. Let Z be a small category. An Z-diagram in C
is a functor M : Z — C. For i € ob(Z), we write M, instead of M (i) and for a
morphism a : ¢ — j in Z, we write M, for the morphism M; — M;.

For example if Z is the category

with three objects 7, 7, £ and two non-identity morphisms a, b, then an Z-diagram
is given by objects and morphisms

M;

.

M, 2 M.

in C By a cone over M we mean a collection (X, ;) consisting of an object X € C

and morphisms «; : X — M; for all i € ob(Z) satisfying M,o; = «; for all
morphisms a : ¢ — 7 in Z.

In the example:



A limit for M is a cone (L, ;) over M, which is universal in the sense that if
(X, a;) is any cone over M, then there is a unique morphism 6 : X — L such that
a; = N0 for all i € ob(Z).

In the example:

Remarks. (i) If M has a limit, then it is unique up to a unique isomorphism, so
we can talk about the limit, and denote it

L =1lim M; € ob(C).
i€l

(ii) Suppose ¢ : M — N is a natural transformation between Z-diagrams, and
suppose that lim;c7 M and lim;c7 N; both exist. Then for each ¢ we get a morphism

M bi
i€
These turn lim;cz M; into a cone over N. Thus we get a unique morphism
lim ¢; : lim M; — lim N;
i€ i€ i€
such that for any 7 the diagram

M
limiez MZ — ]\4-Z

lim;ez ¢zi ¢zi

. AN
hmiGINl- e NZ
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commutes. Thus if every Z-diagram has a limit, we get a functor

lim : Fun(Z,C) — C.

€L
(iii) Given X € ob(C), we define a constant functor ¢(X) : T — C sending each
object of Z to X and each morphism in Z to Idx. Given a morphism 6 : X — Y
we get a natural transformation ¢(X) — ¢(Y) whose components are all §. This
defines a functor ¢ : C — Fun(Z,C). A cone over M is the same thing as a natural
transformation o : ¢(X) — M. To ask that there is a limit is to ask that the
contravariant functor

HomFun(Z,C) (C(—), M) :C — Set

is representable, so naturally isomorphic to Home(—, L) for some L. If all Z-
diagrams have a limit, then we get adjoint functors (c¢(—), lim;ez).

Examples. (a) A pullback of a diagram
U

/|
Vv 45 W
of objects and morphisms in C consists of an object X and morphisms p, ¢ giving

a commutative square
X 25U

ARG

vV 2= W
and which is universal for such commutative squares, that is for any X', p’ : X' —
U, ¢ : X' =5V with fp’ = g¢' there is a unique 0 : X’ — X with p’ = pf and
q =qf.
This is a limit for the category Z already given.

(b) An equalizer of a pair of morphisms f, g : U — W consists of an object £ and
a morphism p : F — U with fp = gp and with the universal property, that for all
q: X — U with fq = gq there is a unique 0 : X — E with ¢ = pf. Here 7 is the
category

oo
with two objects and two non-identity morphisms.

(c) Let I be a set. A product of a family of objects M; € ob(C) (i € I) is an object
P = [l;c; M; € ob(C) equipped with morphisms p; : P — M; such that for any
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object X and morphisms ¢; : X — M, there is a unique morphism 0 : X — P with
q; = p;0 for all i € I, that is, the map

Hom(X, P) — HHom(X, M;), 0+ (p0)

is a bijection, where on the right hand side we are taking the cartesian product of
sets. Here we take the category Z with object set I and only identity morphisms.

(d) A terminal object in a category C is an object T' such that for every object X
there is a unique morphism X — 7T'. This is the same thing as a product of objects
indexed by the empty set, or a limit over an empty category.

Theorem. A category C is (finitely) complete, meaning that for all (finite) small
categories T and I-diagrams M the limit exists in C, if and only if C has products
indexed by any (finite) set and equalizers.

Proof. We will need the explicit construction of limits. Suppose M is an Z-diagram
in C. Consider the products and associated morphisms

H M; 25 M;, HMt(a) % Mya)
icob(Z) a

where the second product is indexed by the morphisms a in Z and s(a),t(a) are
the source and target of a. By the universal property of the second product, there
are unique morphisms

¢
H M; - H Mi(a)
i€ob(Z) 7 a

with pya) = pa® and M,psay = pa¥. Let E equipped with a morphism

p:Eﬂ> H M;

i€ob(7)

be an equalizer for this diagram. It is straightforward to show that E equipped
with the morphisms \; = p;p : E — M, for i € ob(Z) is a limit for M. (If you want
the details, here they are. To show that this data forms a cone over M, we need
that if @ is a morphism in Z, then Ayq) = MyAsq). Now Aya) = Pra)p = pPa®p and
MyAs(a) = Mypsia)p = pa®p and these are equal since ¢p = »p. Now suppose that
X equipped with morphisms «; : X — M, for i € ob(Z) is a cone over M. Then
Qy(a) = Mais(q) for all morphisms a in Z. By the property of the product there is
a unique morphism
v:X— [] M

i€ob(7)
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with p;y = «; for all i@ € ob(Z). Now if a is a morphism in Z, then p,¢y =
Pi(a)Y = Qi(a) = MaQsa) = Mupsa)y = patvy. Thus by the uniqueness property
in the definition of the product [], My, we must have ¢y = ¢»y. Thus by the
equalizer property there is a unique morphism 6 : X — E with v = pf. Now by
the uniqueness property in the definition of the product Hieob(I) M; the condition
~v = pb is equivalent to the condition p;y = p;pf for all i € ob(Z), which can be
rewritten as a; = \;0, as appearing in the definition of a limit.) O

Examples. The categories Set and R-Mod are complete. The product is the usual
one. The terminal object is a one-point set or the zero module. The equalizer of
f,9: U — W is the inclusion

{ueU: flu)=g(u)} = U.

For R-modules this is the same as Ker(f — ¢g). The pullback is {(u,v) € U x V :
f(u) = g(v)}, ete.

Lemma. In an equalizer, p is mono. A pullback of a mono is a mono, that is, in
a pullback diagram, if f is mono, so is the parallel morphism q.

Proof. For the equalizer, suppose o, f : X — E and pa = pf = p'. Since fp' = gp/,
there is a unique 6 : X — E with p’ = pf. But both # = a and 0 = 3 satisfy this,
so a = f.

For the pullback. Suppose o, 5 : X' — X with g = ¢8. Then gga = gqf, so

fpa = fpB. Since f is mono, pa = pB. Thus by the uniqueness part of the
universal property for a pullback, o = . m

Now we do the dual notion.

Definition. A colimit of a diagram M : Z — C is the same thing as a limit of M
considered as a functor Z°? — C°. Thus it is an object

C' = colim M; € ob(C)
i€

equipped with morphisms «; : M; — C for each ¢ € ob(Z) such that o; M, = «;
for any a : ¢ — j and such that if X € ob(C) and §; : M; — X satisty 5;M, = 5;
for any a : 7 — j, then there is a unique 6 : C' — X such that §; = f«; for all 7.

Examples. (a) A pushout of a pair of morphisms f: W — U and g: W — V|,
consists of an object X and morphisms p : U — X and ¢ : V — X giving a
commutative square pf = qg, and which is universal for such commutative squares,
that is for any X', p' : U = X', ¢/ : V — X' with p'f = ¢/g there is a unique
0: X — X' with p’ =0p and ¢’ = 0q.

13



(b) A coequalizer of a pair of morphisms f,g: U — W consists of an object X and
a morphism p : W — X with pf = pg and the universal property.

(c) A coproduct of a family of objects M; (i € I) is an object C' = [[,.; M;
equipped with morphisms #; : M; — C such that for any object X and morphisms
Ji + M; — X there is a unique morphism 6 : C' — X with j; = 0i;. That is, the
map

Hom(C, X) — [ [ Hom(M;, X), 6 — (0i;)

is a bijection.
(b) An initial object is an object X with a unique morphism to any other object.
It is a coproduct over the empty set or colimit over the empty category.

Definition. A category C is (finitely) cocomplete if all (finite) colimits exist. It is
equivalent that C has all (finite) coproducts and coequalizers.

Examples. (i) The categories Sets and R-Mod are cocomplete.

For Sets the coproduct is the disjoint union

o,

The initial object is the empty set. The coequalizer of morphisms f,g: U — W is
W — W/ ~ where ~ is the smallest equivalence relation with f(u) ~ g(u) for all
u € U. The pushout of morphisms f: W — U and g : W — V is UUV/ ~ where
~ is the equivalence relation generated by f(w) ~ g(w) for w € W.

For R-Mod coproducts are direct sums
@ M; = {(m;) € HMZ > all but finitely many m; = 0}.
iel iel
The initial object is the the zero module 0. The coequalizer of morphisms f,g :

U — W in R-Mod is the map W — W/Im(f — g). The pushout of morphisms
f:W —Uandg: W — Vis (U®V)/Im0, where 0§ : W — UV is
O(w) = (f(w), —g(w)).
Lemma. A pushout of an epi is an epi, that is, in a pushout diagram, if f is epi,
so is the parallel morphism q.
Proposition. If (F,G) is a pair of adjoint functors, F':C — D, G : D — C, then
F preserves colimits and G preserves limits, if they exist.
Proof. If M is an Z-diagram in D with a limit in D, then GM is a functor Z — C
and
Hom(c(—), GM) 2 Hom(F(c(—)), M) = Hom(c(F(~)), M)
= Hom(F(—),l'ir% M;) = Hom(—, G(lin} M,;)),
1€ 1€C

so G(limez M;) is a limit for GM, that is, G(lim;er M;) = lim;er G(M;). O

14



1.4 Additive categories

Definition. Let K be a commutative ring. A K -category is a category C with the
extra structure that the sets Hom(X,Y) are K-modules for all X,Y € ob(C) and
the composition maps

Hom(Y, Z) x Hom(X,Y) — Hom(X, Z), (0,¢)+— 0¢

are K-bilinear. In particular, for any objects X,Y € ob(C), there is a zero mor-
phism 0 € Hom(X,Y).

Recall that a Z-module is the same thing as an additive group. A Z-category is
also called a preadditive category, so any K-category is preadditive.

Examples. The category Ab of abelian groups is preadditive. So is R-Mod for a
ring R. If R is a K-algebra, then R-Mod is a K-category.

Definition. If C and D are K-categories, a functor F' : C — D is said to be
K-linear if the mapping

F : Home(X,Y) — Homp(F(X), F(Y))

is a homomorphism of K-modules for all X,Y € ob(C). A Z-linear functor is also
called an additive functor.

If C and D are K-categories, we denote by Fung (C, D) the category whose objects
are the K-linear functors C — D and whose morphisms are natural transforma-
tions. It is naturally a K-category: if o, : FF — G are natural transformations

and A\, N € K, we define (Aa + No')x = dax + Ny € Homp(F(X), G(X)).

Example. Let R be a ring, and consider it as a category with one object. It is
preadditive, and
Funz(R, Ab) = R-Mod.

Remark. If C is a preadditive category and X € ob(C), then the representable
functor Hom(X, —) gives an additive functor C — Ab, so an object in Fungz(C, Ab).
An appropriate version of Yoneda’s Lemma gives that if F/: C — Ab is an addi-
tive functor, then there is a 1-1 correspondence between natural transformations
Hom(X,—) — F and elements f € F(X).

Definition. The kernel of a morphism f : U — W in a preadditive category is
the equalizer of f and 0. Thus it is an object X and a morphism p : X — U with
fp = 0, such that for any morphism p’ : X’ — U with fp’ = 0 there is a unique
morphism 0 : X’ — X with p’ = pf. Conversely the equalizer of f, g = kernel of

/=g
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The cokernel of a morphism f : U — W in a preadditive category is the coequalizer
of f and 0. Thus it is an object X and a morphism p : W — X with pf = 0,
such that for any morphism p’ : W — X’ with p/ f = 0 there is a unique morphism
0: X — X' with p/ = 0p.

For example the cokernel of a morphism f: U — W in R-Mod is W — W/Im f.

Theorem. For objects X, Xi,...,X,, (n > 0) in a preadditive category the fol-
lowing are equivalent

(1) X is the product of Xy, ..., X, for some morphisms p; : X — X;
(1) X is the coproduct of X1,..., X, for some morphisms i; : X; = X,

(11i) X is a biproduct of Xy, ..., X, meaning that there are morphisms p; : X —
X; and i; - X; — X with pii; = Idx,, pii; =0 fori# j and Y i;p; = ldx.

In this case we write X = @, X; and call it a direct sum.
Proof. (i)=-(iii) For any object X’ we have a bijection
Hom (X', X) — [ [ Hom(X", Xi), ¢ = (pi0)).
i=1

In particular, taking X’ = X, there is a morphism ¢; : X; — X such that

: IdXz‘ (l = ])

bitj = .
0 (@#))

Now if ¢ = > 4;p; then pj¢p = > | pji;p; = pj, so ¢ = Idx by the uniqueness
part of the definition of a product.

(iii)=(i) For any X’ one has inverse bijections

(az)»—>2 iiaq; n
Hom(X', X) & [][Hom(X' X))
¢ (pid) =1
so the p; turn X into a product.
(ii)«(iii) Dual. O

Remark. The case n = 0 gives the following. In a preadditive category, an object
X is terminal if and only if it is initial if and only if Idx = 0. This is called a zero
object, and denoted O.
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Definition. A category is additive if it is preadditive, it has a zero object and
every pair of objects has a direct sum (equivalently it has all finite direct sums).

Examples. (1) Ab, R-Mod, R-mod.

(2) If C is a preadditive category and D is additive, then Funz(C, D) is additive.
The direct sum of functors Fi, ..., F, is the functor F' with

FX)=FR(X)®- & F,(X)
for X € ob(C).

Corollary. If F is an additive functor between additive categories, then F' preserves
finite direct sums, so F(0) =0 and F(X®Y)= F(X)® F(Y).

Proof. If X is a biproduct of X,..., X, then clearly F'(X) is a biproduct of
F(X)), ..., F(X,). O

1.5 Abelian categories
Definition. A category is abelian if
(1) it is additive,
(ii) every morphism has a kernel and a cokernel,
(iii) every epi is a cokernel and every mono is a kernel.

Remarks. (1) The opposite of an abelian category is abelian. This saves work in
proofs.

(2) An abelian category has all finite limits and colimits.

(3) Every mono is the kernel of its cokernel and every epi is the cokernel of its
kernel. For example, suppose f : X — Y is mono, say a kernel of g : Y — W, and
suppose f has cokernel ¢ : Y — Z. Then g = kc for some k : Z — W. Now if
s: U — Y is a morphism with ¢s = 0, then gs = kes = 0, so s factors through f.
It follows that f is a kernel of c.

Lemma. In an abelian category a pullback of an epi is an epi and a pushout of a
mono s a mono.

Proof. Say



is a pullback with d epi. We want to show that a is epi. We have morphisms

x Uy gz ety
where (¢ d) comes from considering Y & Z as the coproduct of Y and Z and (%)
comes from considering Y & Z as the product of Y and Z. Since the square is
a pullback, () is the kernel of (¢ d). Since d is an epi, so is (¢ d). Thus by
the remark above, (¢ d) is the cokernel of (a — b). Thus the square is a pushout.
Suppose f : Y — U is a morphism with fa = 0. Since fa = 0 = 0b, by the pushout
property there is a unique morphism h : W — U with hc = f and hd = 0. Since d
is epi, h = 0. Thus f = 0. O

Lemma. Every morphism f: X — Y in an abelian category factors as a product
f = gh where h is an epi and g is a mono, and this decomposition is unique up
to isomorphism, in fact h is a cokernel of the kernel of f and g is a kernel of the

cokernel of f.

Proof. Let k: U — X be a kernel of f and let h : X — Z be a cokernel of k. Let
h: X — Z be a cokernel of k. Then f factors as gh for some g : Z — Y. We show
that g is mono, so suppose that s : W — Z is a morphism with gs = 0. Take the
pullback

P s X

]

W —= Z
By the previous result, ¢ is an epi. Now gsq = 0, so ghp =0, so fp =0, so p = kr
for some r : P — U. Then sq = hp = hkr =0, so s = 0.

