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Abstract

Let @ be a quiver and let « be a positive real root of the associated root system. A theorem of
Kac states that there exits a unique indecomposable representation (up to isomorphism) of @) of

dimension vector «, called a real root representation.

We study real root representations and focus on the following question.
How can one “construct” real root representations and what are their “properties”?

We introduce the notion of maximal rank type for representations of quivers, which requires certain
collections of maps involved in the representation to be of maximal rank, and we show that real

root representations have the maximal rank type property.

Using the maximal rank type property and the universal extension functors introduced by Ringel

we construct all real root representations of the quiver

with f,g,h > 1. This shows in particular that real root representations of Q(f,g,h) are tree
representations. Moreover, formulae given by Ringel can be applied to compute the dimension of

the endomorphism ring of a given real root representation.

We ask whether this construction process involving universal extension functors generalises to
all quivers and discuss examples of representations which cannot be constructed using universal

extension functors.



v

Contents

Quotation . . . . . ... e e
Acknowledgements . . . . . .. L.
Abstract . . . . . L.

Contents . . . . . .. e e e e e
1 Introduction and outline of thesis

2 Background
2.1  Quivers, path algebrasandroots . . . . . . ... ... ..o,
2.2 Representations of quivers and Kac’s Theorem . . . ... ... ... .. ....
2.2.1  Treerepresentations . . . . . . . . v i e e e e e e e
2.3 Deformed preprojective algebras and reflection functors . . . . . . .. ... ...
2.3.1 Reflection functors for representations of IT*(Q) . . . .. ........

2.3.2  Real root representations of () via representations of ITN(Q) . . . . . . .

3 Universal extension functors
3.1 Construction and properties of universal extension functors . . . . . . . ... ..

3.2 Real root representations of Q”(g, h) and a generalisation . . . . . .. .. .. ..

ii

iii

v

12

12

14

20

22

23

24

27



CONTENTS v
4 Representations of maximal rank type and applications 41
4.1 Representations of maximalranktype . . . . . ... ... ... ... .. ... . 41
4.2 Real root representations are of maximal rank type . . . . .. ... ... .. .. 43

4.3 Relation to homomorphism and extension spaces . . . . . . ... ... ..... 47
4.4 Application: representations of the quiver Q(f,g,h) . . . . .. ... ... ... 52
44.1 The Weyl groupof Q@ = Q(f,g,h) . . ... ... ... .. ... ... 54

442 Application of the maximal rank type property . . . ... .. ... ... 55

4.4.3 Construction of real root representations for @ = Q(f,g,h) . . . . . .. 58

4.4.4 Further observations and comments . . . . . . . ... ... ....... 61

5 Two examples answering Question ({1) negatively 63
5.1 Exampleone . . . .. .. . ... e 65

5.2 ExampletWwo . . . . . . .. e 73

6 Conclusion 79
Appendix 81
A More quivers 82
Al Thequiver Q1 . . . . . . . o o e e e e 84
A2 Thequiver Qo . . . . . . . o o i i 85
A.3 Thesix-subspace quiver. . . . . . . . .. Lo 88
Ad Thequiver Q4 . . . . o o o i i e e e e 94



CONTENTS vi

B Research papers 98

B.1 M. Wiedemann, Representations of maximal rank type and an application to
representations of a quiver with three vertices, Bull. London Math. Soc. 40

(2008), 479-492 . . . . L e 98

B.2 M. Wiedemann, A remark on the constructibility of real root representations using

universal extension functors, Preprint, arXiv:0802.2803 [math.RT] . . . . . . .. 100

Bibliography 102



Chapter 1

Introduction and outline of thesis

Algebras are objects of fundamental importance in mathematics as well as in physics. A
particularly nice example of an algebra is given by the path algebra of a quiver which is simply a

directed graph. Here is an example of a quiver

Over the last few decades quivers have played an important role in many areas of mathematics,
including representation theory of finite dimensional algebras, the theory of Hall algebras and

quantum groups, to name but a few.

One is particularly interested in representations of an algebra; that is, the ways in which a given
algebra operates on a vector space. One of the reasons why quivers are very fruitful objects in
mathematics is because many mathematical problems, especially many problems in linear algebra,

can be reformulated in terms of representations of quivers.

In Chapter 2 we discuss quivers, representations of quivers and related results.
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One of the first milestones in the the representation theory of quivers was the work by Gabriel [11]
which classified quivers of finite representation type; that is, quivers with only finitely many non-
isomorphic indecomposable representations. Gabriel showed that a connected quiver is of finite
representation type if and only if the underlying graph is included in the following list, where the

subscript n denotes the number of vertices.

Ay, n>0: . . . .
.
D,,n>4 ° ° o/
hS
.
Es o . . o .
.
E;: o . . . . .
.
Esg : o . . o . . o

The above diagrams are called Dynkin diagrams; they appear in many different areas of
mathematics, for instance the classification of finite dimensional simple Lie algebras. In [3]
Bernstein, Gelfand and Ponomarev constructed the indecomposable representations of finite
representation type quivers using certain reflection functors. The reflection functors of Bernstein,
Gelfand and Ponomarev were one of the first tools invented to study representations of quivers.

Gabriel showed that the indecomposable representations are in bijection with the positive roots
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of the corresponding finite dimensional simple Lie algebra. This bijection is provided by a

combinatorial gadget, namely root systems which are relevant to quivers as well as Lie algebras.

In the early 1980’s Kac [13] generalised Gabriel’s work to all quivers, showing that for an arbitrary
quiver the indecomposable representations correspond to the positive roots of the associated root
system. To a quiver one can also associate a Lie algebra, namely the Kac-Moody algebra. In this
way one obtains a bijection between the indecomposable representations and the positive roots of
the Kac-Moody algebra, which generalises Gabriels results. The root system of a quiver consists
of two types of roots: real roots (which can be obtained by reflections from simple roots) and
imaginary roots (which can be obtained by reflections from roots in the fundamental region). Kac
showed that for each positive real root there exists a unique indecomposable representation of
the corresponding dimension vector and for each positive imaginary root there exists a family
(depending on the size of the ground field) of non-isomorphic indecomposable representations
of the corresponding dimension vector. We call the unique indecomposable representation

corresponding to a positive real root «v a real root representation and denote it by X,,.

Representations of quivers can be decomposed into indecomposable representations by the Krull-
Remak-Schmidt Theorem. Hence, in order to understand the representation theory of a given
quiver, one only needs to understand the indecomposable representations. In this thesis we focus
on certain indecomposable representations for quivers: the real root representations. We will be

concerned with the following question.

Question (}). How can one “construct” real root representations and what are their

“properties” ?

The above question is, of course, formulated rather vaguely but does nevertheless address the
central problem of this thesis. However, the terms “construct” and “properties” need to be

discussed further. What do we mean by “construct”?

So far it is not known how to construct real root representations representations in general. We

explain below certain special situations in which construction processes are known.



Chapter 1. Introduction and outline of thesis 4

We mentioned earlier that Bernstein, Gelfand and Ponomarev constructed the indecomposable
representations of finite representation type quivers (which are all real root representations) using
certain reflection functors. Hence, there are tools which give an answer to Question () for finite

representation type quivers.

Over an algebraically closed field of characteristic zero, Crawley-Boevey [7] gave a method
to construct real root representations of a given arbitrary quiver using deformed preprojective
algebras, discussed in Section 2.3. He showed that real root representations arise as simple
representations of deformed preprojective algebras and gave functors to construct these simple
representations. This answers part one of Question () over algebraically closed fields of
characteristic zero. We note that characteristic zero is essential for this construction. Moreover,

constructing real root representations in this way does not give many insights into their properties.

A different approach to the problem of constructing real root representations was given by Ringel

[18] for the following class of quivers

with g, h > 1. Ringel showed that all real root representations of this class of quivers can be
constructed using universal extension functors, introduced in [18]. A detailed exposition of these
functors is given in Chapter 3; here we just give a brief description. Let () be a quiver and let
k be a field. Let S be a real Schur representation of (), that is a real root representation with
trivial endomorphism ring, then by [18, Section 1, Proposition 2] there exists an equivalence og
(called universal extension functor) defined on certain full subcategories of the category of finite

dimensional representations of (), namely
os i MG MG/,

where Dﬁjg denotes the finite dimensional representations X of ) with no homomorphisms

between X and S in either way, and zmg denotes the finite dimensional representations X of
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(@ with no extensions between X and S in either way and moreover, such that no direct summand
of X is generated or cogenerated by S. Moreover, smg /S denotes the quotient category of E)ﬁg
modulo the maps factoring through direct sums of copies of S. On a given representation X in
i)ﬁ:g the functor og operates as follows: it extends X by copies of .S at the top and at the bottom

until no non-trivial further extension is possible. Moreover, we have for X € Dﬁig

dimog(X) = dimX — (dim X,dimS)-dim S, and

dimEndggog(X) = dimEndgg X + (dim X, dim S) - (dim S, dim X),

where dim M denotes the dimension vector of a given representation M (defined in Section
2.2), (—, —) denotes the Ringel form and (—, —) its symmetrisation (defined in Section 2.1), and

Endyg M denotes the endomorphism ring of a given representation M (defined in Section 2.2).

The description of the functor og already shows one of the main difficulties when applying it; if
we want to apply og to a given representation X we have to make sure that the representation X

is in the subcategory E)ﬁ:g, that is we have no homomorphisms between X and S in either way.

In [18, Section 2] Ringel constructed real root representations of Q" = Q" (g, h) as follows. Let «
be a positive real root for Q”. Write = s;,-...-s;, (€;) with iy, j € {2, 3} and n minimal, where
s; denotes the simple reflection at vertex ¢ € {2, 3} (defined in Section 2.1) and e; (j € {2,3})

denotes the simple root at vertex j (defined in Section 2.1). Then we have

XO[ = US(in) et 05(11)(8(3))7

where S(7) (i = 2,3) denotes the simple representation at vertex 7 (defined in Section 2.2). This

result and a generalisation are discussed Section 3.2.

The above construction of the real root representation X, does not just give a way to obtain
the representation X, but also gives insights into the properties of X, based on the following
fact. Namely, the functor og allows one to keep track of certain properties of representations.
For instance, when the functor og is applied to an indecomposable tree representation (for

definition see Section 2.2.1) the resulting representation will also be a tree representation by
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Theorem 3.1.8. Or, if we apply the functor og to a representation of known endomorphism
ring dimension, we can easily compute the dimension of the endomorphism ring of the
resulting representation by Formula 3.1. This leads us to the second part of Question (f):
‘... what are their “properties” ?’. What would we like to know about real root representations?
Here are just two questions we might ask. What is the structure of the endomorphism ring, or

simpler, what is the dimension of the endomorphism ring of a given real root representation? Is a

given real root representation a tree representation?

A partial answer to the second question follows from a result of Ringel [19, Theorem].
Ringel showed that exceptional representations are tree representations, and hence real Schur
representations are tree representations. However, in general it is still open whether real root

representations are tree representations.

These questions can now be answered for an arbitrary real root representation of the quiver
Q" (g, h), since the simple representation S(j) is trivially a tree representation (and this property
is preserved by the functors og;,)) and has one-dimensional endomorphism ring (and hence we

can compute the dimension of the endomorphism ring after applying the functors og;, )).

The heart of this thesis is the following observation which suggests a generalisation of the
above construction process for real root representations of the quiver Q" (g, h) to other classes of
quivers. Numerical experiments with real root representations, using Crawley-Boevey’s method
to construct real root representations over algebraically closed fields of characteristic zero, show
that for certain classes of quivers we have the following behavior. Let a be a positive non-Schur
real root (a real Schur root is a positive real root such that X, is a real Schur representation), then

there exists a real Schur root 3 and a positive real root -y such that

Xy €My, and ox,(X,) = Xo.
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Moreover, it follows from the theory of universal extension functors (described in Chapter 3) that

is this case we have

a=—(6,7) -8+, with (8,7) <0, andhence ~ < a, and

dimEndrg Xo = dimEndrg X, + (6,7) - (6,7).

An indication of the numerical data supporting this claim and a description of the algorithms used

to obtain this data is given in Appendix A.

Now, if ~ is not a real Schur root, we can continue this process with ~ in place of «, and reduce
further in the way described above. We can do this until we arrive at a real Schur representation;
in this way we obtain for a given positive real root v a sequence [y, ..., 31 (n > 2) of real Schur

roots such that
Xa=0x,, *. . 0Oxg (Xs,),

and hence we can answer the questions about X, we are interested in (namely the question of
the dimension of its endomorphism ring, and whether it is a tree representation) once we have
answered these questions for the real Schur representation X g, . But for real Schur representations
the answers to these questions are known: the dimension of the endomorphism ring is one and real

Schur representations are tree representations by Ringel’s result [19, Theorem].

In this way we have not only found a way to construct the representation X, over an arbitrary
field but also gained an insight into certain properties of it. Concrete examples of this construction

process can be found in Appendix A.

In this thesis we approach Question (f) by focusing on the question whether the construction

process described above works for arbitrary quivers. We ask the following question.

Question (11). Let Q) be a quiver and let k be a field. Let o be a positive non-Schur real root.

Does there exist a sequence [y, ..., [31 (n > 2) of real Schur roots such that

Xo=0x5 - X, (Xp,)?
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Note, for a real Schur root § we can take the trivial sequence (3, and hence we are basically
asking the question of whether all real root representations can be constructed from real Schur
representations using universal extension functors; the real Schur representations are considered
the “bricks” of this construction process. Our motivation for the above question is based on
numerical experiments with real root representations, as indicated in Appendix A. It was, however,
brought to our attention that a positive answer to Question (1) had also been conjectured by

Ringel.

In order to investigate this question further we have to develop tools to decide whether the functor
og can be applied to a given representation, that is we have to be able to determine whether a
given representation is in the subcategory imjg. In Chapter 4 we discuss the maximal rank type
property, as introduced in [26]; this property can help to decide this question. The maximal rank
type property requires certain collections of maps involved in the representation to be of maximal
rank. The collections of maps considered are the following: for a given vertex and a collection
of incoming vertices we can form the sum of these maps and equally for a collection of outgoing

vertices. A representation is said to be of maximal rank type if all these maps have maximal rank.

The maximal rank type property of real root representations is one of the authors main results.

Theorem ([26, Theorem A]). Let Q) be a quiver and let a be a positive real root for Q). The unique

indecomposable representation of dimension vector o is of maximal rank type.

In Section 4.3 we discuss implications of the maximal rank type property of real root
representations. One implication is that the dimension of homomorphism spaces and extension
spaces between real root representations and simple representations are determined by the Ringel
form, and hence are completely combinatorial. In particular, this gives a way to decide whether a
real root representation is in the subcategory 9)?:2, for .S a simple representation associated to a

vertex of a given quiver Q).

In Section 4.4 we use the maximal rank type property to construct real root representations of the

quiver
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p1

A1 ﬂq\

Q(f,g.h): 1 _: 2 3,

Vh
with f,g,h > 1.

The quiver (1, 1, 1) was considered by Jensen and Su in [12], where all real root representations
were constructed explicitly. Moreover, it was shown that all real root representations are tree
representations, and formulae to compute the dimensions of the endomorphism rings were given.
In [20] Ringel extended their results to the quiver Q(1, g, k) (g, h > 1) using universal extension

functors.

The main result of Section 4.4 is the following.

Theorem ([26, Theorem B]). Let a be a positive real root for the quiver Q(f, g, h). The unique
indecomposable representation of dimension vector o can be constructed by using universal

extension functors starting from simple representations and real Schur representations of the

quiver Q'(f) (f > 1), where Q' (f) denotes the following subquiver of Q(f, g, h)

A1
Q)1 3 2.
Af
The sequence of real Schur roots (3, ..., 31 can be obtained in a purely combinatorial way: one

only needs to write the real root « in a certain admissible form (described in Section 4.4). We

consider an example. Let « be the following real root for Q( f, g, h) with f > 2.
= $1 82 81 83 S2 1 S2 1 S2 3 S1 S2 (€3).

The real root « is already written in admissible form. The real Schur roots 3,,...,31 can
be obtained as follows. Each occurrence of s3 gives the real Schur root es. The symmetric
expressions not involving s3 give a real Schur root of the subquiver Q’(f). It can be obtained by

taking the left half of the expression and replacing the reflection in the middle by the corresponding



Chapter 1. Introduction and outline of thesis 10

simple root. The real Schur root corresponding to the rightmost non-symmetric expression not
involving ss, here s sg, is the one corresponding to the symmetrisation of it. This process gives

the following real Schur roots for the above example

a = 51 82 81

»
w

52 81 52 81 52

P NN NN W )
< T
D < &
VA
— »
—
»
no
—~
D
w
~

V2l
_
—
D
no
SN—
D
w
2]
[\V)
V)
—~~
D
Do
S~—
D
w
V)
—_

and hence
B6 = si(e2), Bs = e3, Ba = sz s1(e2), B3 = e3, B2 = s1(e2), B1 = es.

The real root representation X, of dimension vector « can be constructed as follows

Xa = 0x,, 0x5. 0X,, OXp, OXp, (Xg,)-

The class Q(f,g,h), (f,g,h > 1) of quivers provides another example for which Question (}7)
can be answered positively. Moreover, it provides further motivation to study Question (ff) in

general.

In Chapter 5 we discuss Question (1) in full generality and show that the answer is negative in
general. The main result of Chapter 5 is the following example of a real root representation which

cannot be constructed in this way.

Consider the quiver

Q1a2@4,
d

and the real root representation X, with dimension vector o = (1,8, 6,4). Our main result is the

following.
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Theorem. The real root representation X, is not Schur and there does not exist a sequence of

real Schur roots 0y, . . ., 1 such that
Xa = UXBn .. .O—XBQ(Xﬁﬁ)'

Moreover, we discuss further questions arising from this representation.

The main results of this thesis form the content of the paper [26] and the preprint [25], which is

available on the Mathematics ArXiv website. Both research articles are included in Appendix B.
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Chapter 2

Background

In this chapter we discuss background material and related results. We start with an overview of
quivers and representations of quivers. A more detailed exposition of these topics can be found
in [1, Chapter II], [2, Chapter III] and [5, 6]. The references given usually refer to the article in

which the result first appeared. For standard results we just give a textbook reference.

In the last section of this chapter we discuss Crawley-Boevey’s method to construct real root

representations in characteristic zero.

2.1 Quivers, path algebras and roots

Definition 2.1.1. A quiver Q = (Qo, @1, h, t) is a finite directed graph with vertex set Qy, arrow
set Q1 and two maps h,t : Q1 — Qo which assign to each arrow a € Q) its head h(a) € Qo and

its tail ¢(a) € Q. In particular, we write a : t(a) — h(a) for a € Q1.

A quiver Q@ = (Qo,Q1,h,t) is usually just denoted by Q). The opposite quiver Q°° =

(Qo, Q1,h% = t,t°? = h) of a quiver () is obtained by reversing all arrows. A subquiver of

a quiver Q = (Qo, Q1, h, ) is a quiver Q' = (@), Q}, W', ') with Q) C Q0. Q) C Q1. I = hlg,
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and t' = t|q; . A subquiver Q' of Q) is called full if

Q1 ={a € Q1 :h(a) € Qp,t(a) € Qp}-

A loop is an arrow a € @1 with h(a) = t(a). A path p of Q) is a sequence p = aq ...a, of
arrows a; € @q such that t(a;) = h(a;41) fori = 1,...,n — 1. We define h(p) = h(a;1) and

t(p) = t(an). Moreover, for each vertex i € ()9 we have a trivial path ¢; with h(e;) = t(e;) = i.

The path algebra kQ of a quiver @ = (Qo, @1, h,t) is defined as follows. It has as k-basis all
the paths (including the trivial paths) of (). The multiplication of two paths p; and ps is given by
the concatenation p; ps if h(p2) = t(p1) and zero otherwise. This defines an associative k-algebra

with Zier €; being the identity element.

The Ringel form on Z< is the bilinear form defined by
(@, 8) =Y alilpli] = ) alt(@)]B[h(a)], B ZP.
1€Q0 a€Q1

Let (o, B) := («, B) + (3, «) be its symmetrisation.

The Ringel form is represented in the natural basis of Z?° by the Euler matrix E = (bij)ijeos
defined by
bi]’ = 6i,j — card {CL €Q: t(a) =1, h(a) = ]},

where d; ; is the Kronecker delta symbol.

The root lattice of a quiver Q is given by Z?° together with the quadratic form g(a) = 3(a, ).
We write e; € Z% for the coordinate vector at vertex i and by ali], i € Qp, we denote the i-
th coordinate of a € Z“°. The support of a € Z<0 is the full subquiver of Q with vertex set

{i € Qo : afi] # 0}. Anelement o € Z%° is said to be sincere if afi] > 0 for all i € Q.

Let i € Qg be a loop-free vertex of Q; then there is a simple reflection s; : Z?°0 — 790 defined

by

si(a) == a — («, €)e;.
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The Weyl group, denoted by W, is the subgroup of GL(Z%?) generated by the s;.

A simple root is a vector e; for ¢ € (Jg. We denote by II the set of simple roots e; with ¢ loop-free.
By AL(Q) := {a € W(I) : a € Z9 o > 0} we denote the set of (positive) real roots for Q.

For a positive real root a we define the following reflection s, : ZQ0 — 70
sa(B) =B —(8,0) - a.
The fundamental region is defined as follows
M := {o € N¥ : o # 0, o has connected support and (e, e;) < 0 for all i € Qq}.

By A;{n(Q) = Upew w(M) we denote the set of (positive) imaginary roots for Q.

Moreover, we define by A*(Q) = AL(Q) U Al (Q) the set of positive roots. We have the

following fundamental lemma.
Lemma 2.1.2 ([13, Lemma 2.1]). Let Q be a quiver without loops. For o € A1 (Q) one has

(i) o € AL(Q) ifand only if (o, o) = 1,

(i) a € Al (Q) ifand only if (o, o) < 0.

2.2 Representations of quivers and Kac’s Theorem

In this section we fix a quiver () and a field k.

Definition 2.2.1. A k-linear representation or, simply, a representation X = (X;, Xq)icQo,acQ:

of () is defined by the following data:

(i) a finite dimensional k-vector space X; for each ¢ € (Jg and

(i) a k-linear map X, : X;(q) — Xj(q) foreacha € Q.



Chapter 2. Background 15

Let i, € Qo and let n;; be the number of arrows from i to j. The above definition of a

representation X of ) is equivalent to the following definition.
Definition 2.2.2. A k-linear representation or, simply, a representation X = (X;, X ;)i jeq, of

@ is defined by the following data:

(1)’ a finite dimensional k-vector space X; for each ¢ € Qg and
(ii)" a k-linear map X; ; : X; ®j k"9 — X forall i, j € Qo.
Here the maps for the individual arrows from ¢ to j are encoded in the vector space k™#i. One

can pass from the second definition to first by choosing a basis of k™. Moreover, we have the

following natural vector-space isomorphisms
Homy (X; ® k"7, X;) = Homy,(X;, Homy ("7, X)) = Homy (X;, X; ® E™9).
In this way, given amap X; j : X; ® k" — X one obtains amap X, ; : X; — X; @ k",
We shall usually work with Definition 2.2.1; only in Chapter 4 we work with Definition 2.2.2.
Example 2.2.3 (Simple representation). We denote by S(i) the representation
S(i); = ‘ Vi€eQo, S(i)e=0 VaeQ.
0, @77,
Example 2.2.4 (Dual representation). Let X be a representation of (). We denote by X* the

representation of (Q°P, defined as follows:

(X7)i=(Xy)" VieQo, (X)o=(Xq)" VaeQ:.

The dimension vector dim X of a representation X is defined by
dim X = (dim X;)icq, € Z?.
Let X = (X;, Xa)icQoacq, and Y = (Y5,Y5)icqyacq, be two representations of Q. A

homomorphism 1 : X — Y is defined by a family ¢ = (1;)ie, of k-linear maps ¢; : X; —

Y; (i € Qo) such that for each arrow a € @)1 the square
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Xy(a) —2> Xn(a)

wt(a)l lwh(a)

Yi(a) —~ Yh(a)

commutes.

The direct sum X @Y of two representations X and Y is defined by

(XeY), = X;8Y;, Viey,
X, O

(X@Y)a = , VaeQ@.
0 Y,

A representation Z is called decomposable if Z is isomorphic to X & Y for non-zero

representations X and Y.
We denote by rep;, @) the category of finite dimensional representations of Q).

There is an equivalence between the category rep; () and the category of finite dimensional left
kQ-modules, given by the following construction. A representation X = (X, X,)icQo,acQ:
defines a kQ-module M as follows: M := @;cq,X; with €; acting as the projection onto X; and
with an arrow @ : i — j acting as the following composition M —— X Xa, X; ek A7, This
defines a finite dimension left £(Q)-module. On the other hand, a finite dimensional k£Q-module M

defines a representation of @) as follows: X; := ¢; - M for each i € (Jp and X, : €t(a) * M —

€n(a) - M, m — a-m for each a € Q1. This construction is functorial.

Theorem 2.2.5 ([2, Chapter III, Theorem 1.5]). The category of finite dimensional left kQ-

modules is equivalent to the category repy, Q.

In particular it follows that rep;, () is an abelian k-category.

One may also want to consider representations of quivers with relations. Namely, let I C kQ be
an ideal with generators u; € kQ (i = 1,...,n) such that u; € €, kQe;, for ki, l; € Qo. Let

X = (Xi, Xa)icQo,acq, be representation of Q). A path p = a; ...a, in ) defines a linear map
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Xp = Xgy 0...0Xq, + Xyp) — Xp(p)- In this way every generator u; € I defines a linear
map X, : Xj, — Xj,. We denote by rep,(Q, I) the full subcategory of rep, @ consisting of

representations X = (X, X4)icQy,ac@, of @ such that X,,, =0foralli=1,...,n.

In the same way as above, the category of finite dimensional left k() /I-modules can be identified

with the category rep,(Q, I)

Theorem 2.2.6 ([2, Chapter III, Proposition 1.7]). The category of finite dimensional left kQ/I-
modules is equivalent to the category rep(Q, I).

We only consider quivers with relations in Section 2.3, where we discuss deformed preprojective
algebras. Our main focus is on the category rep;, Q.

One of the key properties of the category rep,, @ is the Krull-Remak-Schmidt property.

Theorem 2.2.7 ([16, Part two, Chapter X, Section 7, Theorem 7.5]). Let X be a representation of

Q. Then
n
X=px,
=1
with X; indecomposable for i = 1,...,n. This decomposition is unique up to isomorphism and

reordering of the summands.

We will not discuss homological properties of the category rep;, (); we refer the reader to [,
Section VII.1] and [2, Chapter III] for a discussion of relevant homological properties of rep;, Q.
An overview of basic notions of homological algebra can be found in [1, Appendix A.4]. We only
mention that the category rep;, @ is hereditary, which implies that ExtiQ(X ,Y') = 0 for any two
representations X and Y of @), see [2, Chapter III, Proposition 1.4 and following comments] or

use the standard resolution [5, §1, The standard resolution].

The construction of the extension space ExtiQ (X,Y) of two representations X and Y of a quiver
@, as discussed in [19, Section 2] and [17, Section 2.1], can be done in the following elementary

way.
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Let X and Y be representations of () and let

C(X,Y) = @B Homu(X;,Yi),
1€Qo

CHX,)Y) = @Homk(Xt(a),Yh(a))-
a€Q1

We define the map

Sxy : C°X,Y) — CYX,Y)

((251)1 — ((ija_Ya(ﬁi)a:iﬁj-

The importance of dxy is given by the following lemma.

Lemma 2.2.8 ([17, Section 2.1, Lemma]). We have ker § xy = Homyq(X,Y') and coker xy =
Extjo (X, Y).

It follows from the above lemma that for two representations X and Y we have the following

useful formula

dim Homy,o (X, Y) — dim Ext,(X,Y) = (dim X, dim Y.

The heredity of the category rep, () implies the following two facts.
Let 0 — X — Y — Z — 0 be a short exact sequence of representations

of @, for a representation M of () we have the following long exact sequences

00— Hoka(M,X) E—— Hoka(M,Y) —_— Hoka(M, Z) j

C,) Extjo (M, X) — BExtjo(M,Y) — Ext; (M, Z) — 0,

)—— Hoka(Z, M) E—— Hoka(Y, M) —_— Hoka(X, M) j

EXt}CQ(Y; M) —— Ext,ng(X, M)——o.
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When studying representations of () our main interest lies in indecomposable representations,
as suggested by Theorem 2.2.7. As already mentioned in the introduction, the indecomposable
representations of () correspond to the positive roots AT (Q), see [13, 14, 15]. We have the

following remarkable theorem, generally known as Kac’s Theorem.

Theorem 2.2.9 (Kac [13, Theorem 1 and 2], Schofield [22, Theorem 9]). Let k be a field, let Q

be a quiver without loops and let o € IN?0,

(i) For a ¢ AT (Q) all representations of Q of dimension vector « are decomposable.

(ii) For a« € A} (Q) there exists one and only one (up to isomorphism) indecomposable

representation of dimension vector .

For finite fields and algebraically closed fields the theorem is due to Kac [13, Theorem 1 and 2].
As pointed out in the introduction of [22], Kac’s method of proof showed that the above theorem
holds for fields of characteristic p. The proof for fields of characteristic zero is due to Schofield

([22], Theorem 9).

Remark 2.2.10. In Section 2.3 we discuss an alternative proof of part (ii) of this result over an

algebraically closed field of characteristic zero, given by Crawley-Boevey.

We are now able to precisely define the objects discussed in the introduction: real root
representations. The work presented in the later chapters focuses on these objects, motivated

by Question (1) and Question (7).

Definition 2.2.11 (Real root representation). Let () be a quiver and let « be a positive real root.
The unique indecomposable representation (up to isomorphism) of dimension vector « is called a

real root representation and denoted by X,,.

We finish this section with some further definitions. A Schur representation is a representation X
with Endyg(X) = k. By a real Schur representation we mean a real root representation which

is also a Schur representation. A positive real root « is called a real Schur root if X, is a real
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Schur representation. Note that Ext,lcQ(Xa7 Xa) = 0 for v a real Schur root. An indecomposable

representation X is called exceptional provided Exth (X,X)=0.

By X =Y for two given representations X and Y we mean that X and Y are isomorphic.

2.2.1 Tree representations

In the introduction the question of properties of real root representations was raised. One of the
questions was whether real root representations are tree representations? We use this section to
discuss this notion and relevant results. Our elaborations are mainly based on the article [19] by

Ringel.

Let @ = (Qo,Q1,h,t) be a quiver and let k£ be a field. Moreover, let X € rep, @ be a
representation of ) with dim X = d. We denote by B; a fixed basis of the vector space
X; (i € Qo) and set B = U;c,B;. The set B is called a basis of X. We fix a basis B of X. For a
given arrow a : i — j we can write X, as a d[j] x d[i]-matrix X, s with rows indexed by B ; and
with columns indexed by 9B;. We denote by X, 3(x, z") the corresponding matrix entry, where
z € B;,2' € Bj; the entries X, p3(x, 2’) are defined by X,(x) = D wem, Xo(x,2') 2’ The
coefficient quiver I'( X, B) of X with respect to B is defined as follows: the vertex set of I'( X, B)
is the set 9B of basis elements of X; there is an arrow (a, , 2) between two basis elements x € B;

and ' € B; provided X, (x,z") # 0fora : i — j.

Let B and 2B’ be two bases of X. 9B and 9B’ are said to proportional if for every b € 9B there
exists a non-zero \(b) € k such that A\(b) - b € B'. In this case the coefficient quivers I'( X, B)

and T'(X, B’) may be identified.

Definition 2.2.12 (Tree module, see [19]). We call an indecomposable representation X of () a
tree representation provided there exists a basis B of X such that the coefficient quiver I'( X, B)

is a tree.

Example 2.2.13. Consider the quiver A3 and the following representation X together with the

corresponding coefficient quiver I'( X, B), where B is given by the canonical basis of k? and k.
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[11]
2 / : I'(X,B): /
[ON \

k °

Note, the coefficient quiver I'( X, ®8) is connected. For the following matrix presentation of X the

coefficient quiver is not connected.

We see that the coefficient quiver I'( X, 8) may be connected even if X is decomposable.

The coefficient quiver I'( X, B) has the following properties.

Lemma 2.2.14 ([19, Section 2, Property 1]). If X is indecomposable and B is a basis of X then
['(X,B) is connected. If X is decomposable then there exists a basis B of X such that T'(X,B)

is not connected.

Lemma 2.2.15 ([19, Section 2, Property 2]). Let B be a basis of X such that T'(X,B) is a
tree. Then there is a basis B' of X which is proportional to B such that all non-zero coefficients

X (z,2") are equal to 1.

The following remarkable theorem is due to Ringel.
Theorem 2.2.16 ([19, Theorem]). Let k be a field and let () be a quiver. Any exceptional

representation of Q) over k is a tree representation.

In particular, real Schur representations are tree representations. The importance of this fact

was already mentioned in the introduction. Since the property of being a tree representation
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is preserved under universal extension functors (see Chapter 3), we see that if a real root
representation can be constructed from a real Schur representation using universal functors, this

property will be preserved.

2.3 Deformed preprojective algebras and reflection functors

We mentioned in the introduction that Crawley-Boevey constructed real root representations for
an arbitrary quiver over algebraically closed fields of characteristic zero. In this section we give a
detailed description of Crawley-Boevey’s results. We use the results of this section in Chapter 5

and in Appendix A.

We start by describing deformed preprojective algebras, a generalization of preprojective algebras,
and discuss reflection functors for these algebras. In the second part we relate real root
representations to simple representations of deformed preprojective algebras, which can be

constructed using the reflection functors.

Let Q = (Qo,Q1,h,t) be a quiver and let k be a field. The double quiver Q is obtained by
adjoining a reverse arrow a* : j — i for each arrow a : i — j in Q. For A\ € k%0 the deformed

preprojective algebra H)‘(Q), introduced by Crawley-Boevey and Holland in [8], is the algebra

defined by
Q) = kQ/ | D la,a’]= > Alile
ac@1 1€Qo
where [a,a*] = aa* — a*a. If @)’ is obtained from @) by reversing the arrow a, then there is an

isomorphism IT*(Q) — I1*(Q’) which sends a to a* and a* to —a. Hence, it is clear that TT(Q)
does not depend on the orientation of Q. A representation X of II*(Q) is given by a representation
X of ), say, with vector space X; at vertex i € (g and linear map X, : Xt(a) = Xh(a) for each
arrow a € (Q, which satisfies

> KXo — Y XawXa = Mi]idy,,

acqQ acQ
h(a)=1 t(a)=t
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for each vertex i € Q.

2.3.1 Reflection functors for representations of I1*(Q))

Let ¢ € Qg be a loop-free vertex. The dual reflection r; : Q0 — kQo to s, is defined by
ri(A)] = Alj] — (i, €5)Ali],

and it satisfies 7;(\) - o = X - 5;(a) for all @ € Z90 and all A € k0. Let A € k90, We recall a

theorem from [8].

Theorem 2.3.1 ([8, Theorem 5.1]). If i € Qo is a loop-free vertex, \[i] # 0, then there is an

equivalence
E; : TIN(Q)-modules — "™ (Q)-modules

which acts as the simple reflection s; on dimension vectors.

We use the rest of this section to recall the construction of this functor. Let X be a representation
of TTN(Q) and let i be a loop-free vertex of Q with \[i] # 0. We define (i) = {a € Q : t(a) =i}
and Xg = @QGT(i) Xh(a)- For a € T(i) we define the following canonical projection and
inclusion maps

To @ Xg — Xh(zz)v

pa © Xnpa) — Xo-

Moreover, we define it : X; — Xg and 7 : Xg — X; by

poo= Z PaXas

a€T(3)
1
-y 5 o
a€T(3)
where € is defined as follows: €e(a) = 1 for @ € @i, and €(a) = -1 for

a € Q1 — Qq; in addition to this we are using the following convention: for a € @1 we define



Chapter 2. Background 24

(a*)* := a. The relations for IT*(Q) ensure that Ty = 1y, and hence pr is an idempotent

endomorphism of Xg.
We define a representation X’ of II":(V)(Q) as follows:
X, = Xj, forj#i,
X! = kerm =im (1 — um),
together with the following maps: X/, = X, for a € Q1 with t(a) # i # h(a), and
X = @i~ g < Xiggy = XL, it h(a) =1,
Xo = Talxr: X — Xpn, ift(a) =i

Lemma 2.3.2. X' is a representation of 1"V (Q).

Proof. See proof of [8, Theorem 5.1].

O]

The reflection functor E; : IIN(Q) — II"*N)(Q) sends a representation X to F;(X) := X’ and

operates on homomorphisms in the natural way.

2.3.2 Real root representations of () via representations of I1*(Q))

In this section we discuss two of Crawley-Boevey’s results from [7] which relate real root
representations of () to simple representations of II*(Q). This gives an algorithm to construct

real root representations over algebraically closed fields of characteristic zero.

The first result we need concerns the question of lifting representations of () to representations of
Q).

Theorem 2.3.3 ([7, Theorem 3.3]). Let k be an algebraically closed field. If X € k%0 then a
representation of Q) lifts to a representation of HA(Q) if and only if the dimension vector (3 of any

direct summand satisfies \ - 3 = 0.
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Remark 2.3.4. No assumption for the field is needed for the “==" direction.

This result and the reflection functors described in Section 2.3.1 can be used to construct real root
representations of () over an algebraically closed field of characteristic zero. We give Crawley-

Boevey’s proof, since it is very instructive.

Proposition 2.3.5 ([7, Proposition A.4]). Let k be an algebraically closed field of characteristic

zero, and let o be a real root for (). Choose a reflection series
a=s;, ...si(e5)

such that a®) = Sip -+ Siy (ej) is not a coordinate vector for 1 < k < n. Let MO e k@0 pe the

vector with \O)[j] = 0 and XV [i] = 1 for alli # j, and define \*) = r;, A\*=1) for 1 < k < n.

Then A%) [ik+1] # O for all k. Moreover, there is a unique indecomposable representation of @Q of
dimension «, and it may be obtained from the simple representation of " (Q) of dimension e;
by applying successively the reflection functors at the vertices iy, and then restricting the resulting

representation of m" (Q) 1o Q.

Proof. Since k has characteristic zero, A(*) - 3 = 0 for any root 3 which is not equal to +e;. Using
the formula 7;()\) - o = X - s;(c), it follows that A(*) . 3 = 0 for any root 3 which is not equal to

+a®). In particular, \() - ¢;,,, # 0 for t > 0. Thus A¥)[i}. 1] # 0 for all k.