For uniqueness suppose that f factors as X Y 7 % Y with h an epi and g a
mono. Since g is mono, a kernel of f is also a kernel of h, so h is a cokernel of this.
Similarly for g. m

Lemma. A morphism in an abelian category is an isomorphism if and only if it
1s mono and epi.

Proof. If f: X — Y is mono, then its kernel is 0 — X, and the cokernel of this is
X — X. O

Examples. (1) Ab is abelian and R-Mod is abelian. If R is a left noetherian ring,
the category R-mod of finitely generated left modules is abelian. (The noetherian
hypothesis ensures that the kernel of a morphism between f.g. modules is f.g.)

(2) If C is a preadditive category then Funyz(C, Ab) is abelian. Kernels and cokernels
are computed objectwise: if o : FF — G is a natural transformation, then

(Ker a)(X) = Ker(F(X) - G(X)), (Cokera)(X) = Coker(F(X) — G(X)).
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Remark. A subobject of an object X in an abelian category is an equivalence class
of monos to X, where o : U — X is equivalent to o/ : U' — X & a = o/f for some
isomorphism ¢ : U — U’. [There is possibly a set-theoretic problem here, which
we ignore. |

Given a subobject U — X we denote its cokernel by X — X/U.

Given a morphism 6 : X — Y, the kernel of 6 gives a subobject Ker# of X. The
image Im 6 is the subobject of Y given by the morphism g in a factorization 6 = gh
with A epi and g mono.

We get analogues of the isomorphism theorems - details omitted.

1.6 Exact sequences
We work in an abelian category.

Definition. A sequence of objects and morphisms

RN NS V-

is said to be exact at M if Im f = Kerg. The sequence is exact if it is exact at
every place where morphisms come in and out. A short exact sequence is an exact
sequence of the form

0L MS N0

Remarks. (1) Write f and g as compositions ba and dc with
a b c d
L—-Imf—M-—»Img— N

Then we have: exact at M

< b is a kernel for ¢ (this is the definition)

& b is a kernel for ¢ (d is mono, so g and ¢ have the same kernel)

< ¢ is a cokernel for b (since any epi is a cokernel for it kernel and any mono is a
kernel for its cokernel)

& ¢ is a cokernel for f (since a is epi)

(2) 0 = M 2 N is exact at M if and only if ¢ is a mono and L Iy M = 0s exact
at M if and only if f is an epi.

(3) A sequence 0 — L Iy M % N is exact if and only if f is a kernel for g. A
sequence L Iy M % N — 0 is exact if and only if g is a cokernel for f.

(4)0— L Iy M % N = 0is a short exact sequence if and only if f is a kernel for
g and ¢ is a cokernel for f.
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(5) Any subobject U — M gives a short exact sequence 0 - U — M — M/U — 0.

(6) Any morphism f: M — N gives an exact sequence

O—)Kerf—>Mi>N—>Cokerf—>O
with Coker f = N/Im f and short exact sequences

0—>Kerf > M-—>Imf—-0 and 0— Imf— N — Coker f — 0.

(7) If L and N are objects, their direct sum has morphisms

KN v
pL PN

and the sequence
0L LN N0,

is exact. For example, if 0 : L & N — X is a morphism with 6i;, = 0, then
0 =0 ldren = 0(izpr + inpn) = Oinpy
so 0 factors through py.

Lemma. For a short exact sequence

0=LLME NSO

i an abelian category, the following conditions are equivalent, in which case the
sequence s said to be split.

(1) f is a split monomorphism, meaning that it has a retraction, a morphism
r: M — L withrf=1dg.

(11) g is a split epimorphism, meaning that it has a section, a morphism s : N —
M with gs = Idy.
(11i) There are morphisms
L i M i} N
¥ s
turning M into a biproduct of L and N.
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(iv) There is an isomorphism 0 : M — L & N giving a commutative diagram

0 s L —1 5 M 9, N y 0

[ H

0 s [ - LN Py N s 0.

Proof. (1)=(iii). We have (Idy; — fr)f = f — frf = f — f = 0. Thus since ¢ is a
cokernel for f we have Idy; — fr = sg for some s : N — M. Now gsg = g(Idy —
fr) =g =1Idng, so gs = Idy since g is epi. Also rsg =r(Idy — fr)=r—r =0,
so rs = 0 since g is epi.

(i1)=>(ii) is dual.
(iii)=(iv) is clear, since M is identified with L & N.
(iv)=-(i) and (ii) taking r = pr6 and s = 0 iy. O

Lemma (Snake Lemma). Given a commutative diagram with exact rows

(0 » )L y M 25 N —— 0

Lol

0 r s L N(—— 0)

there is a morphism c : Ker v — Coker « giving an exact sequence
(0 =) Ker a — Ker 3 — Kery - Coker a — Coker 3 — Coker y(— 0).

Lemma (Five Lemma). Given a commutative diagram with exact rows

A B > C D —— F
o A
A B’ > ' D —— F

If a, B, 6, € are isomorphisms, so is 7.

Proof. For the category R-Mod, these are most easily proved by diagram chasing.
For proofs in general, see §1 of B. Iversen, Cohomology of sheaves, Springer 1986.
Alternatively, in the exercises starting on page 118 of Gelfand and Manin, Methods
of Homological Algebra, Springer 2002, the results are proved by a generalized type
of diagram chasing. ]
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Lemma. Given a short exact sequence

0 LLMES N0

The pullback of g along a morphism 6 : N' — N fits in a commutative diagram
with exact rows

0 A VR N N/

Il

0 s L L M s N — 0

and the pushout of f along a morphism ¢ : L — L" fits in a commutative diagram
with exact rows

0 s L — v M 2y N s 0

fl/

0 y LV s M —L s N y 0.

Proof. Given 6 there is a pullback given by ¢’ and 6’ and we have already seen that
g’ is epi. By the pullback property there is f’ such that ¢'f' = f and ¢'f' = 0.
Now f’ is clearly mono. It is a kernel for ¢, for if A : X — M’ and ¢’h = 0 then
g0'h =0g'h =0, so @h = fk for some k: X — L. Thus ¢ f'k = 6'h. Now f'k =h
by the uniqueness property of the pullback. O

1.7 Exact functors

Definition. If F' is an additive functor between abelian categories, we say that F’
is exact (respectively left exact, respectively right exact) if given any short exact
sequence

0=+X—=Y—=2-0

the sequence
0> FX)=>FY)—>F(Z)—0

is exact (respectively 0 — F(X) — F(Y) — F(Z) is exact, respectively F(X) —
F(Y) — F(Z) — 0 is exact).

Similarly, if F' is a contravariant functor, we want the sequence
0= F(Z)—-FY)—F(X)—0

to be exact (respectively 0 — F(Z) — F(Y) — F(X) exact, respectively F(Z) —
F(Y) — F(X) — 0 exact).
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Remarks. (i) Any additive functor between abelian categories sends split exact
sequences to split exact sequences (since it preserves direct sums).

(ii) An exact functor sends any exact sequence (not just a short exact sequence)
to an exact sequence.

(iii) The following are equivalent:

(a) F is left exact

(b) F sends any exact sequence 0 — X — Y — Z to an exact sequence 0 —
F(X) = F(Y) = F(Z)

(c) F preserves kernels

(d) F preserves finite limits.

For (a)=-(b), the exact sequence gives two short exact sequences. For (c)=-(d)
note that one can pass between kernels and equalizers, and construct finite limits
using an equalizer and finite products.

Dually, the following are equivalent:

(a) F' is right exact

(b) F sends an exact sequence X — Y — Z — 0 to an exact sequence F(X) —
Y)—= F(Z)—0

(c) F preserves cokernels

(d) F preserves finite colimits.

Lemma. For an object M in an abelian category C, the functor Hom(M, —) is a
left exact functor C — Ab and the functor Hom(—, M) is a left exact contravariant
functor from C to Ab. That is, if 0 > X — Y — Z — 0 is exact, then so are

0 — Hom(M, X) — Hom(M,Y) — Hom(M, Z)

and
0 — Hom(Z, M) — Hom(Y, M) — Hom(X, M).

Proof. The first sequence is exact at Hom(M,Y") since X — Y is a kernel for
Y — Z, and it is exact at Hom(M, X)) since X — Y is a mono. [l

Remark. Note that if the sequence 0 — X Ly % 7 5 0is not split, then
Hom(Z.—) and Hom(—, X) are not exact functors, for example if Hom(Z,Y) —
Hom(Z, Z) is surjective, then Idy lifts to an element s € Hom(Z,Y’) which is a
section for g.

Lemma. If (L, R) are a pair of adjoint additive functors between abelian categories,
L:C—D, R:D —C, then L is right ezact and R is left exact.
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Proof. We already did this for limits and colimits. Let’s see it again. Suppose

XLy % Z 5 0is an exact sequence in C. For any object U in D, the sequence
0 — Home(Z, R(U)) — Home (Y, R(U)) — Home (X, R(U))

is exact. Hence so is
0 — Hom¢(L(Z),U) — Home(L(Y),U) — Home(L(X), U).

Thus L(g) is a cokernel of L(f), so L(X) — L(Y) — L(Z) — 0 is exact. Thus L

is right exact. O]

1.8 Filtered colimits

Remark. A poset (I,<) is directed if it is non-empty and for all z,y € I there
exists z € I with z < z and y < z. For example the poset N is directed.

An inverse limit is a limit over the opposite of a directed poset. For example the
ring of p-adic integers is

Z, =UmZ/Zp" where - — Z/Zp* — Z)Zp* — L/Zp — Z]Z1.

neN

On the other hand, a direct limit is a colimit over a directed poset. For example

coim Z/Zp"  where Z/Z1 5 Z/Zp %> L) Zp* %5 L) Zp* — . ..

neN

is the union of the groups, the Priifer group

Lpe 2 Z[1)p))Z =2 {2 € C: 2" =1 for some n > 0}.

More generally we shall consider colimits over small filtered categories. (In fact any
filtered colimit can be turned into a direct limit, see Proposition 8.1.6 in Exposé I

of SGA 4.)
Definition. A category Z is filtered if
e it is non-empty
e for any objects 7, j there is an object k and morphisms i — k and j — k, and

e for any morphisms a,b : © — j there is a morphism c: 5 — k with ca = cb.
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Lemma. Let Z be a small filtered category and M an Z-diagram in R-Mod. On
the disjoint union '
U M

i€ob(Z)

consider the equivalence relation ~ generated by the condition that M,(m) ~ m
whenever a : i — j is a morphism in Z and m € M;. Then:

(i) m € M; ~m' € M; < there evist i — k & jin T with M,(m) = My(m').
In particular, if m € M;, then [m] = 0 if and only if there is a morphism
a:i—kinZ such that M,(m) = 0.

(11) The set of equivalence classes C' := (UiEOb(I) M;)/ ~ is naturally an R-module
in such a way that the mappings «; : M; — C, m +— [m] are module homo-
morphisms.

(11i) The mappings «; turn C' into a colimit for M, that is, C' = colim;ez M.

The same thing works for filtered colimits in the category of sets.

Proof. (i) Consider the relation &~ defined by this condition. It is clearly reflexive
and symmetric. It suffices to show that it is transitive. Suppose m ~ m’' and
m' ~m" with m € M;, m" € M;, m" € M. By filteredness there are

.a b . c d
1= p—j—oq—k

with M,(m) = My(m') and M.(m’) = My(m"). By filteredness there are mor-
phisms p LI q. And then a'b and d’'c are morphisms j — r, so there is a
morphism f :r — s with fa'b = fd'c. Then Myyo(m) = Mpgp(m') = Mig.(m') =
Mfd/d(m”), som~m".

(ii) We turn C' into an R-module as follows:

-If m € M; and r € R, then r[m| := [rm)].

-If m € M; and m’ € M; then

[m] + [n] := [Ma(m) + My(m)]

for morphisms i = k i jinZ.

Using filteredness one can show that this is well-defined. For example if ¢ : i — ¢’

we have [m] = [M.(m)], and we want

[Ma(m) + My(m')] = [Mao (Mc(m)) + My (m')]
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where i % k' & j. By filteredness there is are k 9 s &k and then fis—t
such that fda = fd'a’c and fdb = fd't/. Then

[Mar(Me(m)) + My (m)] = [Mya(Mae(m) + My (m'))] = [Mawe(m) + Mgay (m')]
= [Myaa(m) + Myap(m')] = [Mya(Ma(m) + My(m'))] = [Ma(m) + My(m")].

Clearly this turns C' into an R-module and the «; are homomorphisms.

(iii) Clearly, if a : ¢ — j then a; M, = ;. Given a module X and homomorphisms
Bi : M — X satistying 3;M, = f3; for all a : i — j, the j3; give a mapping

UiEOb(I) M; = X

and it is constant on equivalence classes, so it defines a homomorphism 6 : C' — X
satisfying 6a; = (; for all 7. Clearly 6 is uniquely determined. Thus we have the
universal property. O

Theorem. The category R-Mod has exact filtered colimits. That is, suppose T 1is
a small filtered category. Let L, M, N be Z-diagrams in R-Mod and let o : L — M
and 8 : M — N be natural transformations. If for alli, the sequences of R-modules

L 2 M 2 N,
are exact, then so is the induced sequence

colim I — colim M — colim N
i€Z i€ i€l

Proof. Note that for any index set Z, lim;er : Fun(Z,C) — C is right adjoint
to the constant functor ¢ : C — Fun(Z,C), so is left exact. In the same way,
colim;ez : Fun(Z,C) — C is left adjoint to the constant functor, so is right exact.

We get exactness using the lemma. Take an element x € colim;cz M sent to zero
in colim;ez N. Now z is represented by an element m € M; for some . Then S;(m)
represents the zero element, so there is some a : i — j such that N,(5;(m)) = 0.
Thus B;(M,(m)) = 0. Thus M,(m) = «;(¢) for some ¢ € L;. But then z is the
image of the element in colim;c7 L represented by /. O

Definition. A Grothendieck category is an abelian category with the following
additional properties:

e It is cocomplete. (Since it is abelian, it is equivalent that it has arbitrary
coproducts, which is (AB3) in Grothendieck’s terminology.)

e [t has a generator that is, an object GG such that for any object X there is
an epimorphism from a coproduct of copies of G to X.
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e [t has exact filtered colimits (or equivalently, in Grothendieck’s terminology,

(AB5)).

Examples. Module categories are Grothendieck categories. As are functor cate-
gories with values in a Grothendieck category, such as Ab. Also categories of graded
modules. Also the category of quasicoherent sheaves on a noetherian scheme.

Remark. Given exact sequences 0 — X; = Y; — Z; — 0 (1 € I) in a cocomplete
abelian category, we get a natural sequence

O%HXZ-%HY%»%HZi—m

which is in general only right exact. It is exact on the left in the following cases:
(a) For finite index sets I, since then the coproducts are also finite products, so
the sequence is naturally left exact.

(b) For module categories - easy to prove using that the coproduct is the direct
sum of modules.

(c) In case filtered colimits are exact, since

[[2= ol 11
i€l i€l
where the colimit is over the directed poset of finite subsets F' of I.

Definition. An R-module M is finitely presented (f.p.) if it is a quotient of a
finitely generated free module by a finitely generated submodule. Equivalently if
there is an exact sequence R™ — R"™ — M — 0.

Any quotient of a f.p. module by a f.g. submodule is f.p. If R is left noetherian,
any f.g. left R-module is f.p.

Theorem. Fvery R-module is a filtered colimit of f.p. modules. More generally, if
M is a module and C is a full subcategory of the category of f.p. R-modules such
that every map from a f.p. module to M factors through a module in C, then M is
a filtered colimit of modules in C.

Proof. We may assume that C is small. Let Z be the category with:
e Objects are pairs (X, f) with X € ob(C) and f € Hom(X, M).

e Morphisms (X, f) — (X', f) are morphisms 6 : X — X’ with f'6 = f.