Using the equivalence F; in Theorem 2.3.1, we get an equivalence between representations of
™ (Q) of dimension vector e;, of which there is only one, and representations of " (Q)
of dimension «. Thus, up to isomorphism, there is a unique representation X, of " (Q),
of dimension vector . Note that this representation is simple. The restriction of X, t0 Q is
indecomposable, for if it had an indecomposable direct summand of dimension (3, Theorem 2.3.3
would imply A" . 8 = 0 (here were are using the “==" direction). This is impossible since (3 is

a root not equal to +a.

Finally, observe that any indecomposable representation of () of dimension « lifts to a

representation of " (@) of dimension «, because ™) . q = 0. Up to isomorphism there
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is only one representation of " (@) of dimension «, hence it follows that there is only one

indecomposable representation of () of dimension «, up to isomorphism. O
Remark 2.3.6. Characteristic zero is essential for this construction method.

Remark 2.3.7. In Section 2.2 we discussed Theorem 2.2.9, a remarkable Theorem due to Kac
and Schofield. The previous proposition gives an alternative proof of this result over algebraically

closed fields of characteristic zero.
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Chapter 3

Universal extension functors

This chapter is devoted to a detailed discussion of the universal extension functors og which
were introduced by Ringel in [18]. We recall all necessary definitions and results from [18]
which are needed to describe these functors. Moreover, we prove that universal extension functors
preserve indecomposable tree representations. In the last part of this section we discuss Ringel’s

construction of real root representations of the quiver

with g, h > 1 and a generalisation of this result.

In this chapter we assume some familiarity with the concepts of categories and functors. For a
basic account of category theory, functors and related notions we refer the reader to [1, Appendix

A.l and A.2].
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3.1 Construction and properties of universal extension functors

Let @ be a quiver and let £ be a field. We fix a real Schur representation S of (); that is, a

representation S with End,g S = & and Ext,ng(S, S) =0.

For a full subcategory € of rep;, @) we define by €/S the quotient category of € modulo all maps

which factor thourgh direct sums of copies of S.

In analogy to [18, Section 1], we define the following subcategories of rep; Q. Let 9t be the
full subcategory of all modules X with Ext,ng(S, X)) = 0 such that, in addition, X has no direct
summand which can be embedded into some direct sum of copies of S. Similarly, let 9ig be
the full subcategory of all modules X with Ext}cQ(X ,S) = 0 such that, in addition, no direct
summand of X is a quotient of a direct sum of copies of S. Finally, let 0t~ be the full subcategory
of all modules X with Homyg (X, .S) = 0, and let M _g be the full subcategory of all modules X

with Homyq (S, X') = 0. Moreover, we consider
M = M5 NMg, M5 =M NM_g.

For a given module X we define by X~ the intersection of the kernels of all maps X — S.

Moreover, we define X_g = X /X', where X’ is the sum of the images of all maps S — X.

Remark 3.1.1. Let X, Y € rep,Q and let f : X — Y. For z € X we have to have that
f(z) € Y5, and hence f(X %) c Y°. Thus, we obtain the following functor rep, Q —
repy, @, X +— X 5, which operates on homomorphisms by restriction. Moreover, if f : X — Y
factors through a direct sum of copies of S then we have X ~° C ker f and the restriction of f to

X5 is zero.
Dually, we obtain a functor rep;, () — rep; @, X — X_g.

Let X € M. Since X does not split off a copy of S (because EndygS = kand X € m,
and hence no direct summand of X embeds into a sum of copies of S) we have to have that any

f S — X maps into X, and hence the natural map Homyg (S, X ~%) — Homyg(S, X) is
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an isomorphism. Similarly, it follows for X € g that the natural map Homyq(X_g,S5) —

Homyg (X, S) is an isomorphism.
Lemma 3.1.2 ([18, Lemma 1]). For any X € rep;, Q, we have XS ems.
Dual-Lemma 3.1.2. Forany Y € rep; Q, we have Y_g € M _g.

Lemma 3.1.3 ([18, Lemma 2]). Let X € IS and let ¢1, ..., ¢, be a basis of the k-vector space

Homyq (X, S). Then the sequence

T
0—-X°5X (d)li?’“)t GBS—N)
i=1

is exact and the induced sequences E1, ..., E, € Extyg(S, X -5 ) form a basis of the k-vector

space Exth(S, X—9).

Dual-Lemma 3.1.3. Let Y € Mg and let ¢y,...,¢), be a basis of the k-vector space
Homyq(S,Y). Then the sequence
A o @h6l)
OH@S MY 5 Y .9 —0
i=1
is exact and the induced sequences E,... E! € Extrg(Y_g,S) form a basis of the k-vector

space EXtiQ (Y_g,9).

Lemma 3.1.4 ([18, Lemma 3]). Let X € M5 and let E\, ..., E, be a basis of the k-vector
space EthlcQ(S, X). Consider the exact sequence E
S
E:O—>X—>Z—>@S—>O
i=1

given by the elements E; (j = 1,...,s). Then Z € % and Z° = X.

Dual-Lemma 3.14. Let Y € 9M_g and let EY,... E. be a basis of the k-vector space
Ext,ng (Y, S). Consider the exact sequence E’
v
E/:0—>EBS—>U—>Y—>O
=1

given by the elements E; (j=1,...,v). ThenU € MgandU_g =Y.
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Proposition 3.1.5 ([18, Proposition 1]). The functor g : M3 /S — M, X s X5 defines an

equivalence.

It follows from Remark 3.1.1 and Lemma 3.1.2 that ¢ defines indeed a functor between the
respective categories. Moreover, it is clear by Remark 3.1.1 that maps in 9° which factor through
a direct sum of copies of S get sent to the zero map. Hence, in order to obtain an equivalence we
certainly have to factor out all the maps factoring through a direct sum of copies of S. This,
however, is already enough by [18, Proposition 1] and makes the functor ¢ full and faithful,
meaning that it is an isomorphism on homomorphism spaces. The functor is dense, meaning that
for every Y € 9~ there exists a X € 9° such that X~ = Y, by Lemma 3.1.4. Hence, the
functor 9 ¢ is full, faithful and dense. It is a well known fact (e.g. see Theorem [1, Theorem 2.5,
Appendix A.2]) that this implies that the functor is an equivalence. We denote a quasi-inverse of
this equivalence by &g : M~ — M /S; it operates on objects as follows (up to isomorphism).
Let X € 95 and let Z € 9° be the representation constructed in Lemma 3.1.4, then we have
7s(X) = Z. We remark that the construction of the representation Z € 90t depends on the
choice of a basis of the k-vector space ExtllﬁQ(S , X ). Different choices however, give isomorphic
representations by Lemma 3.1.4. Since we are only studying representations up to isomorphisms

this description of a quasi-inverse is sufficient for us.

We have the following dual result.

Dual-Proposition 3.1.5 ([18, Proposition 1*]). The functor ¢ g Ms/S — M_s,Y — Y_g

defines an equivalence.

We denote a quasi-inverse of this equivalence by g : M_g — Mg/S; it operates on objects as
follows. Let Y € 9_g and let U € Mg be the representation constructed in Dual-Lemma 3.1.4,

then we have cg(Y) = U.

Proposition 3.1.6 ([18, Proposition 2]). The functor g : MI/S — M5, X +— (X~ 5)_g

defines an equivalence.
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Idea of proof. The functor g can be constructed as follows. Firstly, we restrict the equivalence

1) g to the following equivalence
g MI/S — Mg X v X5

This can be done by the following arguments. Let X € 9t = 9% N Mg, by Lemma 3.1.3 we

get

05X > XS —0, r=dimHomg(X,S5),
=1

and hence, using long exact sequences (described in Section 2.2) and the fact that

Ext} (S, S) = 0, it follows that
Ext,ng(X, S)=0— Extlng(st, S)=0.
Moreover, we must show that (by the second part of definition M g)

X = X1 @ X9, Xjisaquotient of a direct sum of copies of .S

s X 5= Y1 @& Yy, Yisa quotient of a direct sum of copies of S.
X=X ®XoandP S et X then we have

T
06— X5 =X ax 2 Ps—o,
i=1
with 4y = 0, since X does not split off a copy of S (see Remark 3.1.1). This implies
XS =X @kervy. £ X5 =Y,®Y>and ps Lt Y1 then we get (use long exact sequence)
Ext,lcQ(S, psS) — ExtiQ(S, Y1), and hence Ext,lﬂQ(S, Y1) = 0, since Ext,%/,Q(S, S) = 0. Since
we have
-
0—-X%5X— @S — 0, r=dimHomg(X,S),
i=1

this implies that X =Y, & Z with0 — Yo — Z — P;_, S — 0.

Secondly, we restrict the equivalence 9, to the following equivalence

%S : Dﬁgs — S)ﬁ:g, Y—Y. g
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This can be done by the following arguments. By definition, in the category S)ﬁgs there are
no homomorphisms factoring through direct sums of copies of S. Hence, we do not need
to consider a quotient category. Now, let Y € 91g. By Remark 3.1.1 the natural map

Homyq (Y =9, 8) — Homyg(Y, S) is an isomorphism, and thus
Homyq(Y ™%, 8) = 0 «—— Homj (Y, S) = 0.

The functor g is defined to be g o 9s; this makes sense by the above elaborations. In
the same way we could define 15 to be ¢ g © g (using arguments dual to the ones given
above). In the following we show that the order in which we apply ¢ s and 1) ¢ does not matter
(up to isomorphism). That is, for a given representation in X € Z)ﬁg we need to show that
Pgoths(X) = (X5) 5 = (X_5)5 = ths 0 hs(X). Let X € MZ, then we have by Lemma
3.1.3 and Dual-Lemma 3.1.3
.
0-X95 X — @S — 0, r=dimHomyg(X,S),
i=1

0— EBS—>X — X_5—0, u=dimHomg(S,X).
i=1

By Remark 3.1.1 the natural maps Homgo(S, X °) —  Homyg(S,X) and
Homyg(X_g,S) — Homyg(X,S) are isomorphisms. Thus, we get the following commuting

diagram.

0 0 0
00— @@L, S — DL, S 0 0
0——= x5 X D, S —=0
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The top and the middle rows are exact, and hence so is the bottom row. (This is the 3 x 3 lemma,
which can be found in [24, Exercise 1.3.2]). This, however, is the exact sequence as constructed

in Lemma 3.1.3, and hence (X %) _g = (X_5)~%. O

We denote a quasi-inverse of the equivalence g by og : Smig — S)JTg /.S and call the functor
os universal extension functor. The above proof shows that the functor og operates on objects by
applying the constructions for o5 and g g successively. Moreover, the order in which we apply o5
and o ¢ does not matter, which follows from the fact that in the construction of g the order of ¢ ¢

and ¢ s did not matter. By [18, Proposition 2] we have

dimog(X) = sgims(dimX), and

dim¢s(X) = Sdims(dim X).

One of the main problems when applying the functor og was already mentioned in the introduction
and becomes clear now: if we want to apply the equivalence og to a representation X, we must
have X € Dﬁ:g. Whether X € imig or X ¢ Qﬁig is one of the main questions we are concerned
with. In Chapter 4 we discuss the maximal rank type property which may be used to decide this

question for real root representations.

In the introduction we raised two questions about properties of real root representations. What
is the dimension of the endomorphism ring of a given real root representation? Is a given
real root representation a tree representation? Since we are concerned with the question of the
constructibility of real root representations using universal extension functors, it is essential for us
to know how these properties behave under the functor og. This is discussed in the following two

results.
Proposition 3.1.7 ([18, Proposition 3 & 3*]). Let X € MM"%2. Then

dim Endgg 05(X) = dim Endig(X) + (dim X, dim S) - (dim S, dim X). (3.D

LetY € Sﬁg Then

dim Endgg 5(Y) = dim Endgg(Y) — (dim Y, dim S) - (dim S, dim Y').
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The following result shows that indecomposable tree representations are preserved under the
functors 05,04 and og. The proof follows closely the arguments given in [19, Section 3 and

Section 6].

Theorem 3.1.8 ([26, Lemma 3.16]). Let X € 9~ (resp., X € M_g) be an indecomposable
tree representation. Then the representation G5(X) (resp., og(X)) is an indecomposable tree
representation. In particular, let X € fm:g be an indecomposable tree representation, then

os(X) is an indecomposable tree representation.

Proof. We consider only the situation for the functor og. The situation for o ¢ is analogous. Since

og is given by applying o5 and ¢ g successively, the second assertion follows from the first.

We recall the construction of g(X). Let Ei,...,Es be a basis of the k-vector space

Ext,ng(S, X). Consider the exact sequence E given by the elements F1, ..., E

S
E:0-X—-Z—-S—0; )
i=1
then we have og(X) = Z. First of all, we note that Z is indecomposable since

gg: M S - mS /S defines an equivalence of categories by Proposition 3.1.5. It follows from
Theorem 2.2.16 that the representation S is a tree representation. Thus, we can choose a basis ‘B x
of X and a basis B of S such that the corresponding coefficient quivers I'(X, B x ) and I'(S, B )
are trees. We set dx = Zier dim X; (dimension of X) and dg := Zier dim S; (dimension
of S). It follows that I'( X, B x ) has dx — 1 arrows and I'(S, B ) has dg — 1 arrows.

Leta € Q. For given 1 < s < dim S[t(a)] and 1 < ¢t < dim X [h(a)] we denote by
Msx(a, S, t) S Homk(St(a), Xh(a))

the matrix unit with entry one in the column with index s and the row with index ¢, and zeros

elsewhere. The set

Hgx = {Msgx(a,s,t):a € Q1,1 <s<dimS[t(a)],1 <t <dim X[h(a)]}
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is clearly a basis of C 1 (S, X). Hence, we can choose a subset
® = {Msx(a;,si,t;) 1 <i<r}C Hgx

such that span® @ imdsy = C'(5,X), which implies that the residue classes
¢+ imdsx (¢ € ®) form a basis of ExtiQ(S, X); these elements are responsible for obtaining

the extension (+).

We are now able describe the matrices of the representation Z with respect to the basis Bx U

ngl Bg. Let b € Q1. The matrix Z, has the following form

X, N(b1) ... N(br)
Sh

with all other entries equal to zero and

M((IZ’, Si,ti), ifb = a;
N(b,i) =

0, otherwise,
where O denotes the zero matrix of the appropriate size. This explicit description allows us to
count the overall number of non-zero entries in the matrices of the representation Z with respect
to the basis Bx U |J,_, Bs: this number equals the number of arrows of the coefficient quiver
['(Z,8x UU,_, Bs). We easily see that there are
(dx —1) +r(ds—1)+[®| =dx +rdg— 1= Y dimZ —1
1€Q0

non-zero entries.

Now, since Z is indecomposable, the coefficient quiver I'(Z, Bx U | J;_, Bs) is connected, and

hence I'(Z, Bx UJ,_, Bs) is a tree.
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We fix the following notation.

Definition 3.1.9. Let « be a real Schur root for (). We define

—a . -X, a . X N
Moo =Ko, me = ¥, and oq = ox,.

The following lemma shall be used frequently throughout this thesis.

Lemma 3.1.10. Let k be a field and let Q) be a quiver. Let 3 be a real Schur root and let v be a

real root such that X, € Smig. Then we have X, = og(Xy) with o = sg(7).

Proof. Since X, € sm:g the functor og can be applied to X, and we set Z = og(X,). The
representation Z is indecomposable, since the representation X, is indecomposable. Moreover,
we get dim Z = « by formula 3.1. By Kac’s Theorem 2.2.9, however, there exists only one
indecomposable representation (up to isomorphism) of dimension vector cv. Hence, we get the

desired result X, = Z. ]

We demonstrate the functor og in an example.

Example 3.1.11. Let k be a field. Consider the quiver Q) : 1=—=%2. Clearly, S(2) € M_¢:
since both representations have disjoint support, and hence the functor o, can be applied to S(2).

Moreover, we have

dim Ext,ﬁQ(S(l), S(2)) = 2 (given by the two arrows),

dim Ext}(5(2), (1)) = 0.

Hence, we get

2
0— S(2) = 0., (5(2)) = P S(1) — 0,

i=1
where o¢, (5(2)) is the real root representation with dimension vector & = (2,1), by Lemma

3.1.10. By construction, the representation X, has the following matrix form.
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]62

[1,0] u [0,1]

k

Moreover, X, is a tree representation by the previous theorem, and we get by Formula 3.1

dimEndgg X, = dimEndgg S(2) + (e2,e1) - (e1, €2)

= 14+0=1.

We give a first example of a class of quivers for which Question (1) can be answered affirmatively.

Example 3.1.12. Let & be a field and let () be an extended Dynkin quiver. For a discussion of the
representation theory of extended Dynkin quivers see [5] (over algebraically closed fields) and [9]

(over arbitrary fields, using the more general species approach).

Let o be a non-Schur real root. It follows that X, is a non-homogeneous regular representation and

has the following regular composition factors (where 7 denotes the Auslander-Reiten translate)
T,7T, 7T, 73T,...,7"T, r>1

with T a regular simple representation and 7" 1T # T, since « is a real root. We consider
two cases. Firstly, let ' # 7"T. Consider the real root representation X, with the following

composition factors
T,7T,7°T, 7T, ..., 7"~ 'T.

Thus X, € fm:§2 with X5 = 7"T" (which is a regular simple), since the representation X, is
uniserial (see [9]), that is it has a unique composition series, and 1" # 7”71 and =i £ 7"T
(because T' # 77T, since we are in a tube of length greater than one). Namely, amap ¢ : X, — X
would imply that X,/ ker ¢ = X, and hence T' = 7"T" (by uniseriality) which is impossible. On
the other hand, a map ¢ : X3 — X, would imply (by uniseriality) that 7"~ 7" = 77T which is

impossible. Hence X, = 0x,(X,) by Lemma 3.1.10.
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Secondly, let T' = 7"T". Consider the real root representation X, with the following composition

factors
T, 72T, 7T, ..., 7"~ 'T.

Thus X, € i)ﬁ:ﬁg with X3 = T' (which is a regular simple), since the representation X, is
uniserial and 7' # 7T (as above) and T' # 7" T (because 77T = T = 7"~'T implies that

T = 7T); together with a similar reasoning as above. Hence, X, = ox, (X5), by Lemma 3.1.10.

3.2 Real root representations of )”(g, h) and a generalisation

We now consider the following quiver

with g, h > 1. As mentioned in the introduction, Question (1) can be answered affirmatively for

Q"(g,h), (g,h) > 1. This is due to the following key lemma.
Lemma 3.2.1 ([18, Lemma 4]). Let k be a field and let () be a quiver. Let S,T' be representations
of Q, where T is simple.

(i) If Extyo(S,T) # 0, then MS € M7

(i) IfExto(T,S) # 0, then Ms C M _7.

We have the following immediate corollary for the quiver Q" (g, h), (g,h > 1).

Corollary 3.2.2. We have

me C oMo

—e3)

me: C Mg

—eg”
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The above corollary and Lemma 3.1.8 together with the trivial fact that

S(2) e M-3 and S(3) e M2

—es3 —e2)
imply the following theorem, already mentioned in the introduction.

Theorem 3.2.3 ([18, Section 2]). Let k be a field and let « be a positive
real root for Q"(g,h), (g,h > 1) Write. o« = s, - ... - ;i (€j)

with iy, j € {2,3} and n minimal. Then we have
Xo=0¢;, - 0e, (S()),

and hence the representation X, is a tree representation and formula (3.1) can be used to compute

dim Endgg Xa.

The above result can be generalized to quivers with the following property (#) for all

1,7 € Qo: if there exists a € Q1 with a : ¢ — j then there exists ' € Q1 witha' : j — 1.

Example 3.2.4. Here is an example of a quiver () with the above property (#).

AN

Q: 1/"“&2/"&

N

Theorem 3.2.5. Let k be a field. Let @QQ be a quiver with the property (#)

3

and let « be a positive real root for Q. Write. o = 85, - ... - si(ej)

with iy, j € Qo and n minimal. Then we have
Xo=0c,, <. 0¢, (S()),
and hence the representation X, is a tree representation and formula (3.1) can be used to compute

dim Endyg Xa.

Proof. We prove the assertion by induction on n. The induction base n = 1 is trivial, since

S(j) € M_"", and hence oe,, can be applied. Thus X, = o, (S(j)) by Lemma 3.1.10.

_eil’
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Let n > 1 and consider « = s;, - ... - s;,(ej) with n minimal. We set iy = j and
o = s, ... s (e;). Assume that i, # i, for 0 < p < n — 2. In this case we clearly
have X, € i)ﬁ:zz” and, thus X, = o¢, (Xo) by Lemma 3.1.10 and the assertion follows by

induction.

Now, assume there exists 0 < p < n — 2 such that 7, = 4, and choose p maximal. Since n
is minimal and from the assumption on the quiver it follows that there exists p < ¢ < n and
a,a’ € Qq such that a : i, — iy and @’ : i, — i5. (If not, then s;, and s;, commute for

p < g < n, and hence n is not minimal.) In particular, using Lemma 3.2.1, we get

€; —e;
My M Cir

—€ip .

By induction we have o, - ... - o (5(j)) € URZZZ N ﬂﬁ:?q:, and hence
‘q
—e; —€; —e; —e; . . .
Ocry * -+ 0e, (S() € Mg N im,eizﬁ. Now, let Y € M N zm,;z with i; # i,

We can apply o,, to Y and we get (by construction of the universal extension functor)
T
0 — Y —0gu,)(Y)— @ S(ie) — 0, 7= dimExto(S(ir), X)
i=1
u
0 — P S) = 0e,Y) = T, (Y) = 0, u=dimExt(Tsq,)(Y), S(i)).
i=1

Using long exact sequences (as described in Section 2.2) and the fact that S(i,,) 2 S(i;) (since
in # ir), we see that o, (V) € M_ "

Now, by induction we know that o, - ... o¢, (S(j)) € M _¢», and from the choice of p it

follows that i, # i,, for all p < r < n. Hence, the above elaborations imply that

Xor =0c;,_, " 0e, (S() € ML,

and thus X, = o¢, (Xq/) by Lemma 3.1.10, and the assertion follows.

The representation X, is a tree representation by Lemma 3.1.8.
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Chapter 4

Representations of maximal rank type

and applications

In the last chapter it became clear that if we want to work with the equivalence og, we need to be
able to decide for a given representation X whether X € Dﬁig or X ¢ i)ﬁ:g. In this chapter we

discuss the maximal rank type property which may be used to answer this question.

In order to obtain a more general result than in [26, Theorem A] we shall work with Definition

2.2.2 of a representation in this chapter.

4.1 Representations of maximal rank type

Let @ = (Qo,Q1,h,t) be a quiver and let k be a field. For i € (p we define the sets
HP»i):={a€Q:h(a) =i} and T?(i) := {a € Q1 : t(a) = i}.

Definition 4.1.1 (Maximal rank type). A representation X of () is said to be of maximal rank type,

provided it satisfies the following conditions.

(i) For every vertex i € () and for every family of vector subspaces U ; C k™% (j € Qo) the
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map

X],Z
@ Xj @ Uji — X
JEQo
is of maximal rank.
(i) For every vertex ¢ € (o and for every family of vector subspaces U; ; C k™ (j € Qo) the
map
ey
Xi —> @ X;®Ui;
JEQo
is of maximal rank.
Remark 4.1.2. In the paper [26] the author introduced the following definition.
Definiton (Maximal rank type, [26, Definition]). A representation X of @ is said to be of

maximal rank type, provided it satisfies the following conditions.

(i) For every vertex i € Qg and for every subset A C H?(7) the map

@ Xt(a) (X—>a)a X
acA

18 of maximal rank.

(ii) For every vertex i € Qg and for every subset B C T9(i) the map

X; 22 @B X
beB

18 of maximal rank.

We remark that Definition 4.1.1 is stronger than the above definition, since we are not only

allowing arrows but also independent linear combinations of arrows.

Clearly not every representation of () is of maximal rank type. The following example shows that

even indecomposable representations of () might not be of maximal rank type:
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4.2 Real root representations are of maximal rank type

In this section we show that real root representations are of maximal rank type. The main idea of

the proof is to insert an extra vertex and to attach to it the image of the considered map. Analysing

this modified representation yields the desired result. The technicalities for inserting an extra

vertex are discussed in the first part of this section followed by the proof of the main result.

Let Q@ = (Qo, @1, h,t) be a quiver without loops and let &k be a field. Moreover, let i € Qg be

a vertex of ) and let X be a representation of ). For a given family U = (U;;);ecq, of vector

subspaces U ; C k™ (j € Qo) we define the quiver Q@ and the representation X ;] (of the quiver

¢,) as follows

(Qu)o = QoU{z}, (Qu)1:= (Q1— HO())

with

U {’ygj,i ] c Q1,1 Sp < diIntﬂ'}
U {’Yil 1] € Ql,l <p< Nji— dlmU]J}

VIRE)!

=J, h(y,,)=z Vj€Ql<p<dimUy,),
) =7, h(fyﬁi) =i Vj€Qo1<p<n;;—dimUg;,),

=z, h(0) =1,

(heads and tails for all arrows in Q1 — H% (i) remain unchanged) and

; . ; . X
(Xi)j=X; VjeQo (Xi).=im| D X;@nlj;i =2 Xi| CX,,

with maps
(X %J)f,g
(Xt)zi
(Xtr)j.i

(X{7);.=

J€Qo

Xf,g vf?QEQO_{iaj}7
inclusion,

restriction of X;; to direct complement of U;; Vj € Qo,

A~

Xj,z V] €Q07
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where )A(j,,z XU — (X(i])z is the unique linear map with (Xf])zZ ) XLZ = Xj;; and all

other maps zero.
The construction above gives a functor F; (’] : repy, Q — repy Q’['], defined as follows:
F{; : Ob(rep; Q) — Ob(rep;, Q)
X - X,

with the natural definition for morphisms. Moreover, there is a natural functor

LG : repy, QF; — repy, Q, defined by
vG : Ob(rep, Qy) —  Ob(rep; Q)
X = yGX),
with
(bG(X)); =X, Vj€Qu,
and maps

GG(X))rg = Xpg Yfg€Qo—{ij}
. Xjﬂ', if dim Uj,i =0 )
(vG(X))ji = Vi€
X.;0X, ., otherwise

and all other maps zero, together with the natural definition for morphisms. The functor %]G is

left-adjoint to the functor F};, and §,G o F}; is naturally isomorphic to the identity functor on

rep Q.

We get the following useful lemma.

Lemma 4.2.1. Lett € Qg and let X be a representation of Q. If X is indecomposable, then so is

F(X) = X}, for every family U = (Uj ;) jeq,-



Chapter 4. Representations of maximal rank type and applications 45

Proof. Assume that X}, = F{;(X) =2 V@& W, then X = |,Go F},(X) 2|, G(V) & ,G(W). By

assumption X is indecomposable, so w.l.0.g. we can assume that %G (V) = 0. Hence,
0 = Homyg(yG(V), X) = Homyg (V. Fj;X) = Homyg (V.V @ W),

which is only possible in case V' = 0. This proves the assertion.

We are now able to prove the maximal rank type property of real root representations.

Theorem 4.2.2. Let () be a quiver and let o be a positive real root for (). The unique

indecomposable representation of dimension vector o is of maximal rank type.

Proof. Let « be a real root for ), and let X = X, be the unique indecomposable representation
of @ of dimension vector . Moreover, let i € Qg and let U = (U, ;) eq, be a family of vector
subspaces U;; C k™% (j € Qo). We have to show that the map
X

@ X; @ Uj; X

JEQo
has maximal rank. This is equivalent to showing that

dim(X};), = min Z aljldimU;;, ali] 5,
JEQo
The representation X [’J of Q%J is indecomposable by Lemma 4.2.1. It follows from Theorem 2.2.9
that dim X}, € AT(Q?,). Hence, by Lemma 2.1.2, (&, &) < 1, where & := dim X},. We have
(@,6) = (aa)+ Y aljl(dimUs)ali] + al2]* - a[)afi] — ) alj](dimUy)ale]

T jeQo j€Qo

and hence
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However, we clearly have &[z] < min {Z €00

implies that

afz] = Y alj)dimUy; | - (a[2] - ali]) = 0;
JEQo

that is, &[z] = min {Zjer

afj] dim Uj;, afi] }, and hence

dim(X};), = min Z alj] dim U ;, afi]
J€Qo

X .
This shows that the map P i€Qo X; Qr Uj; —2% X; has maximal rank.

Dually, for a given family U = (Uj;)jeq, to show that the map

Xt
X; =4 P X; 0 Uy,
JEQo

has maximal rank is equivalent to showing that the map

(X7,
* ] X,L*

P xeUu,)

JE€Qo

alj] dim U;;, a[i]}, by definition of X7,. This

has maximal rank, where * denotes the vector space dual. This follows from what is proved above

by considering the dual X* as a representation of the opposite quiver of (). Remark that the

representation X * is also indecomposable.

We demonstrate how Theorem 4.2.2 can be used in practice.

Example 4.2.3. We describe one of the decompositions discussed in the Introduction. Consider

the following quiver ()
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and the real root o = (2, 37,20, 4), which can be decomposed as follows:

a=18-B+v=(—(8,7) — (7.8)) - B+,

with 4 = (0,2,1,0) and v = (2,1,2,4). In Remark 5.0.13 we discuss how such
decompositions can be obtained combinatorially. =~ Using Theorem 4.2.2, we see that
Homyg(Xg, Xy) = Homyg(X,,X3) = 0, and thus X, € 93?:;2 Namely, let
¢ = (0, ¢2, ¢3,0) € Homyq(Xs, X,). Since the map (X ), e (X), is injective it follows
that ¢3 = 0. This implies that ¢o = 0, since the map (X,), e (X); is injective. Now, let
¢ = (0, ¢2, ¢3,0) € Homyg(X,, Xg). Since the map (X ), %) (X)), is surjective it follows

[(X7) e (X5) 4l
—_—

that ¢ = 0. This implies that ¢3 = 0, since the map (X,), ® (X, ), (Xy)g is

surjective. Hence, we have X, € S)Jtiig and by Lemma 3.1.10
X0 = OXg4 (X'y)7 and
dimEndyg Xo = dimEndgg X, + (5,7) - (v, 8),
= 1+4(-6)-(—12)=73.

Moreover, by Lemma 3.1.8 the representation X, is a tree representation, since <y is a real Schur

root.

4.3 Relation to homomorphism and extension spaces

In this section we discuss how the maximal rank type property can be used to compute the
dimensions of homomorphism spaces and extension spaces between representations of maximal
rank type and simple representations. We will see that the dimensions of these spaces are
completely determined by the Ringel form. This gives a nice combinatorial result to decide for a

representation X of maximal rank type whether X € 93?:?8 or X ¢ 5)32:58 fori € Q.

Let Q = (Qo,Q1,h,t) be a quiver without loops and let k be a field. The following two facts
relate the maximal rank type property to the dimension of homomorphism spaces and extension

spaces between representations of maximal rank type and simple representations.
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Lemma 4.3.1. Let X be a representation of Q). For every vertex i € Qg we have the following

isomorphisms

Homyq (X, S(i)) = |coker @ Xi(a) (Xao X

a€HR (1)

Homyq(S(i), X) = ker | X; ey @ Xh(v)
beTR (i)

Proof. Follows from Lemma 2.2.8.

We immediately get the following corollary.

Corollary 4.3.2. Let X be a representation of Q). Then for every vertex i € Qg we have the

following equivalences

@ Xia) (He) X, is injective <= Ext;iQ(X, S5(1)) =0,
a€HR (1)
@ Xia) (Ha)o X is surjective <= Homyg(X,S(i)) =0,
a€HR (i)
x, Ko @ Xiv) is surjective <= BExtjo(S(i), X) =0,
beT? (3)

X; (X_”)f’ @ Xh(b)isinjective <~ Hoka(S(i)vX):O‘

beTR (3)

Proof. Immediate by the previous lemma.

This gives the following proposition.
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Proposition 4.3.3. Let X be a representation of maximal rank type and let i € Q. We have

(
(dim X, e;), if (dim X, e;) >0,
dimHomgg (X, S(7)) =

0, otherwise,
\

_<di7mXaei>7 1f<dl7mXaez> <07
dim Extj (X, S(i)) =

0, otherwise,

and

(€, dim X), if (e;,dim X)) > 0,
dimHOka(S(i),X) =

0, otherwise,

_<e’i7diimX>7 if <e7,7dl7mX> < 07
dim Ext(S(i), X) =

0, otherwise,
Proof. Follows immediately from Corollary 4.3.2 and the formulae

dim Homyg (X, S(i)) — dim Exto (X, S(7)) = (dim X, e;),

dim Homy,q(S(i), X) — dim Exto(S(i), X) = (e;,dim X).

It follows from Theorem 4.2.2 that the dimension of the homomorphism space and the extension
space between a simple representation and a real root representation is given by the Ringel form.
In particular, we see that in this situation we have either homomorphisms or extensions, never

both.

One may ask whether Proposition 4.3.3 can be generalized to other representations in place of
simple representations? For instance, if we replace the simple representations S(7) by real Schur
representations, will the dimensions of the homomorphism space and the extension space still be
given by the Ringel form? In the following we discuss an example which shows that this is not the

case.
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We consider the following quiver

and the real Schur roots o = (2,1, 3,4) and 5 = (0,1, 1, 0). The representations X, and X are

given as follows

Xp
— 3 4
R kx\k/X’k
Xq
with
10 0 100
0
00 1 010
Xo=[10], %= L Xe=lol|, Xa=| |, X= ,
00 0 001
1
01 1 000
and

It is easy to see that End,g X, = k and Endyg Xz = k which shows that v and 3 are indeed real

Schur roots. Moreover, we get
Hoka(Xa,Xﬁ) = {(0, 0, [1'1, x2, O},O) 1 T1,T2 € k:},

and hence (a, 3) = 1 # dim Homyg (X4, X3) = 2. This shows that Proposition 4.3.3 does not

generalize to the case of real Schur representations in place of simple representations.

The following lemma demonstrates how Proposition 4.3.3 can be used in practice.
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Lemma 4.3.4. Let k be a field. Let () be a quiver and let o = s;, - . .. - 54, (e;) be a positive real

root. Assume that (e;,,ej) <0, (ej,e;,) <0,
(CipprsSip - 8i(e5)) <0 and (si, ... 5i(€j),€i,,) <0
for1 < p <n—1. Then we have
Xo =00, o 00, (S(7)).

In particular, X, is a tree representation and formula 3.1 can be used to compute dim Endyg X,.

Proof. Tt follows from Proposition 4.3.3 that S(j) € i)ﬁ:z:i and

—e;

Oer - eve 0ey, (S(j) €M

p+1
)
p

—e; 11

for 1 < p < n — 1, and hence the functors Te;, can be applied successively and the assertion
follows from Lemma 3.1.10. It follows that dim Endg X, can be computed using Formula 3.1.

By Lemma 3.1.8 the representation X, is a tree representation. O

Example 4.3.5. Consider the following quiver )
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and the real root o = (1,4, 16,44,8) = s45355545253(e1). We get

a=(1,4,16,44,8) = s45355545253(€1)
a1 = (1,4,16,4,8) = s3sssasass(er), (eq,a1) <0, {a,eq) <0,
ag = (1,4,2,4,8) = sssysasz(er), (es,a2) <0, (ag,e3) <0,
as = (1,4,2,4,0) = s4s2s3(e1), (es,a3) <0, (as,es) <0,
ay = (1,4,2,0,0) = sas3(e1), (eq,aq) <0, {ay,eq) <0,
as = (1,0,2,0,0) = s3(e1), (e, a5) <0, {as,e) <0,

ag = (1,0,0,0,0) =e1, (e3,ag) <0, (ag,e3) <0,
and hence, using the previous lemma, we get

Xo = 0e,0e30e50¢,0¢,0¢5(S(1)),
and, using Formula (3.1),

dimEndgg Xo = 14 (e3,as) - (as,e3) + (€2, a5) - (a5, €2) + (€4, 0u) - (o, e4)
+(e5, asz) - (a3, e5) + (e3, )+, (a2, e3) + (e, a1) - (1, €4)
= 140+ (-2) + (~4)-0+0- (~4)
+0- (=8) + (=6) - (~8) + (~12) - (~28)

= 385.

4.4 Application: representations of the quiver Q(f, g, h)

We fix an arbitrary field k. In this section we consider the following quiver
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with f, g, h > 1, which was already mentioned in the introduction. The main result of this section

is that Question (1) can be answered affirmatively for Q(f, g, h).

We define the following subquivers

and

p

Q" (g,h): 2@3 .
7
The quiver Q(1,1,1) was considered by Jensen and Su in [12], where an explicit construction of
all real root representations was given. Moreover, it was shown that all real root representations
are tree representations and formulae to compute the dimensions of the endomorphism rings were

given. In [20] Ringel extended their results to the quiver Q(1, g, h) (g, h > 1) by using universal

extension functors. In this section we consider the general case with f, g, h > 1.

We briefly discuss the situation for the subquivers Q’(f) and Q”(g,h). The real root
representations of the subquiver Q'(f) are preprojective or preinjective representations (see
[2, Section VIIL.7] for f = 2 or [21, Section 1] for the general case), for the path algebra kQ'(f),
and can be constructed using BGP reflection functors (see [3]). It follows that the endomorphism
ring of a real root representation of the subquiver Q’(f) is isomorphic to the ground field k, and

hence real root representations of Q’(f) are real Schur representations.

The subquiver Q" (g, h) was considered in Section 3.2. The main result was that all real root
representations of Q" (g, h) can be constructed using universal extension functors. In particular,
formula (3.1) can be used to compute the dimension of the endomorphism ring of a real root

representation.

We see that the situation is very well understood for the subquivers Q’(f) and Q" (g, h). Therefore

we focus on real root representations with sincere dimension vectors.
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4.4.1 The Weyl group of QQ = Q(f,g,h)

Let W be the Weyl group of (). It is generated by the reflections sy, so, and s3 subject to the

following relations

2 =1, i=1,2,3,

%
§183 = 8381,

5182851 = 8285182, iff =1.

We define the following elements of the Weyl group (n > 0):

C1(n) = (s182)"s1,
G2(n) = (s251)"s2,
p1(n) = (s182)",

p2(n) = (s251)",
and we set E := {(1(n), (2(n), p1(n), p2(n) : n > 0}.
Lemma 4.4.1. Every element w € W — E can be written in the following form
W = Xm53Xm—153Xm—253 - - - $3X253X1, (%)

for some m > 2, where

Xm € {Gi(n) :n =11 U{G(n) :n>0}pU{l},
xj € {Gn):n=13U{GMn):n>0}, j=2,....,m—1,

X1 € E.

If f = 1then w can be written in the form (x) with only (1 (1) = (2(1), p1(1), and p2(1) occurring.

Proof. Letw € W — E. Clearly, we can write w in the form

/ / ' ' ’
W = XmS53Xm—153Xm—253 - - - $3X253X1,
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withm > 2, € Eforj=1,...,m, xp_1,---, X2 ¢ {1,51}, and xj,, # s1. We modify the
elements X;' to get a word of the form (x). Let 2 < j < m; we consider five cases and modify X}

appropriately.