27



This category is usually denoted C/M. It is filtered:
- It is nonempty since the zero map 0 — M must factor.
- Given objects (X, f) and (X', f’), the morphism

(ffMH:XeX - M
factors through an object in C, say as

Xeox WO xr Ly
Then we have morphisms g : (X, f) = (X", f") and ¢' : (X', f') — (X", f").
- Given morphisms «, 5 : (X, f) — (X', f'), we have f'(a — ) = 0, so taking the
cokernel
X 2% X' 2 Coker(a — 8) — 0,

we get ' = hy for some h : Coker(aw — 3) — M. But then h factors through an
object X" in C

Coker(a — f3) Soxn I
Then ¢y : (X', f) = (X", f") and ¢ya = 5.
Let ' : T — R-Mod be the Z-diagram sending an object (X, f) to X and a
morphism 6 to . Let

L = colim F(X, f) = colim X.
(X,f)eT (X,f)ez

It is equipped with morphisms o (x sy : X — L for each (X, f). For each object
(X, f) in Z, we have the morphism f : X — M. Thus by the universal property,
there is a unique morphism §: L — M such that SBox ) = f for each (X, f). We
want to show [ is an isomorphism.

For an element x in a module X we write 2 for the map R — X, r — rz. For any
m € M, the map m : R — M factors through an object X in C, say as

REHX LM
Then (X, f) is an object in Z and

m = f(x) = Blax,pn(r)) € Im(B)

so [ is surjective. Suppose ¢ € L and (¢) = 0. Then /¢ is represented by an
element € X for an object (X, f) € ob(Z). Since it is sent to 0 in M, we have
f(z) = 0. Taking the cokernel

RE X % Coker(i) — 0
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we have f = h¢ for some h : Coker(z) — M. Then h factors as
Coker(#) % X' L5 M

with X’ in C. Then go¢ : (X, f) — (X', f) and g¢(z) = 0, so z represents the zero
element in the colimit, that is, £ = 0. O

Proposition. A module X is finitely presented if and only if Hom (X, —) commutes
with filtered colimits, that is, for any filtered category T and Z-diagram M, the
canonical map

C?éizm Hom(X, M;) — Hom(X, cci)éizm M;)

15 bijective.

Proof. Given a presentation R™ — R™ — X — 0, since filtered colimits preserve
exact sequences we get a commutative diagram with exact rows

0 —— colimHom(X, M;) —— colim Hom(R", M;) —— colim Hom(R™, M;)

! ! l

0 —— Hom(X, colim M;) —— Hom(R",colim M;) —— Hom(R™, colim M;)

Now the right hand vertical maps are isomorphisms (for example this follows easily
from our construction of filtered colimits for modules), hence so is the left hand
vertical map by the Five Lemma.

Conversely, suppose that Hom(X, —) commutes with filtered colimits. Write X =
colim;ez M;, a filtered colimit of f.p. modules. Then

Idx € Hom(X, X) = Hom(X, colizm M;) = Co'hzm Hom(X, M;).
S e
This is a colimit of Z-modules, so Idy is represented by some element of Hom (X, M;).
This means that Idx can be factored as a composition X — M; — colim;cz M; =

X. This means that X is a direct summand of M;. Now M, is f.p. and hence so
is X. L]
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2 Projective, injective and flat modules

2.1 Projective modules

Proposition/Definition. An object P in an abelian category is projective if it
satisfies the following equivalent conditions.

(i) Hom(P, —) is an ezact functor.

(i1) Any short exact sequence 0 — X — Y — P — 0 is split.

(111) Given any epimorphism 0 :Y — Z, any morphism P — Z factors through 0.

Proof. (1)=(ii) Hom(P,Y) — Hom(P, P) is onto. A lift of Idp is a section.
(ii)=>(iii) Take the pullback along the map P — Z. The resulting exact sequence
has P as third term, so is split. This gives a map from P to the pullback. Com-
posing with the map to Y gives the map P — Y.

(iii)=(i) Clear. O
Proposition. A coproduct [[, M; is projective < all M; are projective.

Proof. 11, M; is projective

& the functor Hom([ [, M;, —) = [[, Hom(M;, —) is exact

< 0 — Hom(][, M;, X) — Hom([[, M;,Y) — Hom(][, M;, Z) — 0 exact for all
exact sequences 0 - X - Y - 27— 0

& 0 — [[, Hom(M;, X) — [[, Hom(M;,Y) — [[, Hom(M;, Z) — 0 exact

< 0 — Hom(M;, X) - Hom(M,;,Y) — Hom(M,;, Z) — 0 are exact. (To see this,
use that products of abelian groups are just the cartesian products.)

< all M; are projective. O

Theorem. Let R be a ring. An R-module is projective if and only if it is a direct
summand of a free module. A finitely generated module is projective if and only if
it is a direct summand of a finitely generated free module R™, for some n. Any f.g.
projective module is f.p.

Proof. Homg(R, X) = X, so R is a projective module, hence so is any direct sum
of copies of R. If F' — P is onto with F' free and P projective, then P is isomorphic
to a summand of F'. O

We write R-proj for the category of finitely generated projective left R-modules.

Lemma. The functor Homg(—, R) defines an antiequivalence between R-proj and
R°P-proj.

Proof. Observe that if M is a left R-module, then Hompg (M, R) is naturally a right
module, and if M is free of rank n, then

Hompg(M, R) = Homg(R", R) = Homg(R, R)" = (Rg)"
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is a free right R-module of rank n. If P is f.g. projective, then there is ) with
P® Q= R" Then

Hompg(P, R) @ Homp(Q, R) = (Rg)"

so Homg(P, R) is f.g. projective. The inverse equivalence is given by the same
construction, but for right R-modules. There is a natural transformation

X — Hompg(Hompg(X, R),R), x+ (0 — 0(x)).

It is an isomorphism for X = R, so for finite direct sums of copies of R, so for f.g.
projective modules. O

Examples. (i) Every R-module is projective < Every short exact sequence is split
& every submodule of a module has a complement < Every module is semisimple
< R is a semisimple (artinian) ring R < (the Artin-Wedderburn Theorem) R is
a finite direct sum of matrix rings over division rings.

(ii) Sometimes all f.g. projective modules are free. For example:
(a) If R is a principal ideal domain. Namely, a standard theorem says that any f.g.
module is a finite direct sum of cyclic modules. Now if 0 # a € R, then

Hompg(R/Ra,R) ={r e R:ar =0} =0

so R/Ra cannot be projective (unless it is 0). Thus every f.g. projective module is
a direct sum of copies of R.

(b) If R is a commutative local ring. This is an exercise using Nakayama’s lemma.
(c) If R is a polynomial ring K[Xj,...,X,] with K a field. For n > 1 this is the
(hard) Quillen-Suslin Theorem (1976).

(iii) Idempotents (elements with e* = ¢) give projective modules. Recall that for
an R-module M, there is a 1-1 correspondence
X@Yr—proj onto X

Decompositions M = X @Y PR Idempotents e € Endg(M).
e~ M=Ime®Im(1—e)

Taking M = R and End(M) = R, idempotents e € R give decompositions
R = Re ® R(1 —e). For example, in R = M, (K) the idempotents E% give the
decomposition

R=RE"®---®RE™=C,®---dC,
where C; is the matrices living in the ith column. Since E¥E/* = E% and E/*EY =
E77 right multiplication by E% gives an isomorphism C; — C;. On the other
hand, let R be the ring of 2 x 2 upper triangular matrices with entries in K. Then

o 11 22 KO OK
R=RE" & RE _(O O@OK'
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Now the two summands are not isomorphic.

(iv) An example of a ring R with a module P % R such that P? = R? so P is
projective. Let

R = {continuous f : [0,7] — R : f(0) = f(m)}.

If f € R is idempotent, then f(z)* = f(x) for all x, so f(x) € {0,1}. So by
continuity f =0 or 1. Let

P = {continuous f : [0,7] = R: f(0) = —f(m)}.

It is naturally an R-module. Now R 2 P since if there is an isomorphism sending
1 € Rto g € P, then it sends any f to fg. By the Intermediate Value Theorem
g(x) =0 for some 0 < x < m. But then every element of P vanishes at z, which is
nonsense. On the other hand, there are inverse isomorphisms between R? and P?

given by
sinx cosx
(f g) ~ (f g) (COSZL‘ —Sinx>
(See page 28 of T.-Y. Lam, Lectures on Modules and Rings, Springer 1999.)

(v) Connection with vector bundles. The example above is the following theorem
with X the circle and the vector bundle given by the Mobius band.

Swan’s Theorem (1962). The global section functor gives an equivalence between
the category of topological vector bundles on a compact Hausdorff topological space

X and the category of f.g. projective modules for its ring of continuous functions
C(X).

Earlier was:

Serre’s Theorem (1955). The global section functor gives an equivalence between
the category of algebraic vector bundles on an affine variety X and the category
of f.g. projective modules for its coordinate ring K[X].

Thus by the Quillen-Suslin Theorem, every algebraic vector bundle on affine n-
space A" is trivial.

Definition. (The beginnings of K-theory) The Grothendieck group Ko(R) of a
ring R is the Z-module generated by the isomorphism classes [P] of f.g. projective
R-modules P, subject to the relations [P & Q] = [P] + [@)] for all P, Q.

This definition would not be interesting without the restriction that the modules P
are finitely generated, since for every projective module P, there is a free module
F' (not finitely generated), with P @& F' = P. Namely, there is some free module
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Fy with P& QQ = Fy. Let F be the direct sum of a countable number of copies of
F(). Then
FEFRokho.. 2 (PoQ)d(PoQ)d...
“Po(QOP)®(Q®P)®.. 2POFR®F,®...2POF.
This is ‘Eilenberg’s swindle’.
Definition. Suppose R is an integral domain (commutative) with field of fractions
K. A fractional ideal is a nonzero R-submodule I of K such that I C d~'R for

some nonzero d € R. For example any nonzero ideal in R is a fractional ideal. If
I and J are fractional ideals, then

1J .= {inyi:nzo,:cief,yie J}

=1

is another fractional ideal and so is
IV '={ye K:IyCR}.
Clearly I17' C R always.

Lemma. If R is an integral domain and I is a fractional ideal, the following are
equivalent:

(a) IT7' = R.

(b) I is invertible, meaning that there is a fractional ideal J with 1J = R.

(c) I is f.g. projective

(d) I is projective

Proof. (a)=-(b) is trivial.

(b)=-(c). Write 1 = >"7_, iyjy with ¢, € I and j € J. Consider f : I — R" and
g: R" — I given by f(a) = (ajx) and g((%)) = >_, 7kix. The former makes sense
since aj, € R for all a € I. Then ¢gf = 1d;, so I is a direct summand of R".

(c)=-(d) is trivial.

(d)=(a). For some indexing set A there are maps [ I R 4 T with gf = 1d;.
Now f is given by maps f\ : I — R such that for any a € I, only finitely many
fr(a) are nonzero, and g is of the form (ry) +— _, ryiy for some elements iy € I.
By assumption there is nonzero d € R with dI C R. Choose 0 # a € I. Then
a ' fy(a) € I71 for if b € I, then da,db € R, so

ba' fr(a) = (ad)tdbfs(a) = (ad) ' fr(dba) = (ad)tadf\(b) = fr(b) € R.

Then
s Zi,\a_lf,\(a) =a'g(f(a)) =ata=1.

AEA
so II7'=R. ]
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Example. In R = Z[/—5], consider the ideal

I=(2,14+v-5)={a+b/=5:a,bc Z,a=0b(mod2)}.

We have
I''={r=a+by/=5:a,b€Q,27,(1++-5)xr € R}
={r=a+bv—=5:2a,2b,a —5b,a+b € 7}
:1[:R1+R1+— V=5
2 2
and

1:(1+\/—_5)-(1—#)—2-1eu—1.

So II7' = R. Thus I is a projective module. But it is not free:

- It is not a principal ideal, so not isomorphic to R.

- It is not a free module on more than one generator, since for a nonzero com-
mutative ring, there can be no embedding of the module R & R into R (exercise:
consider the product of the images of (1,0) and (0,1).).

Remark. For an integral domain R, one can show that the following are equivalent,
in which case R is a Dedekind domain.

- All ideals in R are projective

- All fractional ideals are invertible.

- R is noetherian of Krull dimension < 1 (that is, all non-zero prime ideals are
maximal) and integrally closed in its field of fractions.

For example the ring of integers of a number field. In this case one can show that
Ko(R) =2 Z & CI(R), where CI(R) is the ideal class group, the group of fractional
ideals modulo the subgroup of principal fractional ideals.

2.2 Tensor products

If X is a right R-module and Y is a left R-module, the tensor product X ®g Y is
a Z-module X ®g Y equipped with a mapping

X XY =5 X®rY, (r,yy—mzRy

such that the mapping is a homomorphism of additive groups in each argument,
and R-balanced, meaning that

rr{Y =1y
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for all x € X, y € Y and r € R, and such that it is universal for this property,
that is, if
f: X xY—>M

is additive in each argument and R-balanced, then there is a unique Z-module
homomorphism « : X ®g Y — M such that f(z,y) = a(z ®@y).

Theorem. (i) The tensor product exists and it is unique up to isomorphism.
(i1) Any element can be written (non-uniquely) as a finite sum

TL QY1+ -+ Ty @ Yn.

(i1i)) X g R= X and RQrY =Y via the maps x @ r — xr and r @ y — ry.
(w) If 0 : X — X" and ¢ : Y — Y’ are module homomorphisms, then there is a
unique Z-module homomorphism

9®¢IX®RY—>XI®RY/

with (6 @ ¢)(x @ y) = 0(x) ® ¢(y).
(v) We can identify X @r Y with Y Qpor X.

For a proof see my Algebra II notes.

Definition. If S and R are rings, an S-R-bimodule X is given by a left S-module
and a right R-module with the same underlying additive group, and such that the
actions commute: (sz)r = s(zr).

Theorem. Let X be an S-R-bimodule. If Y is a left R-module, then X QrY
becomes an S-module with s(x®y) = (sz)®y. This gives a tensor product functor

X ®gr — : R-Mod — S-Mod.

If Z is an S-module, then Homg(X, Z) becomes an R-module via (r6)(x) = 0(xr).
This gives a functor

Homg (X, —) : S-Mod — R-Mod.
Moreover there is an isomorphism of additive groups
Homg(X ®z Y, Z) = Homg(Y, Homg(X, Z))

which is natural in'Y and Z. Thus (X ®r —, Homg(X, —)) is an adjoint pair of
functors.

Proof. The first parts are straightforward. Given # € Homg(X ®z Y, Z) we get
¢ € Hompg(Y,Homg(X, Z)) by ¢(y)(z) = 6(z ® y), and given ¢ we get 6 by the
same formula. 0
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After the results about adjoint functors, we get.

Corollary. If X is an S-R-bimodule, then the tensor product functor X ®p — :
R-Mod — S-Mod preserves colimits, so it is right exact and commutes with direct

sums (coproducts):
X ®g (EBY> ~P (X @rY).

i€l i€l
(Similarly for the functor — @z Y : Mod-R — Mod-T' for an R-T-bimodule Y .)

Theorem (Eilenberg, Watts). Any functor F': R-Mod — S-Mod which preserves
colimits, that is, is right exact and commutes with direct sums, is naturally iso-
morphic to a tensor product functor X Qg — for some S-R-bimodule X .

Proof. F(R) is an S-module, and it becomes an S-R-bimodule via the map
R = Endg(R) & Ends(F(R)).
Now for any R-module Y there is a R-module map
Y 5 Homg(R,Y) & Homg(F(R), F(Y)).

By Hom-Tensor adjointness this corresponds to an S-module map F(R) @z Y —
F(Y). This is natural in Y, so it is ®y for some natural transformation & :
F(R)®g— — F. Clearly ®p is an isomorphism. Then for any free module RY) we
have F(RY) = F(R)D = F(R) ® RY), so ®pa) is an isomorphism. Then for any
module Y there is a presentation RY) — R) — Y — 0 and the first two vertical
maps in the diagram

F(R) @ RY) —— F(R)® RY) —— F(R)®Y —— 0

D (1 S (s v
| ] N
F(RD)y —— FRY) —s FY) —0

are isomorphisms. Also the rows are exact. Hence the third vertical map is an
isomorphism. Thus ® is a natural isomorphism. O

Lemma. If X is an S-R-bimodule, then there is a homomorphism of additive
groups

¢uy  Homg(U, X) ®g Y — Homg(U, X ®rY), 0@y (ur— 0(u) @y)

for U an S-module and Y an R-module, which is a natural transformation in U
andY . It is an isomorphism if U is f.g. projective. Conversely, taking X = R =5,
if Idy is in the image of the map

QZSU,U : HOIDS(U, S) Kg U— HomS(U, S XRg U) = EIldS(U),
then U 1s finitely generated projective.
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Proof. The first part is clear. The map ¢gy is an isomorphism since it is identified
with the identity map since Homg (S, X) ®z Y and Hom(S, X ®x Y') can both be
identified with X ®z Y. Now given a direct sum U =U; & --- ¢ U,, we get

Homs(U, X) @z Y = @ (Homs(U;, X) @ Y)

i=1
and
n
Homg(U, X ®5Y) = @) Homs(U;, X @ Y)
i=1
so ¢uy corresponds to the mapping whose components are ¢y, y, so ¢yy is a

bijection if and only if all ¢y, y are bijections. Thus Hom(S™,Y’) is an isomorphism,
and hence so is ¢py for any direct summand U of a f.g. free module S™.

Say Idy comes from ), 6; ® u;, then the composition of the maps
U g 1, g

is the identity, so U is a direct summand of S™, so f.g. projective. n

2.3 Morita equivalence

Recall that an R-module P is a generator if for any module M there is an epi from
a direct sum of copies of P to M, P4 — M.

Theorem (Morita equivalence). Let R and S be rings. The following are equiva-
lent.

(i) The categories R-Mod and S-Mod are equivalent

(i1) R = Endg(X) for some f.g. projective generator X in S-Mod.

(i1i) There is an S-R-bimodule X giving an equivalence X @ g— : R-Mod — S-Mod.

Proof. (1)=(ii) Let F' : R-Mod — S-Mod be an equivalence and let X = F(R).
Since F is fully faithful we have R = Endg(X)%. Since F' is an equivalence, X is
projective. Clearly Homg(R, —) commutes with filtered colimits, so Homg (X, —)
commutes with filtered colimits, so X is finitely presented, so it is a f.g. projective.
Also, for any R-module M there is an epimorphism from a free module R) — M.
Since F is an equivalence, applying F we get an epimorphism X) — F(M).
Since any S module is isomorphic to one of the form F'(M), this shows that X is
a generator.

(ii)=(iii) For any S-module T" we have a mapping

X ®@g Homg(X,T) - T, z®60— 0(x)
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This is natural in 7', and it is an isomorphism for 7" = X. Thus it is an isomorphism
for T'= X". Thus it is an isomorphism for 7" any summand of X". Now X is a
generator as an S-module, and g5 is finitely generated, so there is an epimorphism
X" — § for some n. Then since ¢S is projective, S is isomorphic to a summand
of X™. Thus we get an isomorphism

X ®r Homg(X,5) = S, 2®60— 0(x)

This is an isomorphism of S-S-bimodules. Also, by the lemma above applied to
the S-S-bimodule S, we have an isomorphism

HOIIls(X, S) ®Rg X +— HOIHS(X,S®5 X) =R

and this is an isomorphism of R-R-bimodules. Thus the functors X ®g — :
R-Mod — S-Mod and Homg(X,S) ®s — : S-Mod — R-Mod are inverses (up
to natural isomorphisms) so they are equivalences.

(iil)=(i) is trivial O

Examples. (a) Any ring S is Morita equivalent to M, (S) for n > 1. Namely the
module S” is a finitely generated projective generator for S-Mod, with Endg(S™)% =
M,(S).

(b) If e € S is idempotent, and SeS = S, then S is Morita equivalent to eSe (which
is a ring under multiplication with identity element e). Namely, the condition
ensures that the multiplication map Se ®.g. S — S is onto. Taking a map from
a free eSe-module onto eS, say eSel!) — €S, we get a map Se!) — S, so Se is a
generator. Then Endg(Se)” = eSe.

(c) If S is a finite-dimensional algebra over a field (or more generally a left artinian
ring), we can write ¢S = P, @ P, @ - - - & P, with the P, indecomposable modules.
We say that S is basic if the P; are pairwise non-isomorphic. (By the Krull-Remak-
Schmidt Theorem this doesn’t depend on the choice of decomposition.)

Now any finite-dimensional algebra S is Morita equivalent to a basic one. Namely,
take X to be one a direct sum of representatives of the isomorphism classes of the
P;, and let R = Endg(X). Then X is a f.g. projective generator for S, so by
(ii)=>(iii) in the theorem we get an equivalence X ®p — : R-Mod — S-Mod. This
sends rR to X. Now X is a direct sum of pairwise nonisomorphic indecomposable
summands, hence so is g R.

For example if S is the subalgebra of M3(K) given by matrices of the form

*
*
*

S Xk X
O ¥ ¥



then the decomposition of ¢S = P, & --- @ P, has the form

0 0 0 0 0 0
$5 = 0 0l® |0 0O)J]®10 0
00 0 0 0 0

O ¥ *
O ¥ ¥
* K X

Now P, = P, so we take X = P; & P; = Se where

1
e=10
0

o O O
—_— O O

Then R = Endg(P; @ P3)? = eSe. This is isomorphic to the subalgebra of My (K)
given by matrices of shape
* %
6

Proposition/Definition. An object E in an abelian category is injective if it
satisfies the following equivalent conditions.

(i) Hom(—, E) is an ezxact (contravariant) functor.

(ii) Any short exact sequence 0 — E — Y — Z — 0 is split.

(i1i) For any monomorphism 0 : X — Y, any morphism X — E factors through
0.

2.4 Injective modules

Proposition. A product [[,.; M; is injective < all M; are injective. Thus a finite
direct sum is injective if and only if each term is injective.

Proof. This is the opposite category version of the result for projectives. Then a
finite direct sum is the same as a finite product. O

Definition. An inclusion of R-modules M C N is an essential extension of M if
every non-zero submodule S of N has SN M # 0.

Theorem. For an R-module M, following conditions are equivalent.

(a) M 1is injective.

(b) (Baer’s criterion) Every homomorphism f : I — M from a left ideal I of R
can be extended to a homomorphism R — M.

(¢c) M has no non-trivial essential extensions

Proof. (a)=-(b) is trivial.
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(b)=(c) Let M C N be a non-trivial essential extension and fix v € N\ M. We

consider the pullback
I — R

Lo

M — N
where R — N is the map r + rx. Then I — R is injective, so [ is identified with
a left ideal in R. Explicitly

I={reR:rxe M}

and then f : I — M is given by f(r) = rz € M for r € I. By (b), the map
f extends to a map g : R — M. This must be of the form g(r) = rm where
m=g(1) € M.

Suppose r € R satisfies r(z — m) € M. Then rx € M, and it follows that r € I.
Then rz = rm, so r(x —m) = 0. Thus M N R(x —m) = 0 and R(z —m) # 0,
contradicting that M C N is an essential extension.

(¢c)=(a). Given an inclusion M C N, we need to show that M is a direct summand
of N. By Zorn’s Lemma, the set of submodules in N with zero intersection with
M has a maximal element C'. If M +C = N, then C' is a complement. Otherwise,
M = (M + C)/C C N/C is a non-trivial extension. By (c) it cannot be an
essential extension, so there is a non-zero submodule U/C' with zero intersection
with (M +C)/C. Then UN(M+C) = C,soUNM C CNM = 0. This contradicts
the maximality of C'. O

Definition. If R is an integral domain and M is an R-module, then

- M is divisible if for all m € M and 0 # a € R, there is m' € M with m = am/.
For example the field of fractions of R is divisible.

- M is torsion-free if am # 0 for all nonzero a € R and m € M. For example R
and its field of fractions are torsion-free.

Lemma. If R is an integral domain, then any injective module is divisible. If R
15 a principal ideal domain, then any divisible module is injective.

Proof. Divisibility says that any map Ra — M lifts to amap R — M. If R is a
pid these are all ideals in R. O]

Note that if R is an integral domain, but not a pid, then divisible modules are not
necessarily injective. But still torsion-free divisible modules are injective. Thus
the field of fractions is injective. We leave this as an exercise.
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Definition. For the rest of this section we assume that R is a K-algebra, where
K is a field or a principal ideal domain. In particular, we can consider any ring R
as a K-algebra with K = 7Z.

We define (—)* = Homg(—, Fi), where

K (if K is a field)
T\ F/K (if K is a pid with fraction field F # K)

For example Ey = Q/Z.

Lemma. (i) Ex is an injective K-module, and (—)* defines an exact functor from
R-modules on one side to R-modules on the other side.

(i1) If M is an R-module, the map M — M*™*, m +— (0 — 0(m)) is an injective map
of R-modules. (It is an isomorphism if K is a field and M is a finite-dimensional
K -vector space).

Proof. (i) Any R-module M also gets an action of K via Am = (Alg)m, and these
two actions commute, so M* = Homg (M, Ex) becomes an R-module on the other
side.

Now any quotient of a divisible module is clearly divisible, so Fx is a divisible
K-module, so an injective K-module, so (—)* is an exact functor.

(ii) Given 0 # m € M, let K'm be the cyclic K-submodule of M generated by m.
It suffices to find a K-module map f : Km — Ex with f(m) # 0, for then since
Ex is injective, f lifts to a map 0 : M — F¥x.

If K is a field there is an isomorphism Km — Fk.

If K is a principal ideal domain and not a field, choose a maximal ideal Ka con-
taining ann(m) = {x € K : am = 0}. Since K is not a field, @ # 0. Then there
is a map Km — Fx sending am to K + a 'z € F/K. This is well-defined since
if xm = 2'm, then © — 2’ € ann(m), so x — 2’ = ba for some b € K, and then
atr —a '’ =be K. It is clearly a K-module homomorphism. Now it sends m
to K + a~!. If this is zero, then a=' € K, so a is invertible in K, so Ka = K,
contradicting that Ka is a maximal ideal.

If K is a field, and M is K-vector space of dimension d, then so is M*, and so also
M**, so the map M — M™* must be an isomorphism. O

Theorem. Any R-module embeds in a product of copies of R*, and such a product
is an injective R-module. An R-module is injective if and only if it is isomorphic
to a direct summand of such a product.
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Proof. We have natural isomorphisms of functors R-Mod — Ab,
Hompg(—, R*) = Homg(—, Homg (R, Ex)) = Homg (R ®r —, Ek)
= Homg(—, Ex)" = ()",
which is exact, so R* is injective. Thus any product of copies of R* is injective.

If M is any R-module, then M embeds in M**. Now M* is a right R-module, so
can be written as a quotient of a free right R-module, say R*X). Then

M — M*™ < (R¥))* = Homg (RX), Ex) = Homg (R, Ex)X = (R*)*
The last part is clear. O
Corollary. Any module over any ring embeds in an injective module.

Remark. More generally one can show that any object in a Grothendieck category
has a monomorphism to an injective object.

Theorem (Bass, Papp). For a ring R the following are equivalent
(i) R is left noetherian

(11) Any filtered colimit of injective left R-modules is injective

(111) Any direct sum of injective left R-modules is injective.

Proof. (i)=(ii). Let M = colim;er M; be a filtered colimit of injective modules.
Suppose [ is a left ideal in R. It gives an exact sequence 0 — I — R — R/I — 0.
Since the M; are injective, we get exact sequences

0 — Hom(R/I, M;) — Hom(R, M;) — Hom(I, M;) — 0.
A colimit of exact sequences is exact, so

0— cohIm Hom(R/I, M;) — cohIm Hom(R, M;) — colim Hom(I, M;) — 0

€T

is exact. Since the modules R/I, R and [ are finitely presented, this is isomorphic
to
0 — Hom(R/I, M) — Hom(R, M) — Hom(I, M) — 0.

Thus by Baer’s criterion M is injective.

(il)=-(iii). We have

@ M; = cohm M; = colim M;
JCI
el JjeJ jeJ

where J runs over the finite subsets of I, a filtered colimit of injective modules.
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(iii)=-(i). Consider an ascending chain of left ideals
LTLC---CR

Let I be their union. For each n > 1, choose an embedding ¢, : R/I,, — E, with
E,, injective. We have a well-defined map

0:1—E:=@PE,. 0(a),=¢u(l,+a)

n=1

Since F is injective, 0 extends to a map R — F. Let that map send 1 to e € E.
Then 6(a) = ae for a € R. But e only has finitely many non-zero components, so
there is some n such that e, = 0. Then 6(a), = 0 for all a € I, so a € I,,. Thus
I =1, so the chain of ideals stabilizes. Thus R is left noetherian. n

2.5 Flat modules

In this section R is a K-algebra and K is a field or pid, for example R is a ring
and K = Z.

Definition. A right R-module X is flat if X ®g — is an exact functor, either
considered as a functor R-Mod — Z-Mod or equivalently as a functor R-Mod —
K-Mod.

Remark. (i) A direct sum of modules is flat if and only if each summand is flat,
since if X; are right R-modules and 0 - L. - M — N — 0 is an exact sequence
of left R-modules, then

iel iel iel
is exact if and only if it is exact for each sequence

is exact.
(ii) Any projective module is flat, for R @ X = X, so R is flat.

(iii) Any filtered colimit of flat modules is flat. If Z is a small filtered category, X
is an Z-diagram of flat right R-modules and 0 - L — M — N — 0 is an exact
sequence of left R-modules, then since the X; are flat, we get exact sequences

0= X, L —> X, g M — X; g N — 0.
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Since R-Mod has exact filtered colimits, the sequence
0 — colim(X; ®p L) — colim(X; ®r M) — colim(X; ®zr N) — 0
i€l i€ i€
is exact. Since tensor products commute with colimits, this is

0 — (colim X;) ®p L — (colim X;) ®gp M — (colim X;) ®g N — 0
i€l €T el

so colim;c7 X is flat.
Proposition. A right R-module X s flat if and only if X* is injective.

Proof. If Y is a left R-module, then Hompg(Y, X*) =2 (X @z Y)*. If X is flat, then
this is exact as a functor of Y, so X* is injective. Conversely, if X* is injective
then again this is exact as a functor of Y. Suppose X is not flat. Given an exact
sequence of left R-modules

O—L—M-—=N=—=0

we get
0—>H—>XQQRL—>X®gM —> Xz N —0.
Then we get
(X@pM)* = (X®rL)"—>H" —0
Thus H* = 0. But H embeds in H**, so H = 0. O

Proposition. A module Xg is flat if and only if the multiplication map X @l —
X is injective for every left ideal I in R.

Proof. 1f X is flat, tensoring it with the exact sequence 0 - I — R — R/I — 0
shows that the map is injective.

If the map is injective, then the map X* — (X ®pr I)* is surjective. We can write
this as Homg(R, X*) — Hompg (I, X*). By Baer’s criterion X* is injective. Thus
X is flat. [l

Example. If R is an integral domain, then any flat right R-module X is torsion-
free, that is, if x € X and @ € R and za = 0, then x = 0 or a = 0. Namely, if
I = Ra with 0 # a € R, then the map X ® I — X is the identified with the map
X — X of multiplication by a.

If R is a pid, then a right module X is flat if and only if it is torsion-free, since
any non-zero ideal in R is of this form.

Thus Q is a flat Z-module. This also follows from the next construction.
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Example. Let R be a commutative ring. A subset S C R is multiplicative if 1 € S
and st € S for all s,t € S. The localization of an R-module M with respect to S
is

ST'M=8x M/~

where ~ is the equivalence relation given by

(s,m) ~ (s',m") & t(sm' — s'm) =0 for some t € S
It is equivalent that um = «'m’ for some u, v’ € S with us = u's’. To see this, take
t =wus or u=ts and u' = ts.

The equivalence class containing (s, m) is denoted s~'m. Now S~™'M has an addi-
tion given by the usual formula for adding fractions

s7tm 4+t = (st) " (tm + sn).

Moreover S~'R becomes a ring and S~'M becomes an S~!R-module with the
usual formula for multiplication

(s7ra)(t'b) = (st)"!(ab).

This was all on an exercise sheet for Algebra II. It was also shown on the exercise
sheet that S™'M =~ S™'R ®p M. We can deduce this here from Eilenberg-Watts.
The construction gives a localization functor

R-Mod — S~'R-Mod, M + S™'M.

and it is easy to see that this is an exact functor. It is easy to see that an exact
sequence 0 — L — M — N — 0 of R-modules gives an exact sequence

0= S 'L —=S'M—>5'N-=0

so this functor is exact. It also commutes with arbitrary direct sums. Thus by the
Eilenberg-Watts theorem,
STM~X®rM

for all M, for some bimodule X. Then X = S~!'R considered as a left S7™'R
module in the usual way, and as a right R-module via (s™'r)r’ = s7!(rr’). Thus

ST'M =~ ST'R®pz M.