(i) xj =1. Weset x; := xj and x]_; = xj_;. This case requires j = m.

(ii) X = Ci(n) forn > 1. We set x; := xj and x}_; := Xj_;.

(iii) X;' = (2(n) forn > 0. We set x; := X; and X;'/fl = X;el-

(iv) x; = p1(n) forn > 1. We set x; := (1(n) and xj_; == s1Xj_1-

(V) X = pa(n) forn > 1. We set x; := Ca(n — 1) and Xj_; := s1x)_;.
Now we have
o / ! / / /
W = XmS83Xm—153 - - S3X;53X;j—153 - - - $3X283X1
o / " / /
= XmS3Xm—153-.-S3X;j53Xj—153 - .- S3X2583X1;
with x; of the desired form and X}lq € E. The result follows by descending induction on j.
O

Remark 4.4.2. (i) For a given w € W the previous proof gives an algorithm to rewrite w in the

form ().

(ii) We adhere to the following convention: in case f = 1 we assume that n < 1 in every
occurrence of (1(n),(2(n), pi(n), and pa(n). Cases in which n > 2 is assumed do not

apply to the case f = 1.

4.4.2 Application of the maximal rank type property

To construct real root representations of Q = Q(f,g,h) we will reflect with respect to the

following modules S: the simple representation S(3) and the real root representations of
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corresponding to certain positive real roots for the subquiver Q'(f). Hence, we will use the

following functors

Oeq = M-S — M2 /S(3)

—€3 3

and
oy MT — M/ X,

where 7 denotes a positive real root for the subquiver Q’(f). In order to use these functors, we

have to make sure that 0., and o, can be applied successively. We remark that the inclusions

my C M-

ol —es?

Me C M)

—

do not hold in general. The following lemmas, however, show that under certain assumptions the

functors can be applied successively. We recall a key lemma and a corollary from Section 3.2

Lemma 4.4.3 ([18, Lemma 4]). Let k be a field and let () be a quiver. Let S, T’ be representations

of Q, where T is simple.
(i) If Extyo(S,T) # 0, then MS € M7
(ii) IfExto (T, S) # 0, then Ms C M _7.
Corollary 4.4.4. We have

mez C M

—es3)

me: C M-

—eg”

The previous corollary shows that o, and o, can be applied successively. In the following two
lemmas we consider the situation when = is a sincere real root for Q' = Q’(f). The maximal rank

type property of real root representations ensures that the situation is suitably well-behaved.

Lemma 4.4.5 ([26, Lemma 3.7]). Let v be a sincere real root for QQ'. Then we have I, C M_S

—es3*
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Proof. We have (v,e3) = —g-v[2] < 0and (e3,y) = —h - v[2] < 0. Thus, Lemma 4.4.3 applies
and we deduce 9, C M-

—e3*

O]

Lemma 4.4.6 ([26, Lemma 3.8]). Let ~ be a sincere real root for Q' and let

Y € M3 — {S(1)} be a real root representation. Then we have Y € IM_.

Proof. LetY € Mg — {S(1)} be areal root representation. Since
Exto (Y, 5(3)) = 0 = Extyo(S(3),Y)
we get (dim Y, e3) > 0 and (e3,dim Y’) > 0. This implies that

(dimY,e3) = —g-dimY[2] +dim Y[3] > 0,

(e3,dimY) = —h-dimY[2] + dim Y [3] > 0,
and thus

dimY[3] > g-dimY[2],

dimY[3] > h-dimY[2];

in particular, dim Y'[3] > dim Y'[2]. Since dim Y is a positive real root we can apply Theorem

4.2.2, which implies that the maps Y),, (i = 1, ..., g) (of the representation Y") are injective and

the maps Y,, (i = 1,..., h) are surjective.

Now, let ¢ : X, — Y be a homomorphism. Clearly, 3 = 0. The injectivity of the maps

Y,

1, implies that ¢o = 0. This, however, implies that ¢; = 0 since otherwise the intersection

of the kernels of the maps Yy, (j = 1,..., f) would be non-zero. This is nonsense since Y is

indecomposable and Y # S(1). Hence, ¢ = 0.

Now, let ¢ : Y — X, be a homomorphism. Clearly, 13 = 0. The surjectivity of the maps Y,,

implies that 1) = 0. This, however, implies that 1)1 = 0 since otherwise the intersection of the
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kernels of the maps (X,)y; (j = 1,..., f) would be non-zero. This is nonsense since X is

indecomposable and - is sincere for Q". Hence, 1) = 0.

This completes the proof.

The previous lemma shows the following. Let X € MM~¢% — {S(1)} be a real root representation;

then we have 0., (X) € 9M_7, where 7 is a sincere real root for Q".

4.4.3 Construction of real root representations for () = Q(f, g, h)
The results of the last section allow us to construct real root representations of () using universal
extension functors.
For n > 1 we define the functors
Upl(%)(ﬂ)? if n is even,

O‘C1(%)(€2)’ lfnlsodd,

and for n > 0 we define the functors

0’[02(%)(62), if nis cven,
Oo2.p ‘=

OCQ(nT_l)(el)’ lfTLlS Odd

Remark 4.4.7. For n > 1 we clearly have

@ p1(n)(es) = ¢i(n)(es),
(ii) p2(n)(e3) = C2(n — 1)(es).

Lemma 4.4.8 ([26, Lemma 3.10]). Let a be a positive non-simple real root of Q) the following

form:

(i) o= x(ej) withj € {1,2} and x € E, or
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(ii) o = x(e3) with x € E.

Then the unique indecomposable representation of dimension vector « has the following

properties.

(i) Xo is an indecomposable representation of the subquiver Q'(f), and hence can
be constructed using BGP reflection functors. — Moreover, Endpg X, = k and
X, eM-&

—es3*

(ii) X can be constructed using the functors o, (i = 1,2) and X, € M_.

€3

Proof. (1) The statement is clear.

(i) If a = Gi(n)(e3) (i = 1,2) then X, = 0;,,5(3) by Kac’s Theorem 2.2.9, and X, € IM_¢?
by Lemma 4.4.5 or Corollary 4.4.4 in case o = (2(0). If & = p;(n)(e3) (i = 1,2) we use

the previous Remark 4.4.7 to reduce to the case we have just considered.

We are now able to construct all real root representations of Q@ = Q(f,g,h) with sincere

dimension vectors.
Theorem 4.4.9 ([26, Theorem 3.11]). Let « be a sincere real root for Q). Then « is of the form
(i) a=C(i(n)(es) withi € {1,2} andn > 1, or

(ii) o = w(ej) with j € {1,2,3} and w = XmS3Xm—153Xm—253 - . . S3X253X1 Of the form (x)

(see Section 4.4.1) with x1(e;) # e1.

The corresponding unique indecomposable representation of dimension vector o« can be

constructed as follows:

(i) X¢im)(es) = imS(3),
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(i) Xa = CipnmOesTinm 1,nm_1 - - OiznaOez Xy (e;)y Where X, () denotes the unique
indecomposable of dimension vector x1(e;): constructed in Lemma 4.4.8; and the indicies

i, g are given by x4 = (i, (ng) for2 < q < m.
In particular, formula (3.1) can be used to compute dim Endg X,.

Proof. (i) Follows from Lemma 4.4.8.

(i) Itfollows from Lemma 4.4.8 that X, (.,) € ON_¢c2, and hence o, can be applied. Moreover,

by Corollary 4.4.4, Lemma 4.4.5, and Lemma 4.4.6 we have

Xp € M —{S(1)}, Brealroot = Xz € M_7,

my C m-e3

—e3?

where + is a positive real root for the subquiver Q’(f) not equal to e;. Hence, the functors
can be applied successively and the assertion follows from Lemma 3.1.10. This completes

the proof.

The previous theorem and Lemma 3.1.8 give the following result.

Proposition 4.4.10 ([26, Proposition 3.17]). Let o be a positive real root for Q =

Q(f,9,h) (f,g,h > 1). Then the representation X, is a tree representation.

Proof. Representations of the subquiver Q' = Q'(f) (f > 1) are exceptional representations, and

hence are tree representations by Theorem 2.2.16.

Now, let X be a representation of @) with dim X [3] # 0. Then, by Theorem 4.4.9 (or the results
in Section 3.2 if X is not sincere), X can be constructed by using universal extension functors
starting from a simple representation or a real root representation of the subquiver Q’, which is a

tree representation.
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By Lemma 3.1.8 the image of a tree representation under the functor og is again a tree

representation. This proves the claim.

4.4.4 Further observations and comments

In Theorem 4.4.9 we constructed real root representations of the quiver Q(f,g,h) (f,g,h > 1).
The key result for the construction process described in the last section is Lemma 4.4.6 which
relied on the fact that that for an indecomposable representation Y of Q(f, g, h) with Y # S(1)
we have that ﬂ;;l ker Yy, = 0, since otherwise we could split of copies of S(1). This is basically
a condition on the representation Y restricted to the generalised Kronecker subquiver. If we restrict

an indecomposable representation of the following quiver

to the generalized Kronecker subquiver, we do not have this behavior in general. This shows that

our method does not work for this quiver.

However, the Lemmas 4.4.5 and 4.4.6 still hold true for both generalised Kronecker subquivers of

the following class of quivers

_ANA D

Qvg\\j4 . m“\/mﬂ:mw,
2 N

with m > 2. This fact combined with the proof of Theorem 3.2.5 shows that real root

1_ ¢
representations of the above class of quivers can be constructed with universal extension functors.

In the same way as above we can construct real root representations of the following class of

quivers



Chapter 4. Representations of maximal rank type and applications

62

with m > 2.
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Chapter 5

Two examples answering Question (}7)

negatively

In this chapter we turn our attention back to Question ({7), stated in the introduction. The results

described in this Chapter form the content of the preprint [25].

Our research started with the observation that real root representations of quivers may be
constructed with universal extension functors starting from real Schur representations. This
observation led us to Question ({1) stated in the Introduction. We saw in Section 3.2 and Section

4.4 that Question (1) can be answered affirmatively for certain classes of quivers.

Using the notation from Chapter 3, Question ({}) can be stated as follows.

Question (71). Let k be a field. Let Q be a quiver and let « be a positive non-Schur real root for

Q. Does there exist a sequence of real Schur roots (31, ..., 3, (n > 1) such that
Xa=05, ... 03,(Xpg) ?

Remark 5.0.11. For a real Schur root o we can take the trivial sequence 31 = «. Moreover, the

sequence of real Schur roots 31, ..., 3, is not necessarily unique; examples are given in Appendix

A.
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Remark 5.0.12. We remark that in the case that X, can be constructed in the above way we have

Bi < a(i=1,...,n) and we get the following filtration of X:

tn
@tZI X/Bn

@izzl X/J’Q
Xa = Xﬂl

b
b2:1 Xﬁz

bn,
b=1 Xﬂn
Moreover, it is clear from the discussion in Chapter 3 that

e dim Endg X, can be computed using formula (3.1), and
e X, is a tree representation.

Remark 5.0.13. It is not difficult to determine all potential real Schur roots (3, which may be used

. X
for a reflection. Assume that Xo = ox, ... 0x,, (Xp,). Then we have X, € imxg", and

hence

Ext,ng(Xa, Xs,)=0= Ext,ﬁQ(Xﬁn,Xa),

and in particular (o, 8,) > 0 and (5,,a) > 0. Moreover, it follows from Lemma 3.1.3 that

On < a.

Hence, the real roots § with the following properties:

(i) B <a,

(i) (v, 8) > Oand (3, ) >0,
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are potential candidates for 3,,. Using the arguments given in [23, Section 6], it is easy to determine
the real roots (3 which satisfy (i) and (ii): both conditions imply that s,(3) < 0, and hence if
Sa = Sip -+ 8i, We get 54(03) = s, ...5;,(8) <Oifand only if 3 = s;, ..., (e;,, ) for some
m. Thus, once we have written s, as a product of the generators s; it is straightforward to find the
real roots 3 satisfying (i) and (ii). A decomposition of s, into a product of the generators s; can
be achieved as follows: if s;(a) = o’ < « then s, = s;5,5;; this gives an algorithm to find a

shortest expression of s, in terms of the s;.

We saw that being able to construct a real root representation by using universal extension functors

in the above way reveals some interesting information about the representation.

The general answer to Question (ff), however, is negative. We discuss two explicit examples
of non-Schur real root representations which cannot be constructed with the universal extension

functors og, as in Question (71).

5.1 Example one

We consider the following quiver

d

and the real root o = (1, 8,6,4) = s25354525354(€1).

For the convenience of the reader we give an explicit description of the representation X, and the

endomorphism ring End;g X,.

We start by considering the representation X, over the field £ = C. In this case, one can use the

results from Section 2.3 (Proposition 2.3.5) to construct the representation X ; we get
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with

o o o o O
o o o o o o
o o O

o o o o o

—_

o o o O
o o O
o o o o
o O
o o o O
o o o o
—
(@)

o
@)
—_
@)
)

]
o
@)
o o O
—_
@)

With respect to the basis B consisting of the standard bases at each vertex we get the following

coefficient quiver I'( X, B).
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I .
A

J

"

In particular, we see that X, is a tree representation. This can also be seen as follows. Since
X, is indecomposable, the coefficient quiver is connected by Lemma 2.2.14. Moreover, it has
1+ 84644 = 19 vertices and 18 arrows (number of non-zero entries in the matrices of X)),
and hence must be a tree. From this explicit description of the representation it is not difficult to

compute the endomorphism algebra of X, ; we get

Endeq Xo = {(¢1(2), ¢2(@), ¢3(2), ¢a(2)) : 2 € €},
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with

—xl 0 zo 3 T4 x5 Tg
0 21 0 zg¢ O 0 a9
0 0 z1 0 zg x9g —xsg
0 0 01 0 0 =z7
p2(z) =
0 0 0 z1 27y O
0 00 0 0wz O
0 00 0 0 0 =z
| 000000 O
_ml T3 Ty Tg T4 x5_
0O 1 O =z O O
bo(z) = 0 0 21 —x3 23 X9 7
0 00 2z 0 O
0 0 0 0 = 7
000 0 0 x
—331 Ty T *568—
balz) = 0 z1y zv O ’
0 0z O
i 0 0 0 = |

and, in particular dim Endgg(Xa) = 9 so that X, is not a real Schur representation.

The representation X, as given above, is defined over every field k. Moreover, the endomorphism
algebra Endyg X, is local over every field k. Namely, the description of the endomorphism ring
only involves triangular matrices with k£ on the diagonal which implies that Endg X, is local,

see for instance [1, Lemma 4.6]. Hence, the representation X, is the unique indecomposable

representation of dimension vector « over every field k.

_‘fE8

0

o o O
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Theorem 5.1.1. There exists no real Schur root 3 < « with the property

X
X, ezmxg.

If we had a sequence of real Schur roots 31, ..., 3, (n > 2) such that
Xo=0x, - L OXg, (Xs,)

then X, € 9ﬁ§§ . Thus, once we have established the claim it is clear that X, provides an example

which answers Question (1) negatively.

We use the rest of this section to prove the above theorem.

Proof of Theorem 5.1.1. We start by determining all potential candidates for (3, using Remark
5.0.13. A shortest expression of s, with @ = (1,8,6,4) = s98354528354(e1) is given by
Sq = 52835452535451545352545352. Now, applying the algorithm given in Remark 5.0.13 to the
real root « it is easy to see that the only possibilities are 5, = (0,1,1,0) and 55 = (0,2,1,1).
Note, that 51 and (3 are real Schur roots, and hence are indeed potential candidates for a reflection.
However, we establish in the following that 3; and B2 do not have the desired property stated in

the theorem.

Xp Xp -1 —Xpy
D X, ¢ meﬁi' Assume to the contrary that X, € fmxﬁi. Then TXp, (Xa) € S)JT_Xﬁi, that

is,
Homyg (o, (Xa), X3,) = 0 = Homyo(Xg,, o), (Xa)).

Using formula (3.1), we get y1 := diima;(ﬁl3 (Xa) = (1,3,1,4).
1

The following diagram, however, shows that Homyg (X, , X3,) # 0. The representation
X, can be constructed using the results from Section 2.3 (Proposition 2.3.5) together with

the same reasoning as for X, to pass to any field k.
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X’Yl Xﬁ1
k 0
1
0
0
010
k3 o k
[0 1 0} (1]
1
K = ko
1 /
1
0
0
k* 0

.. .. X
This is a contradiction, and hence X, ¢ 90t XZ L
1

Xp X -1 —Xg,.
I[m X, ¢ Sﬁxﬁi. Assume to the contrary that X, € DﬁXﬁz. Then TXp, (Xo) €M_ Xﬁz’ that
is,
Homyg (o, (Xa), X3,) = 0 = Homyo(Xg,, 0y}, (Xa)).

Using formula (3.1), we get o := diima;([l32 (Xa) =(1,2,3,1).

The following diagram, however, shows that Homyg (X, , X,,) # 0.
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Xﬁ2
Xﬁ2'

This is a contradiction, and hence X, ¢ 9t

This completes the proof of the theorem and we see indeed that the representation X, answers

Question (T1) negatively in general.

O]

The following was pointed out to the author by C. Ringel. Let Q denote the universal cover of
Q (for the definition of “universal cover” we refer the reader to [10, Section 2]). Consider the

following indecomposable representation X (given by its dimension vector) of Q.
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0 0

1 2\
1:

BN BN

0

2 1—20 0—>=q
2 2 2 1 0]
1: 1 1 1 1

The push-down of X is X, (see [4, Section 3.2] and [10, Section 3.5]). If we identify vertices
connected by arrows which have isomorphisms attached to them, we obtain the following real

Schur representation of Dg.

This shows that the representation X,, can be constructed by employing the universal cover Q of

Q.

The universal cover of a quiver is always a tree and it remains to be seen whether Question ({t)
can be answered affirmatively for quivers which are trees. In the next section we show that the

answer is also negative in this case.
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5.2 Example two

We consider the following quiver )

1 2 3
a b c
4
Q: d
5
e AN\
6 7 8

and the real root

a=(1,1,1,8,12,2,7,7) = $357555458575558575556545554515253(€4).