Since the localization functor is exact, S™'R is a flat R-module. Here is another
way to see this. Consider S as a the set of objects in a category, with

Hom(s,t) = {u e S :us =1t}
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It is filtered since it has object 1, if s,s" € S then they both have morphisms to

ss’, and if w,u’ : s — t, then t = us = u's. Thus considering s as a morphism

t — st, the compositions with v and v’ are equal.

Consider the functor S — R-Mod sending all s € S to My = M and u € Hom(s, t)
to multiplication by u. Then our description of the colimit gives

colim M, = M/ ~= (SxM)/~

seSs SES

where (s,m) ~ (s',m’) < there are morphisms v : s — v and v’ : s — v with
um = u'm’. Thus
STIM = colim M,
seS

Thus if M is a flat R-module, so is S™*M. In particular SR is flat.

Lemma. Let X be an S-R-bimodule. If U is a f.p. left S-module and Y is a flat
left R-module, then the natural map

Homg(U, X) ®g Y — Homg(U, X ®rY)
1 an 1somorphism

Proof. Tt is clear for U = S. Then it follows for U = S™. In general there is an
exact sequence S™ — S™ — U — 0, and in the diagram

0 —— Homg(U,X)®pY —— Homg(5", X)®rY —— Homg(S™, X)®rY

! | l

0 —— Homg(U, X ®gY) —— Homg(S™", X ®gY) —— Homg(S™, X ®rY)

the rows are exact and the right two vertical maps are isomorphisms, hence so is
the first. O

Recall that any f.g. projective module is finitely presented.

Theorem. (i) A finitely presented flat module is projective.
(i1) (Lazard, Govorov) Any flat module is a filtered colimit of finitely generated
projective (even free) modules.

Proof. (i) If Y is a f.p. flat left R-module, then the natural map Hompg (Y, R) ®g
Y — Endg(Y) is an isomorphism by the last lemma. Thus by the last lemma in
the section on projective modules, Y is f.g. projective.

(i) If M is a flat left R-module and X is f.p., then the map Hom(X, R) @ g M —
Hom(X, M) is an isomorphism. It follows that any map f : X — M can be
factored as

X4 R M

Now use the result in the section on filtered colimits. ]
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2.6 Injective envelopes and projective covers

Definition. An injective envelope of a module M is a monomorphism 6 : M — E
with F injective and such that E is an essential extension of 6(M).

Theorem. Fvery module has an injective envelope.

Proof. Any module M embeds as a submodule of an injective module F' and Zorn’s
Lemma implies that the set of submodules of F' which are essential extensions of
M has a maximal element F.

Suppose that £ C N is a non-trivial essential extension (with N not necessarily
contained in F). Since F' is injective the inclusion £ — F' can be extended to a
map g: N — F.

Since M C E and E C N are essential extensions, so is M C N. Clearly M N
Kerg = 0, so since M is essential in N it follows that Kerg = 0. Thus we can

identify N with g(/N). But then M is essential in N, contradicting the maximality
of F.

Thus E has no non-trivial essential extensions, so F is injective. Thus 6 : M — E
is an injective envelope. O

Lemma. Given M, a morphism 6 : M — E is an injective envelope if and only if
(a) E is injective,

(b) Every morphism 0 : M — E' with E' injective factors as 0 = ¢0 for some
¢:E—F, and

(¢) 0 is left minimal, meaning that if ¢ € End(E) and ¢0 = 0, then ¢ is an
automorphism.

Moreover the injective envelope of M is unique up to isomorphism. It is denoted
M — E(M).

Proof. We show first that if § : M — E and § : M — E’ satisfy (a)-(c) then
there is an isomorphism « : F — E’ with = «f. Namely, by (a) and (b) we
get morphisms o : F — E' and o : ' — FE with #/ = af and 0 = o/#’. Thus
0 =d'al, and 0’ = ad’#’. Thus by (c¢), &’a and aa’ are isomorphisms. Then « has
left inverse (o/a)™'a’ and right inverse o/(aa’)™!, so it must be an isomorphism.

Now suppose that € is an injective envelope. Clearly (a) and (b) hold. Suppose
that ¢ = 6. Then Imf0 N Ker ¢ = 0. Thus Ker ¢ = 0, so ¢ is a monomorphism.
Then Im ¢ = F is injective, so it is a direct summand of F, so £ = Im¢ & C for
some C'. But Im6 C Im¢, soImdNC =0, so C' = 0. Thus ¢ is an automorphism,
so (c) holds.

Conversely if (a)-(c) hold, then 6 is isomorphic to an injective envelope of M, so
it is an injective envelope of M. ]
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Remark. The socle soc M of a module M is the sum of all simple submodules, or
equivalently the unique largest semisimple submodule of M. See section 2.4 of my
notes for Algebra II for information about semisimple modules. Now assume that
R is left artinian (so also left noetherian). Then soc M is an essential submodule
of M. Writing soc M as a direct sum of simple modules @, S\, we get

E(M) = E(soc M) = {5 E(S)).

In particular, any injective module is isomorphic to a direct sum of injective en-
velopes of simple modules.

The conditions in the lemma are purely categorical so they can be used to define
C-envelopes for any full subcategory C of R-Mod. We dualize them to define covers.

Definition. Suppose C is a full subcategory of R-Mod. If M is a module, then a
homomorphism 6 : C' — M is a C-cover of M if

(a) C e,

(b) any morphism 6" : ¢! — M with C" in C factors as §' = 6¢ for some ¢ : ¢ — C,
and

(¢) 0 is right minimal, meaning that if ¢ € End(C) and #¢ = 0, then ¢ is an
automorphism.

Note that C-covers need not exist, but if M has a C-cover, it is unique up to a
(non-unique) isomorphism.

It is a difficult theorem of Bican, El Bashir and Enochs 2001 that every module
over any ring has a flat cover. On the other hand, projective covers do not always
exist. As for injective envelopes, they can be characterized differently:

Lemma. A map 6 : P — M is a projective cover of M if and only if P is projective,
0 is surjective and there is no proper submodule N of P with N + Kerf = P.

Recall that Jacobson radical of R is
J={reR:rS =0 for all simple R-modules S}.

Equivalently it is the intersection of all maximal left ideals in R. It is a two sided
ideal in R.

Theorem. (Bass) The following are equivalent, in which case R is called left
perfect.

(a) R/J is a semisimple artinian ring, and J is left T-nilpotent, meaning that for
any sequence ai,as,as... of elements of J, there is some n with aas...a, = 0.
(Note that this holds if R is left artinian.)

(b) Every left R-module M has a projective cover P(M) — M.
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(c) Every flat left R-module is projective.
In this case every projective is isomorphic to a direct sum of projective covers of
simples.

Proof. We shall just sketch (a)=-(b) and (c). Thus assume that (a) holds.

(i) If M is an R-module and JM = 0, then M = 0. (This is Nakayama’s lemma if
M is f.g.). Namely, if m € M, then it can be written as a finite

m = jimy + jamg + . ..
with 7; € J and m; € M. We can do the same for m; giving
mi = JitMi1 + Ji2Miz + - ..

and so on. We draw a graph with a vertices for m, m;, m;,... and edges labelled
by the j;, jir, .... Now suppose that m # 0 and delete all vertices where the
corresponding product of the j’s is zero. The graph must still be infinite, so by
Konig’s lemma it has an infinite path. But that is impossible by T-nilpotence.

(ii) Any simple module S has a projective cover. We can consider S as an R/.J-
module, so since R/.J is semisimple, S is isomorphic to a direct summand of R/J.
Thus there is an idempotent f € R/J with S = (R/J)f. Since J is a nil ideal,
meaning that every element is nilpotent, any idempotent in R/J lifts to an idem-
potent in R. (For a very short proof of this, see K. Koh, On lifting idempotents,
Canad. Math. Bull. 17 (1974), 607). Thus f lifts to an idempotent e € R. Let
P(S) = Re. Then P(S)/JP(S) = S. Now it follows from (i) (or Nakayama'’s
Lemma) that P(S) — S is a projective cover of S.

(iii) For any R-module M, M/JM is the unique largest semisimple quotient of
M. Namely, it is an R/J-module, so semisimple, and if M/N is semisimple, then
J(M/N)=0,s0 JM C N.

(b) Write M/JM as a direct sum of simple module, say @, S\. Let P be the
direct sum of the projective covers P(S)) and let 6 : P — M /JM be the canonical
map. By projectivity it lifts to a map 6 : P — M, which must be surjective
since JM + Im6 = M, so J(M/Im#) = 0. By construction the induced map
P/JP — M/JM is an isomorphism. Thus Kerf C JP. Now if N 4+ Kerf = P,
then J(P/N) =0, so N = P. Thus 0 is a projective cover of M.

(c) Let F' be a flat left R-module. Let 6 : P — F' the projective cover of F' just
constructed, and let L be the kernel. Thus we have an exact sequence

0—-L—P—F—0. (1)
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Dualizing, we get an exact sequence of right R-modules
0—=F"—=P" —L"—0.

Since F is flat, F™* is injective, so this sequence splits, so considering R/.J as a right
R-module, the sequence

0 — Homg(R/J, F*) — Homg(R/J, P*) — Homg(R/J,L*) — 0
is exact. By Hom-tensor adjointness, for any right R-module, we get
Homg(R/J,M*) = ((R/J) @r M)* = (M/JM)*.
Thus we have an exact sequence
0— (F/JF)" — (P/JP)" — (L/JL)" — 0.

But by the construction above, the map P/JP — F/JF is an isomorphism. Thus
(L/JL)*=0,s0 L/JL =0,s0 L =0. Thus F' = P is projective. O
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3 Complexes

3.1 Chain and cochain complexes

Definition. Let R be a ring. A chain complex C (or C. or C,) of R-modules
consists of modules and homomorphisms

...-)ng—2>01d—l>C0d—O>C_1d;l>C_2—>...
satisfying d,,_1d,, = 0 for all n. The elements of C,, are called chains of degree n
or n-chains. The morphisms d,, are the differential, also denoted d or d<.

If C is a chain complex, then its homology is defined by
H,(C) =Ker(d,)/Im(d,+1) = Z,(C)/Bn(C).

The elements of B, (C') are n-boundaries. The elements of Z,,(C') are n-cycles.

A chain complex C' is non-negative if C,, = 0 for n < 0. It is bounded if there are
only finitely many nonzero C,,. It is acyclic if H,(C) = 0 for all n, that is, if it is
an exact sequence.

Definition. A cochain complex C' (or C" or C*) consists of R-modules and homo-
morphisms

Y Ny Ny 6 N o oL B
satisfying d"*'d" = 0 for all n. The elements of C™ are called cochains of degree n

or n-cochains. The differential is also denoted d.

The cohomology of a cochain complex is defined by
H"(C) = Ker(d")/Im(d"™ ") = Z™(C)/B"(O).

The elements of B"(C') are n-coboundaries. The elements of Z"(C') are n-cocycles.

A cochain complex C' is non-negative if C™ = 0 for n < 0. It is bounded if there
are only finitely many nonzero C". It is acyclic ift H"(C') = 0 for all n.

Remarks. (i) There is no difference between chain and cohain complexes, apart
from numbering. Pass between them by setting C" =C_,,, d" =d_,,.

(ii) Many complexes are zero to the right, so naturally thought of as non-negative
chain complexes, or zero to the left, so naturally thought of as non-negative cochain
complexes.
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Definition. If C'is a chain complex of right R-modules and M is a left R-module,
the homology of C' with coefficients in M is

H,(C; M) := H,(C®gr M)
where C' @z M is the chain complex with

(CRr M)y =C,@r M, di*M =dJ @1Idy.

If C is a chain complex of left R-modules and M is a left R-module M, the
cohomology of C' with coefficients in M is

H™"(C; M) := H"(Hom(C, M))

where Hom(C, M) is the cochain complex of Z-modules (or R-modules if R is
commutative, or K-modules if R is a K-algebra) with

Hom(C, M)" = Hompg(C,,, M)
and differential
Hom(c,n) * Homp(Ch, M) — Homp(Cri1, M), dfiom(ean(0) =0 dys1-
Note that other conventions are possible, for example
71—110m(C,M)(9) = (_1)n+1‘9 dgﬂ-
Example. If C' is the acyclic chain complex
0-Z237Z—7Z)72—0
with Z /72 in degree 0, then C ®y (Z/72) is the chain complex
0— Z/72 > Z)7.2 = )72 — 0
so Hy(C,Z/72) = 7,)7Z2, and Hom(C,Z) is the cochain complex
0502Z37Z 0

with Z in degrees 1 and 2, so H*(C;Z) = Z]7.2.
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3.2 Examples from algebraic and differential topology

Example (Simplicial homology). If vy, ..., v, are n + 1 points in RY, and the
vectors v; —y, . . . , v, —Vg are linearly independent, then the n-simplex with vertices
Voy .+« oy Up 1S

[vo, - .., ] := {convex span of the v;} = {Z Aivi = A >0, Z/\i = 1} :

=0 =0

It is a closed subset of RY and its vertices are uniquely determined as the extremal
points. A O-simplex is a point, a 1-simplex is a line segment, a 2-simplex is a
triangle, a 3-simplex is a tetrahedron, etc.

A face of a simplex is a simplex given by a subset of its vertices. A simplicial
complex in RY is a finite set K of simplices, satisfying

(1) If s € K then so is every face of s.
(2) If s,t € K, then their intersection is either empty or it is a face of s and t.

An oriented simplicial complex is a simplicial complex together with a total order-
ing on its vertices. We can do this by labelling its vertices 1,2,3,....
If K is an oriented simplicial complex, its chain complex C' = C(K) is

C, = free Z-module on the n-simplices in K.

with differential

n

dn([v0, -, va]) = Y (=1)'vo, - Biy -, 0]

1=0

for vy < - -+ < v,, where the hat means to omit that term. This is a chain complex,
for example

d2d3[U0>U17U27 U3] = d2[U1, Vg, 1)3] - d2[U07U27 U3] + dz[Uo,Uh d3] - d2[U07 U1, 112}

= 0.
The simplicial homology of K is H,(C(K)).
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The naming of cycles and boundaries can be explained as follows. Let K be a
oriented simplicial complex, for simplicity in R%2. A path along the edges gives an
element of C';. The path is a cycle if it returns to its starting point. The path is a
boundary if you can fill its interior with 2-simplices.

For example suppose K is given by vertices 1,2,3,4, with edges 1-2-3-4-1-3, and a
triangle 1-2-3-1. Then Cj free on [1], [2], [3], [4], C\ is free on [12], [13], [14], [23], [34],
Cy is free on [123]. We have d([123]) = [23] — [13] + [12], d([12]) = [2] — [1],
d([13]) = [3] = [1], d([14]) = [4] = [1], d([23]) = [3] = [2], d([34]) = [4] —[3]. We have
Zy(C) = Cp and

By(C) = Z-span([2] — 1], [3] — [1], [4] — [1], [3] — [2], [4] — [3])

= {a[l] + 521 + 73] +-0[4] : a + B+ v+ 0 =0},
so Hy(C) = Z. Now Z;(C) is the set of a[12] 4+ S[13] + v[14] 4 §[23] + €[34] such
that
(—a=B=[]+ (=R +(B+-eB]+ (v +€)[4] =0
and B;(C) = Z([23] — [13] 4+ [12]). Then
Z1(C) = By(C) ® Z([13] — [14] + [34])
so Hi(C) = Z. Also Z5(C) =0, so Hy(C) = 0.

Example (de Rham cohomology). Let M be a smooth manifold. The de Rham
complex is the cochain complex

C 0= QM) S QM) L (M) - ..

where Q°(M) is the set of smooth functions M — R (that is all partial derivatives
exist and are continuous), " (M) is the space of differential n-forms and d is the
exterior derivative. The de Rham cohomology is Hj(M) = H™(Q(M)).