We apply the same method as in Section 5.1 to construct the representation X, over an arbitrary

field k. The representation X, is given by

k k k
X, e
k8
Xo: Xa
k‘12
iy Xy o



Chapter 5. Two examples answering Question (1) negatively

74

with

e
Il
(@)
o
(@)
o
o
—
o
o

=
Il
(an}
(a]
(@}
(an}
(a]
(@}
—
(a]

s
I
[a)
(aw]
[a)
[a)
(aw]
—
[
—

(10000000 ]
01000000
00000000
00000000
10000000
01000000

Xd: 5
00100000
00010000
00001000
00000100
00000010
(00000001
(000000100100

X, =
(000000010010
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(000010000000]
000001000000
001000100000

Xep=1000100010000/;
000000000100
000000000010
000000000001

(100000000000]
010000000000
000010100000

X¢g=1]000001010000
000000000100
000000000010
000000001001

As in the last section, we see that X, is a tree representation. The endomorphism algebra of X,

is given as follows

Endyo(Xa) = {(¢1(2), ¢2(z), ¢3(2), ¢a(z), 5(z), ¢6(2), ¢7(z), ds(z)) : z € K},

with
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01@) = o |, oe@ =z |, dsl@) =[],
o 0 0 0 000 0]
0 T 0 0O 0 0 0 O
0 0 T 0O 0 0 0 O
0 0 0 = 0 0 O O
pa(z) = ;
x9o+x5 3+T7 28 29 1 0 0 O
0 0 0 0O 0z 0 O
0 0 0 0 0 0 x O
| es—za—w6 zo—w5—17 —T4 —I5 0 0 O Ty |
(510 0 0 0 0 0 0 000 O]
0 1 O 0 0 0 0 0O 0 0 0 O
0 0 x 0 0 0 0 0O 0 0 0 O
0 0 0 =z 0 0 0 0O 0 0 0 0
0 0 O 0 T 0 0 0O 0 0 0 O
0 0 O 0 0 T 0 0O 0 0 0 O
¢5(z) =
0 0 0 0 0 0 zz 0 0 0 0 O
0 0 O 0 0 0 0O 2 0 0 0 O
To T3 T4 Th T T7 g x9 x1 0 0 O
0 0 0 0 0 0 0 0O 0z 0 O
0 0 O 0 0 0 0 0O 0 0 21 O
| 0 0 —x4 —x5 zg—24—26 TO—T5—217 —T4 —2x5 0 0 O x|
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z1 O
po(z) = ;
_Oxl
| T 0 0 0 00 0]
0 T 0 0 0 0 0
0 0 zr 0 0 0 0
¢r(z) = 0 0 0 2 0 0 0 |
0 0 0 0 21 0 0
0 0 0 0 0 z; 0
zg—w4—x6 T9—x5—27 —X4 —T5 0 0 o
_x10 0 0 00 0]
0z O 0 000
00 2 0 0 0 0
¢s(z) = |00 0 a2 0 0 O,
00 0 0 2 0 0
00 0 0 02 0
To T3 zg—zq wo—zs 0 0 21

and, in particular dim Endjq(Xa) = 9 so that X, is not a real Schur representation.

Theorem 5.2.1 ([25, Theorem 2.1]). There exists no real Schur root 3 < « with the property

X
Xo €M),

Proof. We proceed as in the proof of Theorem 5.1.1. We start by determining all potential

candidates for (3, using Remark 5.0.13. The only possibilities are

ﬂl == (070707172707171)7
52 - (07171747 7717474)7
ﬁ3 = (17071a4a 7717474)7 and

By = (1,1,0,4,7,1,4,4).
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We see that (5;, ) = 0 = («, 3;) for i = 2, 3,4, and hence the only reflection candidate is /3,

which is a real Schur root.

As in the proof of Theorem 5.1.1, we show that 3; does not have the desired property; that is,

Xo ¢ smﬁg 1 Assume to the contrary that X, € méZ 1 Then 0)_(;1 (Xa) € Dﬁ:ﬁg 1; that is
Homyg (o, (Xa), X3,) = 0 = Homyo(Xg,, 0y}, (Xa))-

Using formula (3.1), we get v := diima;(ll3 (Xa) =(1,1,1,3,2,2,2,2). The following diagram,
1
however, shows that Homyq (Xg,, X4,) # 0.

[0 of [0 of

Xﬁl X’h
0 0 0 k k k
[0
1 1 1 0
{0] 1 -0 0
0 1 1
k k3
1 010
1 ol 00
k2 k2
ao\ 0] id AN
0 k kQ k2 k2

.. .. X .
This is a contradiction, and hence X, ¢ 9t XZ ! which completes the proof of the theorem.
1



79

Chapter 6

Conclusion

In this thesis we have studied real root representations of quivers, motivated by the following

question.

Question (). How can one “construct” real root representations and what are their

“properties” ?

Our main observation was that this question may be approached using universal extension functors,
as described in Chapter 3. Numerical experiments with real root representations, as indicated in
Appendix A, suggest that real root representations can be constructed using universal extension
functors. This approach to Question (1) was independently made by Ringel, who conjectured that
this process of constructing real root representations works for arbitrary quivers. The advantage of

this construction process is that it gives an insight into the properties of real root representations.

Our approach to Question (}) was as follows.

Question (11). Let Q) be a quiver and let k be a field. Let o be a positive non-Schur real root.

Does there exist a sequence [3,, . .., 31 (n > 2) of real Schur roots such that

Xa=035, ... 03,(Xp)?
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In Chapter 4 we introduced the notion of “maximal rank type”. One of our main results was
that real root representations have this property. We used this property to construct all real root

representations of the quiver

with f,g,h > 1, proving in particular that all real root representations of Q(f,g,h) are tree

representations. Moreover, the dimension of the endomorphism ring can be computed easily.

The pivotal result of this thesis however, is that despite the results for the class of quivers Q(f, g, h)

and the empirical data indicated in Appendix A the answer to Question (1) is negative in general.

Even though the answer to Question (1) is negative in general, the approach to Question (1) using
universal extension functors should not be abandoned altogether. Our numerical data suggests that
this approach does indeed work for a large class of quivers. We feel confident to conjecture that
all real root representations for the quivers in Appendix A can be constructed in this way. One
example considered in Appendix A is the 6-subspace quiver. We conjecture moreover, that this

construction process works indeed for all n-subspace quivers.

However, the main problem remains the following: further tools have to be developed to
decided whether a given representation X is in the subcategory Dﬁ:g, that is that there are no
homomorphisms between X and S in either way; so the functor og can be applied. The maximal

rank type property is only a first step, and generalisations of this property need to be developed.

The maximal rank type property only involves certain collections and independent combinations
of arrows and of the quiver. One may study more general situations. For instance, one could
restrict real root representations to subquivers and study these. This may yield results which
allow one to determine whether a given real root representation is in sm:ﬁ for more complicated

representations S.
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Appendix
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Appendix A

More quivers

In this appendix we consider further quivers and present an indication of the numerical data which
led to posing Question (71). The results of this chapter give an indication that the functors g can
be used in many cases to construct real root representations. This suggests that the two real root
representations and the quivers discussed in Chapter 5, which answered Question ({1) negatively

in general, are singular examples.

Throughout the appendix we fix the field & = C. The author has used the results of
Section 2.3, namely the construction of real root representations over algebraically closed
fields of characteristic zero using deformed preprojective algebras, to write a matlab package
construct_real_root_rep (E, a) (with input: E - Euler matrix of the quiver Q; « -
positive real root for ()) to construct real root representations (over k = C) for a given quiver
(. This package is based on Proposition 2.3.5 and basically relies on implementing the functors

E;, as described in Theorem 2.3.1; this only involves matrix operations.

The author has also written the following matlab programs. A program
homomorphisms (E, X,Y) (with input: E - Euler matrix of the quiver @
X,Y - representations of the quiver () in matrix form), to compute the dimensions of
homomorphism spaces between representations of a given quiver (). This program is based

on Lemma 2.2.8 and basically relies on determining the rank of the map dxy, described in
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Section 2.2; this only involves matrix operations. Moreover, the author has written a program
decomposition (E,«) (with input: E - Euler matrix of the quiver @), « - positive real root

for ) which calculates for a given real root « all possible decompositions

a=—({8,7+00)-B+7

with 3 a real Schur root, v a real root, and X, € Sﬁ:g. These are exactly those decompositions
of a such that X, = og(X,) € zmg The decompositions are obtained as follows. Based
on Remark 5.0.13 we compute for a given positive real root « all positive real roots 3 such
that 5 < «, (a,) > 0 and (B,a) > 0. This is a straightforward algorithm. Then, using
construct_real_root_rep (F, 3) and homomorphisms (F, Xg, Xg) , we single out the
real roots which are real Schur roots. In case there are no real Schur roots amongst the 3’s the
program stops. The corresponding y for each 3 is obtained by taking sg(a). We have now

obtained all decompositions of « of the following form

o= _(<’77ﬁ> + <77/8>) /8+77

with (3,7) < 0 and (vy,3) < 0 (which is a necessary condition for X, € im:g), and
B a real Schur root, v a real root. Now, using construct_real_root_rep (F, 3),
construct.real_root.rep (E,v), homomorphisms (F, Xg, X5) and
homomorphisms (F, X,, X3) we determine whether X, € i)ﬁ:g. In this way the program
decomposition (E,«) obtains all desired decompositions of «. In case there are no such

decompositions, the program produces no output.

The program decomposition (F,«a) can be used to study real root representations for given

quivers in view of Question (11). We have used it to produce the tables presented in this appendix.

The data presented in the subsequent sections is arranged as follows. At the beginning of each
section the considered quiver @ is given together with an upper bound b € IN?° for the dimension
vectors of real roots. The tables contain all sincere non-Schur real roots o with a[i] < b[é] for all
i € Qo, which can be obtained in the following way. Firstly, one searches through all dimension

vectors up to a given upper bound and singles out all real roots, that is one checks whether a given
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dimension vector can be obtained from a simple root by a sequence of reflections. Here we use the
fact that for a given real root there always exists a simple reflection s; such that s;(«) is strictly
smaller than a.. Secondly, using the program homomorphisms (E, X, X,) one singles out all

the non-Schur real roots «.

The tables contain the following information. For each non-Schur real root o we give the

dimension of the endomorphism ring together with all possible decompositions

a=(—(8,7) —(7.8)) B+~

such that 3 is a real Schur root, 7 is a real root, and X, € ﬂﬁ:g. In this case we have
03(Xy) = X,. Hence, the sequence 3,,..., 31 (n > 2) as sought in Question (f{) for a non-
Schur real root which is contained in the table can be obtained easily. Note that for the quivers
considered in this chapter all non-Schur real root representations with dimension vectors below

the given upper bound possess such a sequence.

The tables presented in this chapter may also be used by the reader to check further conjectures

about real root representations.

A.1 The quiver (),

Q1 1—>2—%3, b= (40,40,40)

dim X, dim Endgq X, decomposition(s)
(2,14,9) 6 (5+1)-(0,2,1)+(2,2,3)
(2,26,19) 13 (6+2)-(0,3,2)+(2,2,3)
(2,26,33) 6 (1+5)-(0,4,5)+(2,2,3)
(3,19,12) 13 (6+2)-(0,2,1)+(3,3,4)
(3,36,26) 29 (7+4)-(0,3,2)+(3,3,4)
(4,16,9) 6 (1+5)-(0,2,1)+(4,4,3)
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&5

dim X, dim Endyq X, decomposition(s)
(4,24,15) 22 (7+3)-(0,2,1)+(4,4,5)
(5,21,12) 13 (2+6)-(0,2,1)+(5,5,4)
(5,29,18) 33 (8+4)-(0,2,1)+(5,5,6)
(6,26,15) 22 (3+7)-(0,2,1)+(6,6,5)
(6,34,21) 46 (9+5)-(0,2,1)+(6,6,7)
(7,31,18) 33 (4+8)-(0,2,1)+(7,7,6)
(7,39,24) 61 (10+6)-(0,2,1)+(7,7,8)
(8,36,21) 46 (5+9)-(0,2,1)+(8,8,7)
(12,14,19) 6 (1+5)-(2,2,3)+(0,2,1)
(12,16,23) 6 (5+1)-(2,2,3)+(0,4,5)
(12,36,19) 13 (2+6)-(1,4,2)+(4,4,3)
(16,19,26) 13 (2+6)-(2,2,3)+(0,3,2)
(16,21,30) 13 (6+2)-(2,2,3)+(0,5,6)
(20,24,33) 22 (3+7)-(2,2,3)+(0,4,3)
(20,26,37) 22 (7+3)-(2,2,3)+(0,6,7)
(24,26,19) 6 (5+1)-(4,4,3)+(0,2,1)
(24,26,33) 13 (2+6)-(3,3,4)+(0,2,1)
(24,29,40) 33 (4+8)-(2,2,3)+(0,5,4)
(30,34,23) 6 (1+5)-(4,4,3)+(6,10,5)
(33,36,26) 13 (6+2)-(4,4,3)+(1,4,2)

A.2 The quiver ()

In this section we consider the following quiver

Qo:

1

AN

A [ TN

2 3 b

S— T

b = (20,20, 20).
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Since there is no arrow going from 1 to 3 Theorem 3.2.5 does not apply. However, as the data
below shows, universal extension functors may still be used; but the real Schur representations
used for a reflection are no longer just S(1),.5(2) and S(3). This shows how the construction
problem gets more complicated. The further we move away from the ideal situation described in
Theorem 3.2.5, were we only reflected with respect to simples corresponding to vertices, the more

complicated the reflection process seems to get.

dim X, dim Endgg Xo decomposition(s)
(1,2,5) 8 (34+2)-(0,0,1)+(1,2,0)
(1,4,1) 5 (242)-(0,1,0)+(1,0,1)
(1,4,8) 17 (4+3)-(0,0,1)+(1,4,1)

(1,10,5) 24 (4+4)-(0,1,0)+(1,2,5)

(1,10,16) 54 (645)-(0,0,1)+(1,10,5)

(1,14,8) 42 (5+5)-(0,1,0)+(1,4,8)
(2,1,4) 5 (3+1)-(0,0,1)+(2,1,0)
(2,3,8) 18 (5+3)-(0,0,1)+(2,3,0)

2,11,4) 30 (5+5)-(0,1,0)+(2,1,4)

(2,11,20) 93 (9+7)-(0,0,1)+(2,11,4)

(2,17,8) 67 (7+7)-(0,1,0)+(2,3,8)
(3,2,7) 13 (5+2)-(0,0,1)+(3,2,0)

3.4,11) 32 (7+4)-(0,0,1)+(3,4,0)

(3,18,7) 77 (848)-(0,1,0)+(3,2,7)
(4,1,2) 5 (14+3)-(1,0,0)+(0,1,2)
(4,1,4) 5 (242)-(1,0,1)+(0,1,0)

(4,3,10) 25 (743)-(0,0,1)+(4,3,0)

4,5,14) 50 (9+5)-(0,0,1)+(4,5,0)

4,11,2) 30 (5+5)-(0,1,0)+(4,1,2)

(4,15,4) 54 (7+7)-(0,1,0)+(4,1,4)
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dim X, | dimEndgg Xo decomposition(s)
(5.2,1) 8 (243)-(1,0,0+(0,2,1)
(5.2.8) 14 (6+1)-(0,0,1)+(5,2,1)

(5,4,13) 41 (9+4)-(0,0,1)+(5,4,0)

(5,6,17) 72 (1146)-(0,0,1)+(5,6,0)

(5,10,1) 24 (4+4)-(0,1,0)+(5.2,1)

(6,5,16) 61 (1145)-(0,0,1)+(6,5.0)

(6,7,20) 98 (13+7)-(0,0,1)+(6,7,0)
(7.2.3) 13 (2+5)-(1,0,0+(0,2,3)
(7.2.8) 14 (3+4)-(1,0,1)+(0,2,1)

(7,6,19) 85 (13+6)-(0,0,1)+(7,6,0)

(7,18,3) 77 (8+8)-(0,1,0)+(7,2.3)
(8.2,5) 14 (146)-(1,0,0)+(1,2.5)
(8.2,7) 14 (4+3)-(1,0,1)+(1,2,0)
(8.3.2) 18 (3+5)-(1,0,0+(0,3,2)

(8,3,12) 27 (9+1)-(0,0,1)+(8,3.2)
(8.4,1) 17 (3+4)-(1,0,0)+(1,4,1)

(8,4,15) 50 (1143)-(0,0,1)+(8,4,1)

(8,14,1) 42 (5+5)-(0,1,0)+(8,4,1)

(8,17,2) 67 (7+7)-(0,1,0)+(8,3.2)

(10,3,4) 25 (3+7)-(1,0,0+(0,3.4)

(10,3,12) 27 (4+6)-(1,0,1)+(0,3,2)

(11,4,3) 32 (4+7)-(1,0,00+(0,4,3)

(11,4,16) 44 (12+1)-(0,0,1)+(11,4,3)

(12,3.8) 27 (149)-(1,0,0+(2,3.8)

(12,3,10) 27 (6+4)-(1,0,1)+(2,3.0)

(13,4,5) 41 (449)-(1,0,0+(0,4,5)
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dim X, dim Endyq X, decomposition(s)

(13,4,16) 44 (5+8)-(1,0,1)+(0,4,3)

(14,5,4) 50 (5+9)-(1,0,0)+(0,5,4)

(14,5,20) 65 (15+1)-(0,0,1)+(14,5,4)
(15,4,8) 50 (3+11)-(1,0,0)+(1,4,8)
(15,4,15) 54 (7+7)-(1,0,1)+(1,4,1)

(16,4,11) 44 (1+12)-(1,0,0)+(3,4,11)
(16,4,13) 44 (8+5)-(1,0,1)+(3,4,0)

(16,5,6) 61 (5+11)-(1,0,0)+(0,5,6)
(16,5,20) 65 (6+10)-(1,0,1)+(0,5,4)
(16,10,1) 54 (5+6)-(1,0,0)+(5,10,1)
(17,6,5) 72 (6+11)-(1,0,0)+(0,6,5)
(19,6,7) 85 (6+13)-(1,0,0)+(0,6,7)
(20,5,14) 65 (1+15)-(1,0,0)+(4,5,14)
(20,5,16) 65 (10+6)-(1,0,1)+(4,5,0)
(20,7,6) 98 (7+13)-(1,0,0)+(0,7,6)
(20,11,2) 93 (7+9)-(1,0,0)+(4,11,2)

A.3 The six-subspace quiver

The data for the six-subspace quiver below may give some suggestions for more general tools
needed to decide whether a given representation X is in 92, where S is a real Schur

representation.

One suggestion is the following. For a given real root representation for a quiver () one may
restrict this representation to a subquiver of ). Then one could ask what are the homomorphisms

between the representation obtained and certain real Schur representations? Tools similar to this



Chapter A. More quivers

«

may be useful to be able to approach n-subspace quivers in the way stated in Question (17).

b=(5,5,5,5,5,5,10)

The tables only contain real roots a with the property

1] < af2] < af3] < afd] < al5] < a[6].

dim X, dim Endgg X, decomposition(s)
(1,1,1,1,4,4,5) 4 (1+3)-(0,0,0,0,1,1,1)+(1,1,1,1,0,0,1)
(1,1,1,1,4,4,7) 4 (3+1)-(0,0,0,0,1,1,1)+(1,1,1,1,0,0,3)
(1,1,1,2,5,5,7) 7 (2+3)-(0,0,0,0,1,1,1)+(1,1,1,2,0,0,2)
(1,1,1,2,5,5,8) 7 (3+2)-(0,0,0,0,1,1,1)+(1,1,1,2,0,0,3)
(1,1,1,3,3,4,4) 3 (4+0)-(0,0,0,0,0,1,0)+(1,1,1,3,3,0,4)

(14+2)-(0,0,0,1,1,1,1)+(1,1,1,0,0,1,1)
(1,1,1,3,3,4,9) 3 (0+4)-(0,0,0,0,0,1,1)+(1,1,1,3,3,0,5)
(2+1)-(0,0,0,1,1,1,2)+(1,1,1,0,0,1,3)
(1,1,1,3,3,5,5) 3 (5+0)-(0,0,0,0,0,1,0)+(1,1,1,3,3,0,5)
(2+1)-(0,0,0,1,1,1,1)+(1,1,1,0,0,2,2)
(1,1,1,3,3,5,9) 3 (0+5)-(0,0,0,0,0,1,1)+(1,1,1,3,3,0,4)
(1+2)-(0,0,0,1,1,1,2)+(1,1,1,0,0,2,3)
(1,1,1,3,3,6,7) 5 (14+2)-(0,0,0,1,0,1,1)+(1,1,1,0,3,3,4)
(14+2)-(0,0,0,0,1,1,1)+(1,1,1,3,0,3,4)
(1,1,1,3,3,6,8) 5 (2+1)-(0,0,0,1,0,1,1)+(1,1,1,0,3,3,5)
(2+1)-(0,0,0,0,1,1,1)+(1,1,1,3,0,3,5)
(1,1,1,3,4,6,7) 4 (1+3)-(0,0,0,0,1,1,1)+(1,1,1,3,0,2,3)

(0+2)-(0,0,0,1,0,1,1)+(1,1,1,1,4,4,5)
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dim X, dim Endyq X, decomposition(s)
(1,1,1,3,4,6,9) 4 (24+0)-(0,0,0,1,0,1,1)+(1,1,1,1,4,4,7)
(3+1)-(0,0,0,0,1,1,1)+(1,1,1,3,0,2,5)
(1,1,1,3,5,6,8) 7 (2+3)-(0,0,0,0,1,1,1)+(1,1,1,3,0,1,3)
(0+1)-(0,0,0,1,0,1,1)+(1,1,1,2,5,5,7)
(1,1,1,3,5,6,9) 7 (3+2)-(0,0,0,0,1,1,1)+(1,1,1,3,0,1,4)
(1+0)-(0,0,0,1,0,1,1)+(1,1,1,2,5,5,8)
(1,1,1,4,4,45) 5 (2+2)-(0,0,0,1,1,1,1)+(1,1,1,0,0,0,1)
(1,1,1,4,4,4,10) 5 (2+2)-(0,0,0,1,1,1,2)+(1,1,1,0,0,0,2)
(1,1,1,4,6,6,9) 7 (243)-(0,0,0,0,1,1,1)+(1,1,1,4,1,1,4)
(0+1)-(0,0,0,1,1,0,1)+(1,1,1,3,5,6,8)
(0+1)-(0,0,0,1,0,1,1)+(1,1,1,3,6,5,8)
(1,1,1,4,6,6,10) 7 (3+2)-(0,0,0,0,1,1,1)+(1,1,1,4,1,1,5)
(1+0)-(0,0,0,1,1,0,1)+(1,1,1,3,5,6,9)
(1+0)-(0,0,0,1,0,1,1)+(1,1,1,3,6,5,9)
(1,1,1,5,5,5,7) 5 (4+1)-(0,0,0,1,1,1,1)+(1,1,1,0,0,0,2)
(1,1,1,5,6,6,9) 4 (14+3)-(0,0,0,0,1,1,1)+(1,1,1,5,2,2,5)
(0+2)-(0,0,0,1,0,1,1)+(1,1,1,3,6,4,7)
(0+2)-(0,0,0,1,1,0,1)+(1,1,1,3,4,6,7)
(1,1,1,6,6,6,10) 7 (1+2)-(0,0,0,0,1,1,1)+(1,1,1,6,3,3,7)
(14+2)-(0,0,0,1,0,1,1)+(1,1,1,3,6,3,7)
(1+2)-(0,0,0,1,1,0,1)+(1,1,1,3,3,6,7)
(1,1,2,2,2,6,7) 4 (1+1)-(0,0,1,0,0,1,1)+(1,1,0,2,2,4,5)
(1+1)-(0,0,0,1,0,1,1)+(1,1,2,0,2,4,5)
(1+1)-(0,0,0,0,1,1,1)+(1,1,2,2,0,4,5)
(1,1,2,2,3,3,3) 2 (3+0)-(0,0,0,0,1,0,0)+(1,1,2,2,0,3,3)

(3+0)-(0,0,0,0,0,1,0)+(1,1,2,2,3,0,3)
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dim X,

dim Endyq X,

decomposition(s)

(1+1)-(0,0,1,1,1,1,1)+(1,1,0,0,1,1,1)

(1,1,2,2,3,3,9)

(0+3)-(0,0,0,0,1,0,1)+(1,1,2,2,0,3,6)
(0+3)-(0,0,0,0,0,1,1)+(1,1,2,2,3,0,6)
(1+1)-(0,0,1,1,1,1,3)+(1,1,0,0,1,1,3)

(1,1,2,2,3,6,6)

(6+0)-(0,0,0,0,0,1,0)+(1,1,2,2,3,0,6)
(0+3)-(0,0,0,0,1,1,1)+(1,1,2,2,0,3,3)
(1+1)-(0,0,1,1,1,2,2)+(1,1,0,0,1,2,2)

(1,1,2,2,3,6,9)

(0+6)-(0,0,0,0,0,1,1)+(1,1,2,2,3,0,3)
(3+0)-(0,0,0,0,1,1,1)+(1,1,2,2,0,3,6)
(1+1)-(0,0,1,1,1,2,3)+(1,1,0,0,1,2,3)

(1,1,2,2,4,5,5)

(54+0)-(0,0,0,0,0,1,0)+(1,1,2,2,4,0,5)
(1+1)-(0,0,1,0,1,1,1)+(1,1,0,2,2,3,3)
(1+1)-(0,0,0,1,1,1,1)+(1,1,2,0,2,3,3)

(1,1,2,2,4,5,10)

(0+5)-(0,0,0,0,0,1,1)+(1,1,2,2,4,0,5)
(1+1)-(0,0,1,0,1,1,2)+(1,1,0,2,2,3,6)
(1+1)-(0,0,0,1,1,1,2)+(1,1,2,0,2,3,6)

(1,1,2,2,5,6,7)

(1+4)-(0,0,0,0,1,1,1)+(1,1,2,2,0,1,2)

(1,1,2,2,5,6,10)

(4+1)-(0,0,0,0,1,1,1)+(1,1,2,2,0,1,5)

(1,1,2,2,6,6,9)

11

(3+3)-(0,0,0,0,1,1,1)+(1,1,2,2,0,0,3)

(1,1,2,3,4,5,5)

(5+0)-(0,0,0,0,0,1,0)+(1,1,2,3,4,0,5)
(1+2)-(0,0,0,1,1,1,1)+(1,1,2,0,1,2,2)
(0+1)-(0,0.1,0,1,1,1)+(1,1,1,3,3.4,4)

(1,1,2,3,4,6,6)

(6+0)-(0,0,0.,0,0,1,0)+(1,1,2,3.4,0,6)
(1+0)-(0,0,1,0,1,1,1)+(1,1,1,3,3,5,5)
(2+1)-(0,0,0,1,1,1,1)+(1,1,2,0,1,3,3)

(1,1,2,5,5,6,7)

(3+2)-(0,0,0,1,1,1,1)+(1,1,2,0,0,1,2)
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dim X,

dim Endyq X,

decomposition(s)

(1,1,3,3,3,4,4)

3

(4+0)-(0,0,0,0,0,1,0)+(1,1,3,3,3,0,4)
(2+1)-(0,0,1,1,1,1,1)+(1,1,0,0,0,1,1)

(1,1,3,3,6,6,7)

(2+1)-(0,0,1,0,1,1,1)+(1,1,0,3,3,3,4)
(2+1)-(0,0,0,1,1,1,1)+(1,1,3,0,3,3,4)

(1,1,3,4,4,6,6)

(6+0)-(0,0,0,0,0,1,0)+(1,1,3,4,4,0,6)
(1+2)-(0,0,0,1,1,1,1)+(1,1,3,1,1,3,3)
(0+1)-(0,0,1,1,0,1,1)+(1,1,2,3,4,5,5)
(0+1)-(0,0,1,0,1,1,1)+(1,1,2,4,3,5,5)

(1,1,3,4,6,6,7)

(2+2)-(0,0,0,1,1,1,1)+(1,1,3,0,2,2,3)
(1+1)-(0,0,1,0,1,1,1)+(1,1,1,4,4,4,5)

(1,1,4,4,4,4,5)

(3+1)-(0,0,1,1,1,1,1)+(1,1,0,0,0,0,1)

(1,1,4,4,6,6,7)

(1+2)-(0,0,0,1,1,1,1)+(1,1,4,1,3,3,4)
(1+2)-(0,0,1,0,1,1,1)+(1,1,1,4,3,3,4)

(1,2,2,3,5,6,6)

(6+0)-(0,0,0,0,0,1,0)+(1,2,2,3,5,0,6)
(0+1)-(0,1,0,0,1,1,1)+(1,1,2,3,4,5,5)
(0+1)-(0,0,1,0,1,1,1)+(1,2,1,3,4,5,5)
(1+2)-(0,0,0,1,1,1,1)+(1,2,2,0,2,3,3)

(1,2,2,5,6,6,7)

(2+3)-(0,0,0,1,1,1,1)+(1,2,2,0,1,1,2)

(1,2,3,4,4,5.5)

(5+0)-(0,0,0,0,0,1,0)+(1,2,3,4,4,0,5)
(2+1)-(0,0,1,1,1,1,1)+(1,2,0,1,1,2,2)
(1+0)-(0,1,0,1,1,1,1)+(1,1,3,3,3,4,4)

(1,2,3,4,5,6,6)

(6+0)-(0,0,0,0,0,1,0)+(1,2,3,4,5,0,6)
(0+3)-(0,0,0,1,1,1,1)+(1,2,3,1,2,3,3)
(3+0)-(0,0,1,1,1,1,1)+(1,2,0,1,2,3,3)
(1+1)-(0,1,1,1,2,2,2)+(1,0,1,2,1,2,2)

(1,2,5,5,6,6,7)

(4+1)-(0,0,1,1,1,1,1)+(1,2,0,0,1,1,2)
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dim X,

dim Endyq X,

decomposition(s)

(1,3,3,4,4,5.5)

3

(54+0)-(0,0,0,0,0,1,0)+(1,3,3,4,4,0,5)
(1+1)-(0,0,1,1,1,1,1)+(1,3,1,2,2,3,3)
(1+1)-(0,1,0,1,1,1,1)+(1,1,3,2,2,3,3)

(1,3,4,4,5,6,6)

(6+0)-(0,0,0,0,0,1,0)+(1,3,4,4,5,0,6)
(2+1)-(0,0,1,1,1,1,1)+(1,3,1,1,2,3,3)
(1+0)-(0,1,1,0,1,1,1)+(1,2,3,4,4,5,5)
(1+0)-(0,1,0,1,1,1,1)+(1,2,4,3,4,5,5)

(1,3,4,6,6,6,7)

(3+1)-(0,0,1,1,1,1,1)+(1,3,0,2,2,2,3)
(240)-(0,1,0,1,1,1,1)+(1,1,4,4,4,4,5)

(1,4,4,6,6,6,7)

(2+1)-(0,0,1,1,1,1,1)+(1,4,1,3,3,3,4)
(2+1)-(0,1,0,1,1,1,1)+(1,1,4,3,3,3,4)

(1,5,5,5,6,6,7)

(1+l).(0’0’1’1’1’171)+(1’5’3’3747475)
(1+1)-(0,1,0,1,1,1,1)+(1,3.5,3,4.4,5)
(1+1)-(0,1,1,0,1,1,1)+(1,3,3,5.4,4,5)

(2,2,2,6,6,6,7)

(1+4)-(0,0,0,1,1,1,1)+(2,2,2,1,1,1,2)

(2,2,3,3,5,5,5)

(54+0)-(0,0,0,0,1,0,0)+(2,2,3,3,0,5,5)
(5+0)-(0,0,0,0,0,1,0)+(2,2,3,3,5,0,5)
(1+1)-(0,0,1,1,1,1,1)+(2,2,1,1,3,3,3)

(2,2,3,5,5,6,6)

(6+0)-(0,0,0,0,0,1,0)+(2,2,3,5,5,0,6)
(1+0)-(1,0,0,1,1,1,1)+(1,2,3,4,4,5,5)
(1+0)-(0,1,0,1,1,1,1)+(2,1,3,4,4,5,5)
(2+1)-(0,0,1,1,1,1,1)+(2,2,0,2,2,3,3)

(2,2,4,4,45,5)

(5+0):(0,0,0,0,0,1,0)+(2,2,4,4,4,0,5)
(1+2)-(0,0.1,1,1,1,1)+(2,2,1,1,1,2,2)

(2,2,5,6,6,6,7)

(3+2)-(0,0,1,1,1,1,1)+(2,2,0,1,1,1,2)

(2,3,4,5,5,6,6)

(6+0)-(0,0,0,0,0,1,0)+(2,3.4,5,5,0,6)
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dim X,

dim Endyq X, decomposition(s)

(1+2)-(0,0,1,1,1,1,1)+(2,3,1,2,2,3,3)
(0+1)-(0,1,0,1,1,1,1)+(2,2,4,4,4,5,5)

(3,3,0,6,6,6,7)

4 (1+3)-(0,0,1,1,1,1,1)+(3,3,2,2,2,2,3)

(3,4,4,5,5,6,6)

2 (6+0)-(0,0,0,0,0,1,0)+(3,4,4,5,5,0,6)
(3+0)-(0,1,1,1,1,1,1)+(3,1,1,2,2,3,3)
(1+1)-(1,1,1,2,2,2,2)+(1,2,2,1,1,2,2)

A.4 The quiver ()4

1
Q4 : —=4, b=(10,10,10,10)
2
dim X, dim Endgq X, decomposition(s)
(1,2,1,2) 2 (1+1)-(0,1,0,0,)+(1,0,1,2)
(0+2)-(0,0,0,1)+(1,2,1,0)
(1,2,6,2) 8 (3+2)-(0,0,1,0)+(1,2,1,2)
(1,2,9.4) 7 (6+1)-(0,0,1,0)+(1,2,2,4)
(1,5,4,2) 5 (4+1)-(0,1,0,0,)+(1,0,4,2)
(1,5,4,6) 5 (4+1)-(0,1,0,0)+(1,0,4,6)
(1,5,6,2) 5 (4+1)-(0,1,1,0,)+(1,0,1,2)
(0+2)-(0,0,1,0)+(1,5,4,2)
(1,10,9,6) 10 (9+1)-(0,1,0,0,)+(1,0,9,6)
(2,1,2,4) 2 (0+4)-(0,0,0,1,)+(2,1,2,0)
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dim X, dim Endq X, decomposition(s)

(1+1)-(1,0,1,2)+(0,1,0,0)
(2,1,6,2) 7 (3+2)-(0,0,1,0)+(2,1,1,2)
(2,1,6,10) 2 (1+1)-(1,0,1,2,)+(0,1,4,6)

(0+2)-(0,0,2,3)+(2,1,2,4)
(2,1,9.4) 8 (6+1)-(0,0,1,0)+(2,1,2,4)
(2,2,7,2) 10 (3+3)-(0,0,1,0)+(2,2,1,2)
(2,3,2,4) 3 (1+1)-(0,1,0,0,)+(2,1,2,4)

(0+4)-(0,0,0,1)+(2,3,2,0)
(2,4,2,1) 5 (2+2)-(0,1,0,0,)+(2,0,2,1)
(2,4,2,3) 5 (2+2)-(0,1,0,0,)+(2,0,2,3)
(2,4,6,1) 5 (0+4)-(0,0,1,0,)+(2,4,2,1)

(2+2)-(0,1,1,0)+(2,0,2,1)
(2,4,10,3) 21 (4+4)-(0,0,1,0)+(2,4,2,3)
(2,7,6,2) 12 (5+1)-(0,1,0,0,)+(2,1,6,2)
(2,7,6,10) 7 (5+1)-(0,1,0,0)+(2,1,6,10)
(2,7,7,2) 10 (5+0)-(0,1,0,0,)+(2,2,7,2)

(3+3)-(0,1,1,0)+(2,1,1,2)
(2,8,6,3) 13 (6+2)-(0,1,0,0,)+(2,0,6,3)
(2,8,6,9) 13 (6+2)-(0,1,0,0)+(2,0,6.9)
(2,8,10,3) 13 (6+2)-(0,1,1,0,)+(2,0,2,3)

(0+4)-(0,0,1,0)+(2,8.,6,3)
(2,10,9,4) 16 (8+1)-(0,1,0,0,)+(2,1,9,4)
(3,2,3,6) 3 (0+6)-(0,0,0,1,)+(3,2,3,0)

(1+1)-(1,0,1,2)+(1,2,1,2)
(3,4,3,6) 4 (1+1)-(0,1,0,0,)+(3,2,3,6)

(0+6)-(0,0,0,1)+(3.4,3,0)
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dim X, dim Endq X, decomposition(s)
(3,6,3,2) 10 (3+3)-(0,1,0,0,)+(3,0,3,2)
(3,6,3,4) 10 (3+3)-(0,1,0,0,)+(3,0,3,4)
(3,6,10,2) 16 (1+6)-(0,0,1,0,)+(3,6,3,2)
(3,7,4,2) 13 (4+3)-(0,1,0,0)+(3,0,4,2)
(3,7,4,6) 13 (4+3)-(0,1,0,0,)+(3,0,4,6)
(3,7,10,2) 13 (4+3)-(0,1,1,0,)+(3,0,3,2)
(0+6)-(0,0,1,0)+(3,7,4,2)
(4,2,10,3) 17 (4+4)-(0,0,1,0)+(4,2,2,3)
(4,3,4,8) 4 (0+8)-(0,0,0,1,)+(4,3,4,0)
(1+1)-(1,0,1,2)+(2,3,2,4)
(4,5,4,8) 5 (1+1)-(0,1,0,0,)+(4,3,4,8)
(0+8)-(0,0,0,1)+(4,5,4,0)
(4,8,4,3) 17 (4+4)-(0,1,0,0,)+(4,0,4,3)
(4,8,4,5) 17 (4+4)-(0,1,0,0,)+(4,0,4,5)
(4,8,6,1) 9 (4+2)-(0,1,0,0,)+(4,2,6,1)
(4,10,6,3) 25 (6+4)-(0,1,0,0)+(4,0,6,3)
(4,10,6,9) 25 (6+4)-(0,1,0,0,)+(4,0,6,9)
(5,1,6,10) 5 (1+4)-(1,0,1,2)+(0,1,1,0)
(5,4,5,10) 5 (0+10)-(0,0,0,1,)+(5,4.,5,0)
(1+1)-(1,0,1,2)+(3,4,3,6)
(5,6,5,10) 6 (1+1)-(0,1,0,0,)+(5.4,5,10)
(0+10)-(0,0,0,1)+(5,6,5,0)
(5.8.,4,2) 13 (3+4)-(0,1,0,0,)+(5,1,4,2)
(5.8,4,6) 13 (3+4)-(0,1,0,0)+(5,1,4,6)
(5,10,5.,4) 26 (5+5)-(0,1,0,0,)+(5,0,5,4)
(5,10,5,6) 26 (5+5)-(0,1,0,0,)+(5,0,5,6)
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dim X, dim Endq X, decomposition(s)
(5,10,6,2) 21 (5+4)-(0,1,0,0,)+(5,1,6,2)
(5,10,6,10) 25 (5+4)-(0,1,0,0,)+(5,1,6,10)
(6,3,10,2) 7 (1+6)-(0,0,1,0)+(6,3,3,2)
(7,2,6,2) 5 (4+1)-(1,0,1,0)+(2,2,1,2)
(7,2,7,2) 7 (5+1)-(1,0,1,0)+(1,2,1,2)
(7,8,4,2) 5 (1+4)-(0,1,0,0)+(7,3,4,2)

(7,8,4,6) 5 (1+4)-(0,1,0,0,)+(7,3,4,6)
(8,1,8,4) 5 (2+2)-(2,0,2,1)+(0,1,0,0)
(8,1,9.4) 5 (0+1)-(0,0,1,0,)+(8,1,8,4)
(2+2)-(2,0,2,1)+(0,1,1,0)

(8.,4,6,1) 5 (2+2)-(1,0,1,0,)+(4,4,2,1)
(8.4,8,1) 13 (4+2)-(1,0,1,0,)+(2,4,2,1)
(8,10,6,1) 13 (2+4)-(0,1,0,0,)+(8,4,6,1)
(10,5,6,2) 2 (1+1)-(1,0,1,0,)+(8,5,4,2)
(2+0)-(4,2,2,1)+(2,1,2,0)

(10,5,6,10) 7 (2+3)-(2,1,1,2)+(0,0,1,0)
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Quiver representations of maximal rank type and an application
to representations of a quiver with three vertices

Marcel Wiedemann

ABSTRACT

We introduce the notion of ‘maximal rank type’ for representations of quivers, which requires
certain collections of maps involved in the representation to be of maximal rank. We show that
real root representations of quivers are of maximal rank type. By using the maximal rank type
property and universal extension functors we construct all real root representations of a particular
wild quiver with three vertices. From this construction it follows that real root representations
of this quiver are tree modules. Moreover, formulae given by Ringel can be applied to compute
the dimension of the endomorphism ring of a given real root representation.