For example if M is an open subset of R? then:

Q'(M) ={w = pdz + qdy : p,q smooth functions on M},
Q*(M) ={hdz dy : h a smooth function on M.}

For f € Q% M) we have

of of 4
d dr + —
(f) =5, 7+ 5,
For w = pdx + qdy € Q'(M) we have
_0q Op
dw = (ax—ay)da:dy
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*f _ Pf

0xdy  Oydz’

The spaces of cocycles and coboundaries are:

Z'={w € QYM) : dw = 0}, the set of closed 1-forms.
B = {df : f € Q°%(M)}, the set of exact 1-forms.
Thus Hjs(M) = {closed 1-forms}/{exact 1-forms}.

We have d? = 0 since

The Poincaré Lemma implies that H}n(M) = 0 if M is an open disc in R?, or more
generally simply connected. On the other hand Hj,(R?\ {0}) # 0 since one can
show that the 1-form

=—d
x2_|_y2 T+

iy € 2R (0))

w

is closed but not exact.

Example (Singular homology and cohomology). Let X be a topological space.
For each n, let A™ = [vg,...,v,] be an n-simplex. Let C, be the free Z-module
with basis the set of continuous maps o : A" — X. The image of the map might
look like a deformed simplex, but it might be singular, hence the name. We can
make the C,, into a chain complex via

where we must consider the restriction U|[vo ,,,,, #;,....vn] @S @ Mapping A" 5 X so
an element of C),,_;. We get singular homology and cohomology.

(1) Suppose K is an ordered simplicial complex and | K| is the union of its simplices.
Then simplicial homology of K and singular homology of | K| coincide.

(2) Suppose M is a manifold, then singular cohomology of M with coefficients in
R and de Rham cohomology of M coincide (de Rham’s theorem).

The proofs use results from topology and also about complexes. We shall develop
the latter only.

3.3 The category of complexes

We shall work with cochain complexes. The definitions work for an abelian category
A, and some more generally for A an additive or preadditive category. But we do
most proofs only for R-Mod.
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Definition. Let A be a preadditive category (usually abelian, or at least additive).
The category of complexes C(A) has as objects the cochain complexes of objects
and morphisms in A

o d2 1 d? do dt
NGt R ENYG et NG g LNy g

satisfying d"d"~! = 0 for all n. We denote the differential also by d% or just d. A
morphism f : C' = D is given by morphisms f" : C" — D" for n € Z such that
each square in the diagram commutes

d271 dan

Q
3
Q

‘ on-1 s Ol .

fnfll fnl fn+1J{

n—1 m
D opn M, pr

y anl

Composition of morphisms is done degreewise.

For i € Z there is a shift functor X' : C(A) — C(A) defined on objects by
(0P = O, e = (1)
and on morphisms f : C'— D by
() =

This is an automorphism of the category. It is the ith power of the functor ¥ = X!,
Other notation is C[i] or T*C'. Other names are suspension and translation.

If A is an abelian category, then we get the cohomology
H"(C) = Ker(d")/Im(d"™*) = Z"(C)/B"(C) € ob(A).

Lemma. C(A) is a preadditive category. If A is additive or abelian, so is C(A).
In the last case, a sequence of complexes

0—-C—=D—=E—=0
15 exact if and only if the sequence in each degree
0—-C"—=D"—=FE"—0

18 exact.
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Proof. Sums of morphisms, direct sums, kernels and cokernels are computed ‘de-
greewise’:

(f+9"=f"+g", (CoD)"=C"®D", (Kerf)"=Ker(f")
etc. ]

Lemma. A morphism of complexes f : C — D for an abelian category A in-
duces morphisms on cohomology H"(f) : H*(C) — H"(D), giving a functor
H":C(A) — A.

Proof. We do it for A = R-Mod. An arbitrary element of H"(C') is of the form
[z] with z € Z"(C) = Kerdg. Then f"(z)Kerd}, = Z"(D), so induces an ele-
ment [f"(z)] € H"(D). This is well-defined, for if z € B"(C) = Imd} ", then
z = dy'(y) for some y € C™ 1 but then f*(z) = fdy'(y) = dp ' f" () €
Imd}* = B"(D). Thus we get a mapping H"(f) : H*(C) — H™(D). It is easy to
see that this defines a functor. ]

Definition. A morphism of complexes f : C' — D for an abelian category A is a
quasi-isomorphism if the morphism H"(C') — H™(D) is an isomorphism for all n.

Example. For 0 # a € Z, there is a quasi-isomorphism of complexes of Z-modules

> 0 sy 7 —— 7 > 0 )
> 0 > 0 y L] Za > 0 :

where 7 is the projection.

Theorem. A short exact sequence of complexes 0 — C' — D — E — 0 for an
abelian category A induces a long exact sequence on cohomology

oo H"YE) - H"(C) — H*(D) — H"(E) — H""™(C) — H"™ (D) — ...
for suitable connecting morphisms ¢ : H"(E) — H"(C).
Proof. For all n we have a diagram
0O— ¢ — D" — E" —— 0
%l %l %J
0 — C"*t —— D" —— Ertl — 0

and the easy part of the Snake Lemma gives exact sequences on kernels of the
vertical maps

0—2"C)—Z2"(D)— Z"(E)
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and on cokernels
c"t/ Bt (C) — D"/ B"Y(D) — E"/BMTHE) — 0
This holds for all n, so shows that the rows in the following diagram are exact
cv/p"(C) —— D"/B"(D) —— E"/B"(E) —— 0
agl agl & l
0 — 2Z2"YC) —— Z""YD) —— Z"Y(E).

Here the vertical maps are induced by di%, d7, and d}, so the diagram commutes.
Thus by the snake lemma one gets an exact sequence

Ker(dy) — Ker(dp) — Ker(dy) — Coker(dy,) — Coker(dy,) — Coker(dy,)
That is,
H"(C) — H"(D) = H*(E) — H"*Y(C) — H""(D) — H""'(E)

as required. O

3.4 Mapping cones

Definition. The mapping cone of a morphism of complexes f: B — C in C'(A),
with A an additive category, is the complex cone(f) with

cone(f)" = (XB)" @ C" = B"" @ O™,

iy, 0 —dstt 0
d* = (fr?—i—Bl dg) = ( fn?—l dg) B e Ccr — B g Cmt!

That is, for complexes of R-modules,
4 (b, ¢) = (—d5(b), F™H(B) + di(c)).
Observe that cone(0 — C') = C and cone(B — 0) = ¥B.
Proposition. There is a sequence of complexes
0 — C — cone(f) > XB —0
which in degree n is the split exact sequence
0 — " € prtl gy om Pty prtl

Thus if A is abelian, it is an exact sequence of complexes. In the corresponding
long exact sequence on cohomology, the connecting morphism

H™(B) = H"Y(SB) — H"(C)
is equal to H"(f).
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Proof. The first part is straightforward. We do the second part for R-Mod. The
connecting map H"™(B) — H"(C) is given by the Snake Lemma from the
diagram

H™(B)

C"/B"(C) —— cone(f)"/B"(cone(f)) — B"™'/B""Y(B) —— 0

0 — Z"YC) —— Z" 1 (cone(f)) ——  Z""%(B)
H"(C)
0

Now an element [b] of H"(B) lifts to an element [(b, 0)] of cone(f)™/B"(cone(f)),
and applying the differential of cone(f) it gives [(0, f*T1(b))] € Z""!(cone(f)),
which comes from [f"*1(b)] in H"*1(C). O

Corollary. If A is abelian, then a morphism f : B — C of complexes is a quasi-
isomorphism if and only if cone(f) is acyclic.

Proof. Follows from the long exact sequence on cohomology

.o — H" *(cone(f)) = H"(B) — H"(C) — H"(cone(f)) — H"™(B) — H"™(C) — ...

]

3.5 The homotopy category

Definition. An ideal in a preadditive category A is a class of morphisms 7 in A
such that

e [(X,Y) :=InNHomu(X,Y) is an additive subgroup of Hom 4(X,Y") for all
XY, and

eIt X LY % 7 are morphisms in A, and f or ¢ is in I, then so is gf.
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If I is an ideal in A, then there is a quotient category A/I, with the same objects
as A and
Hom4,;(X,Y) = Homu(X,Y)/I(X,Y).

If A is an additive category, so is A/I.

Definition. A morphism f : C' — D of complexes is null-homotopic if there are
morphisms A" : C™ — D"~ ! for all n € Z such that

fn — hn—l—ld'ré + d%—lhn
for all n € Z. Two morphisms f, g : C — D of complexes are homotopic if f — g is
null-homotopic.

Proposition /Definition. The null-homotopic morphisms form an ideal in the
category of C(A), so we get the quotient category

K(A) := A/{null-homotopic morphisms}

is called the homotopy category of A. The morphisms are the homotopy classes of
morphisms in C(A). There is a canonical functor C(A) — K(A). If A is additive,
sois K(A).

Proof. We need to show that if C' Iy D% E are morphisms of complexes and f
or g is null-homotopic, then so is gf. If f is null-homotopic with morphisms h",
then

— gnhn—&-l)dg + gnd%—lhn
= (" W)+ i (g R,
Similarly if g is null-homotopic. m

Lemma. If A is abelian, then homotopic morphisms f,g : C' — D induce the same
morphism on cohomology H™"(f) = H"(g) : H"(C') — H"™(D). Thus cohomology

induces a functor on the homotopy category
H'": KA — A
also denoted by H".

Proof. 1t suffices to show that null-homotopic morphisms induce the zero morphism
on cohomology. We do it for R-modules. Thus suppose

fn — thrldré 4 drlL)flhn

An element of H"(C') is represented by an element z € Z"(C) = Kerdg. Then
fM(z) = di (@) € m(dy) = BY(D), so HM(f)([a]) = [f"(x)] is zero in
H™(D). O
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Definition. A morphism f : C — D is a homotopy equivalence if its image in
K(A) is an isomorphism. Equivalently, there is a morphism g : D — C' such that
fg is homotopic to Idp and ¢gf is homotopic to Idc.

Lemma. If A is abelian, then a homotopy equivalence is a quasi-isomorphism.

Proof. A homotopy equivalence gives an isomorphism in K (A), so it is sent to an
isomorphism by H™. ]

Lemma. An additive functor F : A — B induces a functor
F:C(A) = CB), F(C)" = F(C), die = F(d2).

and this induces a functor F : K(A) — K(B). Similarly an additive functor
F : A®? — B induces a functor

F:C(A)" = C(B), F(C)"=F(C™), di) = F(d"™),
and this induces a functor F : K(A)? — K(B).
Proof. If f:C — D is null-homotopic, then
= h"ta 4+ dy

SO
F(f") = F(h" ) djy o) + dippy F(R),
so F'(f) is null-homotopic. O

Corollary. If F': A — B is an additive functor and f : C — D is a homotopy
equivalence in C(A), then F(f) : F(C) — F(D) is a homotopy equivalence. In
particular, if B is abelian, then F(f) is a quasi-isomorphism. Similarly for a
contravariant functor.

Proof. f becomes an isomorphism in K (A), so F(f) is an isomorphism, but this

is the image of F'(f) in K(B). O

Remark. If M is a left R-module and f : C' — D is a homotopy equivalence of
complexes of right R-modules, taking ' = — ®r M, one gets an isomorphism

H,(C;M)— H,(D;M)

on homology with coefficients. Similarly if C' — D is a homotopy equivalence of
complexes of left R-modules, one get an isomorphism

H"(D; M) — H"(C; M)

on cohomology with coefficients.
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Definition. A complex C'is contractible if it is homotopy equivalent to the zero
complex, or equivalently if Ids is null-homotopic.

Proposition. If A is abelian, a complex is contractible if and only if it is acyclic
(i.e. exact) and all of the short exact sequences

0 — zn(C) Ldwsion, om &y Brtl(Cy - 0
are split.

Proof. We do it for R-Mod. If C is contractible, then it is quasi-isomorphic to the
zero complex, so it is acyclic. Now Id¢ is null-homotopic, so there are h™ : C" —
C"! with

Iden = A" PHd™ + d" A"

Let s"*!: B"T(C) = Z"™(C) — C™ be the restriction of h"*!. If x € B"(C),
then

2 = onn (2) = (20 1 W) (@) = P00 (@) = 45 (a)

so s"T! is a section for the short exact sequence 0 — Z"(C) — C™ — B"*}(C) — 0.
Now suppose that C is acyclic and the short exact sequences are all split, with
sections s"*: B"T(C) — C™. If x € C", then z — s""'d"(z) € Z"(C) = B"(C),
so we can define a homomorphism A" : C"* — C"~! by
R (x) = §"(x — s" T d"(x)).
Then
(hn+1dn + dnflhn)(aﬁ — 8n+1(dn($) _ 8n+2dn+1(dn(x))) 4 dnflsn(x _ Sn+1dn(x))

="M (z) + (z — " (z)) =z
Thus C is contractible. O]
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4 Resolutions, derived functors, Ext and Tor

4.1 Projective and injective resolutions

Definition. We suppose that A is an abelian category which has enough projec-
tives, meaning that for every object M there is an epimorphism from a projective
object to M, for example R-Mod.

A projective resolution of M is an exact sequence

PP RS M0

with the P; projective. It is equivalent to give a non-negative chain complex P
of projectives and a quasi-isomorphism P — M (with M considered as a chain
complex in degree 0),

> P > P )PU 0 >
> 0 > 0 > M > 0 > L

The syzygies of M with respect to this projective resolution are the objects

Ker(e : Py — M) (n=1)

Q.M =1Im(d, : P, - P,_1) =
Ker(dn_l N A Pn_g) (n > 1)

and QoM = M. Thus there are exact sequences
0— QM — P, —Q,M — 0.

Note that object module has many different projective resolutions. Choose any
epimorphism € : Py — M. This gives ;M. Then choose any epimorphism d; :
P, — Ker Q, M, then any epimorphism dy : P, — QoM etc.

Dually, suppose that A has enough injectives, meaning that every object has a
monomorphism to an injective object. An injective resolution of an object X is an
exact sequence

0—=X—=1"=>T" =1 — ..

with the I" injective. The cosyzygies are Q"X = Im(I"~! — I") (and ), so
0— Q"X — I"— Q"X — 0.

Injective resolutions in A are exactly the same as projective resolutions in A.
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Theorem (Comparison Theorem). Given projective resolutions € : P — M and
¢ : P'— M', any morphism f : M — M’ can be lifted to a morphism of projective
resolutions

p—2sp 2y p s M > 0
921 91\]/ gol fl
Pt om0

or equivalently to a morphism of complexes g : P — P’ with € g0 = fe. Moreover
g 1s unique up to homotopy.

Proof. Consider the diagram with exact rows

0 — WM > By > M > 0
ngl Qol fl
0 —— M > P} M’ > 0.

Since P, is projective and Pj — M’ is an epimorphism, there is a morphism g
making the right hand square commute. Then there is an induced morphism €2,g¢
making the left hand square commute.

Now the same argument gets g, and {2y¢:
0 —— QoM > Py >y OO M —— 0

S

0 —— QuM’ > P/ s WM —— 0

ete.

To show that any two lifts are homotopic, it is equivalent to show that any lift ¢
of the zero morphism M — M’ is null-homotopic. Say

p-%2.p "y p v M s 0
gzl gll gol OJ
P2 p O 0

Since €go = 0 we have Im(gg) € Ker(¢’) = Q. M’, then since P{ — M’ is an
epimorphism, gg lifts to a morphism hq : Py — P with d{hg = go. By induction
we find morphisms h,, : P, — P, for n > 0 with g, = d, ., hy, + hy—1d,,. Namely,
having found hq, ..., h,_1, we have

dfn(gn - hn—ldn) = gn—ldn - d;hn—ldn == (gn—l - d;lh'n—l)dn
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This is zero both if n =1 or n > 1. Thus g, — h,_1d,, induces a map from P, to
Qna M, so it lifts to a morphism h, : P, = P, ;. O

Corollary. If e : P — M and € : P' — M are projective resolutions of M, then
there is a homotopy equivalence g : P — P" with € gg = €. Moreover g is unique up
to homotopy.

Proof. The identity Id,; lifts to a morphism ¢ : P — P’ and to a morphism
g : PP — P. Now ¢'g — Idp is a lift of the zero morphism M — M, so is null-
homotopic, and so is g¢’ — Idp:. O

Lemma (Horseshoe Lemma). Given a short exact sequence
0= ML ML M -0

and projective resolutions P' — M' and P" — M", we can find a commutative
diagram

0 0 0
— P — P SV 0
() (5) /
— s PleP! — PioP) M 0
0 1) 0 1) g
— o — P L y 0
0 0 0

in which the middle row is a projective resolution of M.

Proof. Since g is an epimorphism and P is projective, we have €’ = gh for some
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h: Py — M. Then we get a commutative diagram

0 0
P <M » 0
ol i
PPy YNy » 0
© % g
pr s M ——0
0 0

By the snake lemma, the sequence of syzygies 0 — QM — QM — QM — 0 is
exact. Now iterate. O]

4.2 Derived functors

Definition. Suppose F': A — B is a right exact functor between abelian categories
and A has enough projective. For any M € ob(.A), we fix a projective resolution
P — M. For n > 0, the nth left derived functor of F' is the functor L,F : A — B
given by

L.F(M) = H,(F(P)),

the nth homology of the chain complex
o> F(Py) = F(P) —» F(Py) — 0

A morphism f : M — M’ lifts to a morphism of projective resolutions g : P — P/,
unique up to homotopy. Then F(g) is a morphism : F(P) — F(P’), unique up
to homotopy, so it induces unique morphisms H,(F(P)) — H,(F(P')), that is
L,F(M)— L,F(M’). This makes L,F a functor.

Proposition. (i) L,F(M) is independent of the projective resolution of M.

(i) L, F(M) =0 forn <0 and LoF(M) = F(M).

(i1i) L,F(M) =0 for M projective and n > 0.

(iv) Any short exact sequence 0 — M' — M — M" — 0 induces a long exact
sequence

oo LyF(M”) = LiF(M') = LiF(M) = LiF(M") = F(M') = F(M) = F(M")
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Proof. (i) Any two projective resolutions P, P’ of M have a homotopy equivalence
P — P'. Thus F(P) — F(P’) is a homotopy equivalence, so a quasi-isomorphism.
Thus H,(F(P)) = H,(F(P")).

(ii) Since P is a non-negative chain complex, so is F(P), so L,F(M) = 0 for
n < 0. Since F' is right exact, the exact sequence P, - Py — M — 0 gives an

exact sequence
F(P)— F(P) — F(M) — 0,

so Hy(F(P)) 2 F(M).
(iii) If M is projective it has a projective resolution with Py = M and P; = 0 for
1> 0.

(iv) Given an exact sequence 0 — M’ — M — M"” — 0, by the Horseshoe Lemma
we get an exact sequence of projective resolutions 0 — P* — P — P” — 0. Since
the sequences 0 — P! — P, — P! — 0 are split, they stay exact under F', so we
get an exact sequence of complexes

0— F(P')— F(P)— F(P")—=0
and hence the long exact sequence on homology. O]

Remark. Variations. Replacing A by A% and/or B by B, and noting that a
functor A°? — B is the same thing as a functor A — B, we get the following
variants.

Right exact Left exact
Covariant, F': A — B done (b)
Contravariant, F' : A% — B (a) (c)

(a) If F': A°? — B is a right exact functor and A has enough injectives, then the
nth left derived functor L, F : A°? — B is defined by L, F'(M) = H,(F(I)) where
M — I is a fixed injective resolution of X. A short exact sequence 0 — M’ —
M — M" — 0 induces a long exact sequence

coo = LoF (M) = LiF(M") = LiF(M) = LiF(M') —» F(M") = F(M) — F(M') — 0.
(b) If F: A — B is a left exact functor and A has enough injectives, then the
nth right derived functor R"F : A — B is defined by R"F (M) = H"(F(I)) where

M — I is a fixed injective resolution of X. A short exact sequence 0 — M’ —
M — M"” — 0 induces a long exact sequence

0— F(M)— FM)— F(M") = R'FM') = R'F(M) - R*"F(M") — R*F(M') — ...
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(c) If F: A% — B is a left exact functor and A has enough projectives, then the
nth right derived functor R"F' : A% — B is defined by R"F(M) = H"(F(P))
where P — M is a fixed projective resolution of M. A short exact sequence
0—> M — M — M"” — 0 induces a long exact sequence

0— F(M")— F(M)— F(M') = R'F(M") - R'F(M) — R'"F(M') = R*F(M") — ...

Example. If X is topological space, there is a category Sh(X) of sheaves of abelian
groups on X. It is a Grothendieck category, so has enough injectives. The global
section functor

I'(X,—): Sh(X) = Ab

is left exact, so it has right derived functors H"(X, —) = R"I'(X, —). This is sheaf
cohomology. For a nice enough topological space (locally contractible), one has

H™(X,Zx) = H"

sing

(X;7Z),

where Zx is the constant sheaf on X and the right hand side is singular cohomology
with coefficients in Z.

4.3 Ext

Definition. For each R-module M, fix a projective resolution P — M. Given an
R-module X, we define Ext, (M, X) to be the cohomology of the cochain complex

-+ — 0 — Hompg(Fy, X) — Homg (P, X) — Homg(P, X) — ...
That is,
Exty(M,X) = H"(P; X) = H"(Homg(P, X)) = (R" Homg(—, X))(M)
using the right derived functors of the left exact functor
Homp(—, X) : R-Mod” — Ab.
The results about derived functors give:

Proposition. (i) Ext% (M, X) is independent of the projective resolution of M.
(ii) Ext% (M, X) = Homg(M, X).

(111) Extly (M, X) =0 for M projective and n > 0.

(iv) Any short exact sequence 0 — M' — M — M" — 0 induces a long exact
sequence

0 — Homg(M", X) — Homg(M, X) — Homg(M', X) —
Exty(M”, X) — Extp(M, X) — Exth(M', X) — Exth(M”, X) — ...

68



Further properties.

Proposition. (i) By definition Extl (M, X) is a contravariant functor in M, but
it is also a covariant functor in X. If R is a K-algebra (e.g. K =7 for a ring),
we get a bifunctor

Ext}(—,—) : R-Mod” x R-Mod — K-Mod

which is K-linear in each argument.
(11) Exth (M, X) =0 forn >0 and X injective.
(111) A short exact sequence 0 — X' — X — X" — 0 induces a long exact sequence

0 — Hompg (M, X') — Hompg(M, X) — Homg(M, X") —
Extp(M, X') — Exty(M, X) — Extp(M, X") — Exth(M, X') — ...

Proof. (i) Let P — M be a projective resolution of M. A morphism X — X’
induces a morphism of complexes Hompg(P, X) — Hompg(P, X’), and hence mor-
phisms Extp, (M, X) — Extj(M, X’).

If R is a K-algebra, then any space Homg (M, X) is a K-module, and an morphism
M — M'" or X — X' induces a morphism of K-modules. Now we need that if
X — X' and if M — M’, then the square

Ext"(M', X) —— Ext"(M, X)
Ext™(M', X) —— Ext™(M, X')

commutes. This holds because if P — P’ is a lift of M — M’, then the square of

complexes
Hom(P', X) —— Hom(P, X)

| l

Hom(P', X') —— Hom(P, X")
commutes.
(ii) Holds since Homp(—, X) is exact.

(iii) If P — M is a projective resolution, then since each P, is projective, one gets
an exact sequence of complexes

0 — Homp(P, X') — Homp(P, X) — Hompg(P, X") — 0.

This induces a long exact sequence on cohomology. O
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Theorem. If0 — X — I° — I' — I? — ... is an injective resolution of X, then
one can compute Ext, (M, X) as the nth cohomology of the complex Hompg(M, I):

0 — Homp(M, I°) — Homp(M, I') — Homp(M, I?) — ...
Proof. Break the injective resolution into exact sequences
02X ="' QMY =0
for i > 0 where Q°X = X. One gets long exact sequences
0 — Homp(M, Q' X) — Homp(M, I') — Homp(M, Q" X)
— Extp(M,Q'X) — 0 — Extp(M, Q" X)

— Exth(M, Q' X) = 0 — Exth(M, Q7 X) ...

SO
EXt}%(Ma QlX) = COker(HomR(M, Il) — HOInR(M, QZ+1X))

and ' '
Ext’, (M, Q1 X) = Ext}H (M, Q'X)

for j > 1. Thus (it is called dimension shifting)
Exth (M, X) = Ext™ (M, Q'X) = ... = Exth(M, Q"' X)

=~ Coker (Homp(M, I"™") — Hompg(M, Q" X))

B Homp (M, Q" X)
~ Im(Hompg(M, I"~1) — Homp(M,Q"X))

Now 0 — Q"X — I™ — I""! is exact, hence so is

0 — Homp(M, Q" X) — Homp(M, I") — Homg(M, I"),
so we can identify

Ker(Hompg (M, I") — Hompg (M, I"*1))

Ext™ (M, X)
<M ) = A Homp(M, 1) = Homp (M, I7))

which is the cohomology in degree n of the complex Hompg (M, I). O]

Remark. We have defined Ext; (M, X) as the right derived functor R" Hompg(—, X)
applied to M. Instead one can consider the right derived functor R" Homg(M, —)
applied to X. The theorem shows that you get the same result. With more care
one can show that the resulting bifunctors are isomorphic.
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Examples. (1) If R is a semisimple (artinian) ring then all short exact sequences
of R-modules are split exact, so all modules are projective and injective. Thus

R e

(2) If R is a pid and 0 # a € R then R/Ra has projective resolution 0 — R =
R — R/Ra — 0. Thus Ext;(R/Ra, X) is the cohomology of the complex

o= 0— Hom(R, X) % Hom(R, X) =0 — ...
that is,

= 0= X B X 50—

so Ext%(R/Ra,X) = Hom(R/Ra,X) = {z € X : ar = 0}, Extp(R/Ra, X) =
X/aX and Exty(R/Ra, X) =0 for n > 1.

(3) Let R = K[z]/(2*) with K a field. Any finitely generated module is a direct
sum of copies of K (with = acting as 0) and R. The module K has projective
resolution

RS RS R— K —0.

Now Hompg(R, K) = K, and we get Extly (K, K) = K for all n > 0.

4.4 Ext' classifies short exact sequences

Definition. Two short exact sequences &, ¢’ with the same end terms are equivalent
if there is a map 6 (necessarily an isomorphism) giving a commutative diagram

£:0 y L M y N 0
|l
€0 y L M y N y 0

It is easy to see that the split exact sequences form one equivalence class.

Definition. For any short exact sequence of modules
E:0—=L—->M—=>N-=0

we define an element f € Ext'(N, L) as follows. The long exact sequence for
Hom(N, —) applied to & gives a connecting map Hom(N, N) — Ext'(N, L), and &
is the image of Id under this map.

One can show that é is also the image of Id;, under the connecting map Hom(L, L) —
Ext!(N, L) in the long exact sequence obtained by applying Hom(—, L) to &.
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Theorem. The assignment £ — é gives a bijection between equivalence classes of
short exact sequences 0 — L — M — N — 0 and elements of Extp(N, L). The
split exact sequences correspond to the element 0 € Extlllz(]\f7 L).

Proof. Fix a projective resolution of N, and hence an exact sequence
0 UNL P SN

An exact sequence £ gives a commutative diagram with exact rows and columns

0
Hom(N, N)
0 —— Hom(PR,L) —— Hom(Py, M) —— Hom(Py,N) — 0

” |

0 —— Hom(4 N, L) —— Hom(QyN, M) —— Hom({4 N, N)

Ext'(N, L)

0

and the connecting map Hom(N, N) — Ext'(N, L) is given by diagram chasing,
so by the choice of maps «, § giving a commutative diagram

0 —— 4N > Py N > 0

S

Ty —2 s N s 0.

E:0 —— L

Then € = [a] where [...] denotes the map Hom(Q,N, L) — Ext'(N, L).

Any element of Ext!(IV, L) arises from some &. Namely, write it as [a] for some
a € Hom(2, N, L). Then take £ to be the pushout

0 — N y P, N y 0
£:0 —s L y M N y 0.
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Now if &, & are equivalent exact sequences one gets a diagram

0 —— N > By s N > 0
Lol

E:0 —— L M > N > 0

&:0 —— L > M’ > N > 0.

so £ and & correspond to the same map «, so é = é’ . If two short exact sequences
¢, ¢ give the same element of Ext'(N, L) there are diagrams with maps «, 5 and
o/, and with o — o/ in the image of the map 6* : Hom(P,, L) — Hom({2; N, L).
Say a — o’ = ¢0 with ¢ : Py — L. Then there is also a diagram

0

0 —— 4N > By > N > 0

el

€0 —s L Lo , N » 0.

This is a pushout, so by the uniqueness of pushouts, £ and & are equivalent. [

Remark. Homomorphisms L — L' and N” — N induce maps Ext'(N,L) —
Ext'(N, L') and Ext'(N,L) — Ext'(N”,L). One can show that these maps cor-
respond to pushouts and pullbacks of short exact sequences. For pushouts this
follows directly from the definition. For pullbacks it needs more thought.

Theorem. The following are equivalent for a module M.
(i) M is projective

(i1) Ext"(M, X) =0 for all X and all n > 0.

(iii) Ext' (M, X) = 0 for all X.

The following are equivalent for a module X .
(1) X is injective

(11) Ext" (M, X) =0 for all M and all n > 0.
(i1i) Ext' (M, X) = 0 for all cyclic modules M.

Proof. (i)=-(ii)=-(iii) are clear.

(iii)=-(i) using the characterization of a projective module as one for which all short
exact sequences ending at the module split. If Ext'(R/I, X) = 0 for all left ideals
R, then by the long exact for Hom(—, X) applied to 0 - I — R — R/I — 0,
we get a surjective map Hom(R, X) — Hom(/, X), so X is injective by Baer’s
criterion. [l
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4.5 Projective, injective and global dimensions

Proposition/Definition. Let M be a module and n > 0. The following are
equivalent.

(i) There is a projective resolution 0 — P, — -+ — Py — M — 0

(11) Ext™(M, X) =0 for allm > n and all X.

(iii) Ext" ™ (M, X) = 0 for all X.

(iv) For any projective resolution of M, we have 0, M projective.

The projective dimension, proj.dim M, is the smallest n with this property (or oo
if there is none).

Let X be a module and n > 0. The following are equivalent.

(i) There is an injective resolution 0 — X — I° — -+« — [" — (

(i1) Ext™(M, X) =0 for allm >n and all X.

(i4i) Ext" ™ (M, X) = 0 for all cyclic M.

(iv) For any injective resolution of X, we have Q"X injective.

The injective dimension, inj.dim X, is the smallest n with this property (or oo if
there is none).

Proof. (i)=-(ii)=-(iii) are trivial. For (iii)=-(iv) let P — M be a projective resolu-
tion. For any X, dimension shifting gives

0= Ext"™ (M, X) = Ext"(, M, X) = ... =2 Ext'(Q,M, X),
so 2, M is projective. Then
0—-QM—>PFP, 1y —--—>F—>M-=0
is also a projective resolution of M, giving (i). O
Lemma. If0 — L — M — N — 0 is ezxact, then
proj. dim M < max{proj.dim L, proj. dim N},
inj. dim M < max{inj.dim L, inj. dim N }.
Proof. For any X the long exact sequence for Hom(—, X') gives an exact sequence
oo = BExt"H(NV, X)) — Ext"™ (M, X) — Ext"™(L, X) — ...
and the outer terms are zero for n = max. O]
Definition. The (left) global dimension of R (in NU {oco}) is
gl.dim R = sup{proj.dim M : M € R-Mod}
=inf{n € N: Ext""" (M, X) =0V M, X}
= sup{inj.dim X : X € R-Mod}
=inf{n € N: Ext"*' (M, X) =0V M, Xwith M cyclic}
= sup{proj.dim M : M cyclic}.
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Examples. (1) gl. dim R = 0 < all modules are projective < all short exact se-
quences split < every submodule has a complement < R is a semisimple (artinian)
ring.

(2) If R is a f.d. algebra over a field, then
gl. dim R = max{proj.dim S : S is a simple module}.

Namely, call the maximum m. Using the lemma and induction on dim M we get
proj.dim M < m for any f.d. M. Thus proj.dim M < m for all cyclic M. Thus
gl.dim R < m. But clearly m < gl. dim R.

(3) Let R = Klx]/(x?) with K a field. Then K becomes an R-module with z acting
as 0, and we saw that Extj (K, K) = K for all n > 0. Thus proj. dim K = oo, so
also gl. dim R = oo.

Proposition/Definition. A ring R is said to be (left) hereditary if it satisfies
the following equivalent conditions

(1) gl.dim R < 1 (left global dimension).

(i1) Every submodule of a projective (left) module is projective.

(111) Every left ideal in R is projective.

Proof. (1)=(ii) If N is a submodule of P then for any X, by the long exact sequence,
Ext'(N, X) = Ext*(P/N, X) = 0.

(if)=(iii) Trivial.

(iii)=-(i) For any cyclic module R/I we have proj.dim R/I < 1. O
Example. A principal ideal domain is hereditary. As discussed in the section on
projective modules, if R is an integral domain, then a non-zero ideal is projective
if and only if it is invertible. Thus R is hereditary if and only if every nonzero

ideal is invertible, and as mentioned before, this is if and only if R is a Dedekind
domain.

Definition. Let @ = (Qo, @1, s,t) be a quiver with finite vertex set Qo. If R is a
commutative ring, the path algebra R() is the free R-module with basis the paths
in @), including a trivial path e; for each vertex. For example the quiver

14592253

has paths ey, es, €3, a,b,ba. It becomes an R-algebra with multiplication given by
concatination of paths, or zero if they are not compatible. For example



b'egzb, b'€1:0,
€€ = €1, 61'62:0.
Thus the e; are orthogonal idempotents and the 1 is Zier €;.

Note that if i € @y then RQe; is an R(Q-R-bimodule, and it is a projective left
R@Q-module.

Proposition. If M is a left RQ-module, there is an exact sequence of RQ)-modules

0= @D RQeva) ®r esiyM L+ @ RQe; @r e;M L M — 0

acQ1 i€Qo

where t@m € RQe; @ e;M 1s sent by g to xm and where x @m € RQeyq) @ eyq) M
is sent by f to xa®@m —x @ am, where the summands are in RQegq) @ eya)M and

RQeya) ® eiq) M.
In particular, if R is a field, this is a projective resolution of M, so gl. dim RQ) < 1.

Proof. Clearly gf = 0. We show that it is contractible as a complex of R-modules.
Let the middle term be Cj and the left hand term C4. Consider the R-module
maps s : M — Cy and r : Cy — C given by

s(m) = Z e; ® e;m
1€Qo
and for m € e;M and a path starting at ¢, by r(e; ® m) = 0 and

n

r(ajas...a, ® m) = Z(al 1 ® Qg .. Ay,
=1

where the jth term is an element of RQeéyq,) ®r €sa;)M. It is straightforward to
check that gs = Idy;, fr+ sg =1dg, and rf = Id¢,. O

Lemma (a version of Shapiro’s Lemma). If R — S is a ring homomorphism and
Sk is flat, then for an R-module M and an S-module X we have

Ext?(S @ M, X) = Ext’ (M, pX).

Proof. If P is a projective R-module, say a direct summand of RY), then S ®p P
is direct summand of S ®z RY = SU) 50 S ®p P is a projective S-module.
Now if

o= P> F—=M-=0

is an R-module projective resolution of M, then

= SOr P = SQrFPh =+ S®rM —0
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is an S-module projective resolution of S ®pg M. Thus Exts(S ®xr M, X) is the nth
cohomology of the complex

HOIIls(S SR P, X) = HOIIlR(P, HOII15<S, X)) = HOIIIR(P, RX)
which is Ext (M, g X). O

Theorem (Hilbert’s Syzygy Theorem). For any (commutative) ring R we have
gl.dim R[z| = gl. dim R+1. In particular, if K is a field, gl. dim K[xq, ..., z,| = n.

Proof. (i) Let S = R|x]. For any S-module M there is an exact sequence

0= SOrML SopMES M0

where ¢ is multiplication and f(s ® m) = st ® m — s ® xm. This is the case of a
path algebra given by a loop.

(ii) gl.dim S < 1+ gl. dim R. If M and X are S-modules, the long exact sequence
for Homg(—, X) applied to the exact sequence of (i) gives

Ext?(S @p M, X) —— BExt%(S @ M,X) —— Ext?™ (M, X) —— Ext%™(S ®p M, X)
Ext (M, X) Ext (M, X) Ext:t (M, X)

Thus Ext%t' (M, X) =0 for n > gl.dim R, so gl.dim S < 1 + gl. dim R.

(iii) gl.dim S > 1+ gl. dim R. (To be omitted in the lecture). Let M and X
be R-modules, considered as S-modules with x acting as 0. Let

0—=+X—=1"=>T1"— ... (%)

be an R-module injective resolution of X. We get cosyzygies 0 — Q'X — I' —
QX — 0. We consider these also as S-modules with z acting as 0. If U is an
S-module, applying Homg (U, —) gives long exact sequences

0 — Homg (U, Q2 X) — Homg(U, I') — Homg(U, Q! X)

— Exts (U, Q' X) — Extg(U, I') — Extg(U, Q7 X)
— Ext3(U, Q' X) — Extz(U, I') — ...

Thus we get morphisms

Homg (U, Q" X) — Extg(U, Q"' X) — Ext3(U, Q" ?X) — -+ — Exta(U, X).
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This is like dimension shifting, but it isn’t, since (*) is not an injective resolution
of X as an S-module. This is natural in U, so gives a natural transformation of
contravariant functors

Homg(—,2"X) — Ext§(—, X).
Now if U = S ®g M then Extl (U, I') = Ext%,(M, I') by Shapiro’s Lemma, which is
zero for j > 0, and then the morphism Homg (U, 2"X) — Ext§(U, X) is surjective
since, by dimension shifting it is a composition
Homg (U, Q" X) — Extg(U, Q"' X) = Ext3(U, Q" ?X) = ... = Ext%(U, X).
Thus the map f gives a commutative square
Homg(S @ M,Q"X) —— Ext§(S ® M, X)
/| |
Homg(S @ M,Q"X) —— Ext§(S ® M, X)
with surjective horizontal maps, where f’ is composition with f and where h is the
morphism in (ii). Now
F'(@)(s@m) =of(s®@m) = d(szr @m —s@rm) = ¢(xs ®m) = zd(s ®@m) =0
since x acts as zero on M and 2"X. Thus f’ is zero. Since the horizontal maps

in the square are surjective, h is zero. Thus the exact sequence in (ii) gives an
embedding

Ext}h(M, X) =2 Ext?(S @p M, X) — Exte™ (M, X)
so if gl. dim S' = n, then gl. dim R < n — 1, that is, gl. dimS > 1+ gl.dim R. O

4.6 Examples given by quivers with relations

Unfortunately I have to explain this very quickly. You can find more details in
chapter 1 of my lecture notes on representations of algebras, see https://www.
math.uni-bielefeld.de/ wcrawley/25RA/

Setup. We consider an algebra of the form A = K@Q/I where @ is a finite quiver, K
a field and [ is an ideal in K(), which we may suppose to be generated by a set p of
relations contained in e; XQe;. For example the algebra A = KQ/(db— ca)
where () is the quiver

1,J€Qo
1 —— 2
L
3~ 4
and p = {db — ca}, db — ca € esKQe;.
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Remark. There is an equivalence of categories under which A-modules corre-
spond to representations of () satisfying the relations in p, module homomorphism
correspond to homomorphisms of representations, submodules correspond to sub-
representations, etc.

(1) A representation of @ over K is a tuple V = (V;,V,) consisting of a K-vector
space V; for each vertex ¢ and a K-linear map V, : V; — V; for each arrow a : i — j
in Q.

Taking compositions of the V,, any path from 7 to j gives a linear map V; — V. The
representation satisfies the relations in p if the corresponding linear combination
of maps is zero. In the example above we want V;Vj, — V.V, = 0. Thus A-modules
correspond to commutative squares. For example there is a representation

K 13 K

IR

K — K.
Given a module M, the corresponding representation is given by V; = e; M, and if
a1 — jis an arrow, then V, : e,M — ;M is given by left multiplication by a.
Conversely given a representation V' we define M = @z‘er V;, with K@ acting as

follows. A trivial path acts as the projection onto V;. An arrow a : ¢ — j acts on
V; as V,, and on the other summands as zero.

(2) A homomorphism of representations: 6 : V' — W is given by K-linear maps
0; : V; = W, for each vertex, such that 6;V, = W,0, for each arrow a : i — j.

(3) A subrepresentation W of a representation V' is given by a subspace W; C V;
for each vertex i such that V,(W;) C W, for all arrows a : i — j. For example the
representation above has subrepresentation

0 — K
|
K 13 K

(4) The corresponding quotient representation V/W is given by the vector spaces
V;/W; and the induced maps V, : V;/W, — V; /W, for a : i — j.

(5) The direct sum V @& W of two representations is given by the vector spaces
V; @ W; and maps

V. O
<0 WG>M@W1—>‘/J@WJ

for an arrow a : 1 — J.

79



(6) A sequence of representations and homomorpisms
e VoV sV

is exact if and only if for each vertex i, the sequence of vector spaces
e Vi VsV

is exact. The kernel, image and cokernel of a morphism can be computed vertex-
wise.

Definition. Let (KQ), be the ideal in K@ spanned by the non-trivial paths.
Clearly (KQ)" is the ideal spanned by paths of length > n, and KQ/(KQ); =
K x---x K. Anideal I C KQ is admissible if

(1) I C(KQ)3%, and

(2) (KQ) C I for some n.

We now suppose that A = K@Q/I with I admissible. It follows that A = KQ/I is
finite-dimensional, and it has Jacobson radical J = (KQ)+/I.

END OF LECTURE ON 2026-07-01. PROVISIONAL SCRIPT FOR THE NEXT LEC-
TURE FOLLOWS (SUBJECT TO CHANGE).

Note that if the field K is algebraically closed, then by a theorem of Gabriel,
any basic f.d. algebra arises this way. Recall also that any f.d. algebra is Morita
equivalent to a basic one.

In this case:

A/J = K x---x K, with the factors indexed by Q9. Thus the simple modules are
Sli] = (A/J)e; for i € Qo. As a representation, S[i] is given by the vector space K
at vertex i, zero elsewhere, and has all arrows zero.

The module P[i] = Ae; is projective, and P[i]/JP[i| = (A/J)e; = SJi], so Pli]
is the projective cover of S[i]. It has basis the paths starting at i, modulo the
relations. Considered as a representation, the vector space at vertex j has basis
the paths from 7 to j, modulo the relations p.

If V is a representation then its socle and the representation JV are given by

(socV);= () KerV,,  (JV)i= Y ImV,.
t(a)=i h(a)=1

Example. The quiver 1 = 2 L, 3 without relations. The simples are

Sll=K—-0—0
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S2l=0—-K—0
SB=0—-0—K

The projectives are
Plll=K 5K 5K

PR|=0— K-S K
P3l=0—-0—- K
The minimal projective resolutions of the simples are
0— P2] = P[] = S[1] =0
0— P[3] = P[2] = S[2] =0
0— P[3] = S[3] =0
The global dimension is 1.

Remark. If --- - P, - Py — M — 0 is a minimal projective resolution of M,
and S[j] is a simple module, then the differentials in the complex

0 — Hom(Py, S[j]) — Hom(Py, S[j]) — Hom(P,, S[j]) — ...
are zero, since if 6 € Hom(P,,T), in the diagram

Py 2% P L QM —— 0

|
SU]

the map f is a projective cover, so induces an isomorphism P, /J P, — Q,M/JQ, M.
Thus Ker f C JP,. Now if p € P,,1, then

Odni1(p) € O(Imdpy) = 0(Ker f) C O(JF,) € JO(P,) € JS[j] =0.

Also
Hom(P[i], S[j]) = Hom(S[i], S[j]) = {2( Ei
Thus, in the example
1 ; ] K -
Ext!(S[1], S[j]) = Hom(P[2], S[j]) = {o 29
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Example. The quiver 1 59 i> 3 with relation ba. The projectives are
Plll=K 35K =0
PRl=0>KSK
P3l=0—-0—K
The minimal projective resolutions of the simples are
0— P[3] —» P]2]| = P[1] = S[1] = 0
S[2] and S[3] as before. The global dimension is 2.

Example. The quiver
1 —— 2

L
3 —15 4
with the admissible relation db — ca. The projective P[1] is
K —— K
L
K —— K.

The kernel of the canonical map P[1] — S[1] is

0 — K
M:le[l]:JP[l]:l 11
K —5 K.
Then 0 — 0
JM:l l
0 — K
" 0 — K
M/,]M:l 125[2]@5[3].
K —— 0

Thus M has projective cover P[2] @ P[3]. The simple S[1] has minimal projective

resolution
0 — P[4] — P[2|® P[3] — P[1] = S[1] = 0
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Example. The cyclically oriented square

&
==

with admissible relations cba and dc, has

Pll]= K—+K P]2l= 0—=K P[3]= 0——=0 Pl4= K—~
[ R A N A
0~—K K<~—K K<~—K

The simple modules have minimal projective resolutions

0 — P[1] — P[4] — P[2] — P[1] =S[1] — 0,
0 — P[3] — P[2] —=S[2] — 0,

0 — P[1] — P[4] — P[3] =S[3] — 0,

0 — P[l] — P[4] —S[4] — 0

For example the projective cover of S[1] is P[1], giving an exact sequence

0— Q8[1] — P[1] — S[1] = 0

which is
0—0—>K — K—2+K — K—>0 —0
I T N TR I
0~ K 0~ K 0<—0

and the projective cover of Q;S[1] is P[2], giving an exact sequence

0— QS[1] — P[2] - 0 S[1] =0

which is
00— 0—s0 — 0—K —0——K —0
I T T
K~<~—0 K<1—K 0~—K

so Q,5[1] = S[3], etc.



4.7 Tor

Definition. Given a left R-module X, we get a tensor product functor — ®p X
from the category of right R-modules to Z-modules (or K-modules, if R is a K-
algebra, or R-modules, if R is commutative). Since the tensor product functor is
right exact, it has left derived functors, and for a right R-module M we define

Tor, (M, X) := (Lu(~ ®r X))(M).
Thus by definition, if we fix a projective resolution of M,
o= PP = F—-M—=0 (%)
then
Torf(M,X) = H,(P®rX) = nth homology of the complex --- - P @r X = Py®r X — 0

or H,(P; X) in the notation of section 3.1.

A flat resolution of M is an exact sequence (*) with the modules P; flat. We
shall see that Tor’ (M, X) can be computed with any flat resolution of M or flat
resolution of X.

Remarks. (1) Since Tor?(M, X) is a left derived functor, we know that it is
functorial in M, so a morphism M — M’ of right R-modules induces a morphism
Torf(M, X) — Torf(M’', X). Also Torf(M,X) = M ®x X, and a short exact
sequence 0 — M’ — M — M" — 0 of right R-modules gives a long exact sequence

oo = Torf(M", X)) — Tor®(M', X) — Torf (M, X) — Tor®(M", X) —
- M@rX >MprX - M @rpX —0.

(2) If P is the chosen projective resolution of M, then a homomorphism X — X’ of
left R-modules induces a morphism PRr X — P®p X’ of complexes of Z-modules,
and hence a morphism Tor*(M, X) — Tor*(M, X'), so Tor®(M, X) is functorial
in X. Also, a short exact sequence 0 — X' — X — X" — 0 of left R-modules
induces a short exact sequence

0 PRpX - P X >PerX"—=0
of complexes of Z-modules, and hence a long exact sequence on homology
oo — Torf (M, X") — Torf (M, X') — Torf (M, X) — Torf(M, X") —

S MpX' - M@rprX - M@r X" —0.
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(3) If @ — X is a flat resolution of X, then analogous to the theorem in section
4.3 showing that Ext is a derived functor of its second argument, we get

Torf (M, X) = H,(M ®5 Q).
In particular, taking () to be a projective resolution of X, this shows that

TorR (M, X) = (Ln(M @ —))(X).

(4) Comparing (3) with the definition of Tor, it follows that Tor is symmetrical with
respect to the two arguments. We can state this formally as a natural isomorphism

Torf(M, X) = Tor®™" (X, M)

where X is a left R-module, or equivalently a right R°’-module and M is a right
R-module, or equivalently a left R°P-module.

(5) It follows from (3) and (4) that
Tor (M, X) = H,(P ®r X)

where P is any flat resolution of M.
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