Introduction

Throughout this paper we fix an arbitrary field k. Let @ be a (finite) quiver, that is, an
oriented graph with finite vertex set )y and finite arrow set )7 together with two functions
h,t: Q1 — Qg assigning a head and a tail to each arrow a € Q1. For i € Q)¢ we define the sets
H?(i):={a € Qy:h(a) =i} and T9(>3) := {a € Q : t(a) =i}.

A representation X of ) is given by a vector space X; (over k) for each vertex i € Qo together
with a linear map X, : Xy(q) — Xj(a) for each arrow a € Q.

DEFINITION (Maximal rank type). A representation X of @ is said to be of maximal rank
type, provided that it satisfies the following conditions.
(i) For every vertex i € Qo and for every subset A C H?(i) the map

@Xt(a) Koo, X
a€A
is of maximal rank.
(ii) For every vertex i € Qo and for every subset B C T9(i) the map

X, (Xp)p @Xh(b)
beB

is of maximal rank.

Clearly not every representation of @ is of maximal rank type. The following example shows
that even indecomposable representations of () might not be of maximal rank type:

However, if k is algebraically closed, a general representation for a given dimension vector d is
of maximal rank type. In particular, real Schur representations have this property; but clearly
not all real root representations are real Schur representations.

Received 22 May 2007; revised 15 January 2008; published online 6 May 2008.
2000 Mathematics Subject Classification 16G20.
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Let o be a positive real root for (. Recall that there is a unique indecomposable
representation of dimension vector « (see Section 1 for details).
The main result of this paper is the following.

THEOREM A. Let Q be a quiver, and let o be a positive real root for (). The unique
indecomposable representation of dimension vector « is of maximal rank type.

In the second part of this paper we use Theorem A to construct all real root representations
of the quiver

with f,g,h > 1.

The quiver (1,1, 1) is considered by Jensen and Su in [2], where all real root representations
are constructed explicitly. In [7] Ringel extends their results to the quiver Q(1,g,h) (g,h > 1)
by using universal extension functors. In this paper we consider the general case and obtain
the following result.

THEOREM B. Let a be a positive real root for the quiver Q(f,g,h). The unique
indecomposable representation of dimension vector « can be constructed by using universal
extension functors starting from simple representations and real Schur representations of the

quiver Q'(f) (f = 1), where Q'(f) denotes the following subquiver of Q(f, g, h).

A1
—_—

Q(f):1_:_2

)\f

The paper is organized as follows. In Section 1 we discuss further notation and background
results. In Section 2 we prove Theorem A after discussing the constructions needed for the
proof. To prove that real root representations are of maximal rank type, we have to show that
certain collections of maps have maximal rank. The main idea of the proof is to insert an extra
vertex and to attach to it the image of the map under consideration. Analysing this modified
representation yields the desired result.

In Section 3 we use the maximal rank type property of real root representations to prove
Theorem B. Tt follows that real root representations of Q(f,g,h) are tree modules. Moreover,
using the formulae given in [5, Section 1] we can compute the dimension of the endomorphism
ring for a given real root representation.

1. Further notation and background results

Let @ be a quiver with vertex set Qg and arrow set Q1. Let X and Y be two representations of
Q. A homomorphism ¢ : X — Y is given by linear maps ¢; : X; — Y; such that for each arrow
a € @1, a:i— j say, the following square commutes.

Xing

-

Vi,
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The morphism ¢ is said to be an isomorphism if ¢; is an isomorphism for all ¢ € Q). The direct
sum X @Y of two representations X and Y is defined by

(XeY)=X,@Y, VieQ,

(X ©Y)a = ()g 3) VaeQ.

A representation Z is called decomposable if Z = X &Y for non-zero representations X and
Y. In this way one obtains a category of representations, denoted by Rep;, Q.

A dimension vector for @ is given by an element of N0, We will write e; for the coordinate
vector at vertex i and by d[i], i € Qp, we denote the ith coordinate of d € N¥°. A dimension
vector d € N@0 is said to be sincere, provided that d[i] > 0 for all i € Qq. If X is a finite-
dimensional representation, meaning that all vector spaces X; (i € Qo) are finite-dimensional,
then dim X = (dim X;),;cq, is the dimension vector of X. Throughout this paper we consider
only finite-dimensional representations. We denote by rep;, @, the full subcategory with the
finite-dimensional representations of ) as objects.

The Ringel form on Z%° is defined by

(@, 8) =Y afdlBli] = Y aft(@)]Bh(a)].
1€Qo a€Q1
Moreover, let (o, 3) = (a, 8) + (5, @) be its symmetrization.
We say that a vertex i € Qg is loop-free if there are no arrows «a : i — i. By a quiver without
loops we mean a quiver with only loop-free vertices. In this paper we consider only quivers
without loops. For a loop-free vertex i € Qg the simple reflection s; : Z@0 — Z20 is defined by

si(a) = a— (a,e;)e;.

A simple root is a vector e; for i € QQg. The set of simple roots is denoted by II. The Weyl
group, denoted by W, is the subgroup of GL(Z"), where n = |Qq|, generated by the s;. By
AL(Q) :={a € W(II) : @ > 0} we denote the set of (positive) real root for Q. Let

M :={f € N? : 3 has connected support and (3, e;) < 0 for all i € Qo}.

By A (Q) := Uypew w(M) we denote the set of (positive) imaginary roots for Q. Moreover,
we define AT(Q) := AL(Q) UAL (Q). We have the following lemma.

LEMMA 1.1 [3, Lemma 2.1]. For a € AT(Q) one has
(i) a € AL(Q) if and only if (o, o) = 1,
(i) « € Af (Q) if and only if (o, o) < 0.

As mentioned in the introduction we have the following remarkable theorem.

THEOREM 1.2 (Kac [3, Theorems 1 and 2] and Schofield [8, Theorem 9]). Let k be a field
and Q a quiver, and let o € N0,

(i) For o ¢ AT(Q) all representations of Q) of dimension vector o are decomposable.

(ii) For o € AL(Q) there exists one and only one indecomposable representation of
dimension vector a.

For finite fields and algebraically closed fields the theorem is due to Kac [3, Theorems 1
and 2]. As pointed out in the introduction of [8], Kac’s method of proof shows that the above
theorem holds for fields of characteristic p. The proof for fields of characteristic zero is due to
Schofield [8, Theorem 9.
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For a given positive real root « for @) the unique indecomposable representation (up to
isomorphism) of dimension vector « is denoted by X,,. By a real root representation we mean
an X, for a a positive real root. The simple representation at vertex i € @y is denoted by
S(i). By a simple representation we always mean an S(i) for some vertex i € Q. A Schur
representation is a representation with Endyg(X) = k. By a real Schur representation we mean
a real representation that is also a Schur representation. A positive real root is called a real
Schur root if X, is a real Schur representation. An indecomposable representation X is called
exceptional if Ext,lcQ (X,X)=0.

We complete this section with the following useful formula: if XY are representations of @)
then we have

dim Homy(X,Y) — dim Extyo (X, Y) = (dim X, dim Y').

It follows that Ext,ng(Xa, Xa) =0 for a a real Schur root.

2. Proof of Theorem A

Let Q be a quiver with vertex set () and arrow set (1. Moreover, let ¢ € Q¢ be a vertex of
Q@ and let X be a representation of ). Note that we consider only quivers without loops. For
a given subset A C H?(i) we define the quiver Q% and the representation X* (of the quiver
QY) as follows:

(@4)o =QoU{z} (Qu)1=(Q1—A)U{.:a€A}U{s}
with
t(va) :=t(a), h(va) =2 VaeA,
t(0) == =z, h(6) =1,
(heads and tails for all arrows in )1 — A remain unchanged) and

i . i . (Xa)a
(XA)j = Xj V] GQ(), (XA)z = 1m (@Xt(a) —>X1> C X;,
a€A

with maps
(Xil)q =Xy VgeQi—A4,
(X')s := inclusion,
(X4)y, =X, VYacA,

where X, : Xi(a) — (X)), is the unique linear map with (X7%)s o X, = X,.
The construction above gives a functor FY : rep, @ — rep;, @, defined as follows:

F', : Ob(rep;, Q) — Ob(rep, Q4),
X — X,i47

with the obvious definition on morphisms. Moreover, there is a natural functor (G : rep, Q% —
rep, @, defined by

AG : Ob(rep, Q%) — Ob(rep; Q)
X — LG(X),

with
(41G(X)); = X; VjeQu,
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and maps

(AGX))y =X, VecQ-4,
(AG(X))q := X5X,, YacA,
together with the obvious definition on morphisms. The functor ;G is left-adjoint to the functor

Fi, and G o F is naturally isomorphic to the identity functor on rep, Q.
We get the following useful lemma.

LEMMA 2.1. Let @ be a quiver with vertex set Qg and arrow set (1. Moreover, let i € Qg
be a vertex, and let X be a representation of Q. If X is indecomposable, then so is F4(X) = X}
for every subset of A C H?(i).

Proof.  Assume that X% = F{(X) 2 U ®V,then X & [Go Fy(X) = i{GU)a® iG(V). By
assumption X is indecomposable, and so without loss of generality we can assume that
AG(U) = 0. Hence,

0 = Hompo(AG(U), X) = Homyq: (U, F4X) = Homyg: (U,U & V),

which is possible only in the case U = 0. This proves the assertion. ]
We are now able to prove the main theorem of this paper.

THEOREM A. Let Q be a quiver, and let o be a positive real root for (). The unique
indecomposable representation of dimension vector « is of maximal rank type.

Proof. Let a be a real root for ), and let X, be the unique indecomposable representation
of Q of dimension vector a. Moreover, let i € Qg and let A C H?(i). We have to show that
the map

(Xa)a
@ Xia) —— X
acA

has maximal rank. This is equivalent to showing that
dim(X%). = min { > aft(a)], a[i]} :
acA

The representation X of Q% is indecomposable by Lemma 2.1. It follows from Theorem 1.2
that dim X% € AT (Q?,). Hence, by Lemma 1.1, (4, &) < 1, where & := dim X%. We have

&, 6) = (o, a alt(a)]alil + &[z]? — alzlali] — ) @& alz
(&, &) <,>+Z [t(a)]ali] + alz] [z]ad] Z [t(va)]&[2]

[N

1 acA a€A

—1+ (d[z} = a[t(an) (ale] - ali)) < 1,

and hence
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However, we clearly have &[z] < min{}" ., a[t(a)],ai]}, by definition of X¥. This implies
that

(54[21 - a[t(a)]) - (alz] = ali]) = 0;
acA
that is, &[z] = min {3, 4 [t(a)], a[i]}, and hence

dim(X%). = min {Z alt(a)], a[i]} .

a€A

This shows that the map @aeA Xi(a) — Xi has maximal rank.
Dually, given the subset B C T%(i), we wish to show that the map

x, ok, @Xh(b)
beB
has maximal rank, this is equivalent to showing that the map
w (XD
D i) — X
beB

has maximal rank, where * denotes the vector space dual. This follows from what we have
proved above by considering the dual X* as a representation of the opposite quiver of Q. [

3. Application(s): representations of a quiver with three vertices

In this section we consider the quiver

M1
Qfig,h): 1_: _ 2 3

Ry
V.h,
with f,g,h > 1.
We define the following subquivers:

and

The quiver Q(1,1,1) is considered by Jensen and Su in [2], where an explicit construction of all
real root representations is given. Moreover, it is shown that all real root representations are
tree modules, and formulae to compute the dimensions of the endomorphism rings are given.
In [7] Ringel extends their results to the quiver Q(1,g,h) (g,h > 1) by using the universal
extension functors introduced in [5].

In this section we consider the general case with f,g,h > 1. We use Ringel’s universal
extension functors to construct the real root representations of Q = Q(f,g,h).
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We briefly discuss the situation for the subquivers Q'(f) and Q”(g,h). The real root
representations of the subquiver Q'(f) are preprojective or preinjective modules, for the path
algebra kQ'(f), and can be constructed using BGP reflection functors (see [1]). It follows that
the endomorphism ring of a real root representation of the subquiver @'(f) is isomorphic to
the ground field &, and hence real root representations of Q’(f) are real Schur representations.

The subquiver Q”(g,h) is considered by Ringel in [5]. It is shown that all real root
representations of Q”(g,h) can be constructed using the universal extension functors defined
in [5, Section 1]. Moreover, formulae to compute the dimensions of the endomorphism rings
are given.

We see that the situation is very well understood for the subquivers Q'(f) and Q" (g,h).
Therefore we will focus on real root representations with sincere dimension vectors.

3.1. The Weyl group of Q = Q(f,g,h)

Let W be the Weyl group of Q. It is generated by the reflections s1, so, and s3 subject to the
following relations

2 .
sy =1, 1=1,2,3,
5153 = 5351,
818281 = 828189 if f=1.

We define the following elements of the Weyl group (n > 0):

Cz(n) = (5251)n52,
p1(n) = (s152)",
p2(n) = (s281)",

and we set E := {(1(n), (2(n), p1(n), pa(n) : n = 0}.

LEMMA 3.1. Every element w € W — E can be written in the form
W = XmS3Xm—153Xm—253 * - - S3X253X1, (*)
for some m > 2, where

Fud{ll,

Xm € {Gi(n) :n > 0
n > 0}, j=2,...,m—1,

Xj € {¢i(n) :
X1 € E.

1} U{G(n) :n >
1 n =

FU{G(n)

If f=1 then w can be written in the form (x) with only (1(1) = (2(1), p1(1), and pa(1)
occurring.

Proof. Let w € W — E. Clearly, we can write w in the form

/ / / ! !
W = XmS3Xm—153Xm—253 " -+~ S3X253X1

with m > 2, xj; € B for j=1,...,m, Xj,_1,---,X2 ¢ {1, 81}, and Xx;, # s1. We modify the
elements X’ to get a word of the form (x). Let 2 < j < m; we consider five cases and modify
Xj appropriately.
(i) x; =1. We set x; := x} and xj_; = xj_,. This case requires j = m.
(ii) x; = C1(n) for n > 1. We set x; := x’; and x7_; == x/;_;.
(iil) xj = Ca2(n) for n > 0. We set x; := xj and x/_; := X}_;.
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(iv) xj = p1(n) for n > 1. We set x; := (1(n) and xJ_; = s1xj_;-
(v) X = pa(n) for n > 1. We set x; := Ca(n — 1) and x7_; := s1X;_;.
Now we have

/ / / / / /

W = XmS3Xm—153 " -+ " S3X;j53X;-153 - - -~ S3X253X1
/ / " / /
= Xm83Xm—153 et SngSng_lsg Cae $3X253X1,

with x; of the desired form and X;’_l € E. The result follows by descending induction on j.[]

REMARK 3.2. (i) For a given w € W the previous proof gives an algorithm to rewrite w
in the form (x).

(ii) We adhere to the following convention: in the case f = 1 we assume that n < 1 in every
occurrence of (1(n), (2(n), p1(n), and pa(n). Cases in which n > 2 is assumed do not apply to
the case f = 1.

3.2. Universal extension functors

In this section we recall some of the results from [5] and prove the key lemmas, which will be
used in the next section to construct the real root representations of Q.

We fix a representation S with Endgg S =% and Ex‘c}gQ(S7 S)=0. In analogy to
[5, Section 1], we define the following subcategories of rep, Q. Let 9 be the full subcategory
of all modules X with ExtiQ(S, X) = 0 such that, in addition, X has no direct summand that
can be embedded into some direct sum of copies of S. Similarly, let Mg be the full subcategory
of all modules X with Ext,lcQ(X, S) = 0 such that, in addition, no direct summand of X is
a quotient of a direct sum of copies of S. Finally, let 9t~ be the full subcategory of all
modules X with Homyg (X, S) =0, and let 9MM_g be the full subcategory of all modules X
with Homygq (S, X)) = 0. Moreover, we consider

MG =M NMg, M =M NM_g.

According to [5, Propositions 1 and 1* and Proposition 2], we have the following equivalences
of categories:

Gg:M S — MY/8S,

gg:M_g — Mg/S,

g : m:g — 93?2/57
where 9% /S denotes the quotient category of 9t modulo the maps that factor through direct

sums of copies of S, and similarly for Mg /S and M2 /S.
In the following, we briefly discuss how these functors and their inverses operate on objects.
The functor g is given by the following construction. Let X € 9t~ and let Fy,..., E, be a

basis of the k-vector space Ext,ng(S, X). Consider the exact sequence F given by the elements
El, ey Erl

E:0—X-—2Z—s—o.
According to [5, Lemma 3], we have Z € 9% and we define 5(X) := Z. Now, let Y € M_g,

and let Ef,..., El be a basis of the k-vector space Ext,lcQ(Y7 S). Consider the exact sequence
E' given by E,...,EL:

E’:0—>@S—>U—>Y—>0.
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Then we have U € Mg and we set g¢(Y) := U. The functor og is given by applying both
constructions successively.

The inverse Egl is constructed as follows. Let X € O and let ¢1, ..., $, be a basis of the
k-vector space Homyg(X,.S). Then by [5, Lemma 2], the sequence

O—>X_S—>X—>(¢i)i @S—>O

is exact, where X~ denotes the intersection of the kernels of all maps X — S. We set
7' (X) = X9 Now, let Y € M. The inverse ag' is given by g5 (V) := Y/Y’, where Y’
is the sum of the images of all maps S — Y. The inverse 0571 is given by applying both
constructions successively.

Both construction show that

dimof' (X) = dim X — (dim X, dim S) dim S.

We have the following proposition.

PROPOSITION 3.3 [5, Propositions 3 and 3*]. Let X € 9M2. Then
dim Endgg o3 (X) = dim Endyg(X) — (dim X, dim S) - (dim S, dim X).
LetY € ing. Then
dim Endyg 05(Y) = dimEndgo(Y) + (dim Y, dim S) - (dim S, dim Y'). (1)

DEFINITION 3.4. Let a be a real Schur root for ). We define

M-S =My, ML =My, and o, :=o0x,.

To construct real root representations of ) we will reflect, with respect to the following
modules S: the simple representation S(3) and the real root representations of @ corresponding
to certain positive real roots for the subquiver Q'(f). Hence, we will use the functors

Oey + M2 — ME/S(3)

—e3

and
oy MY — MY/ X,

where x denotes a positive real root for the subquiver Q'(f). In order to use these functors, we
have to make sure that o., and o, can be applied successively; that is, we have to show that
—€
M C M2,
—-X
Mes C M_3.
In general these inclusions do not hold. The following lemmas, however, show that under certain
assumptions the functors can be applied successively. We recall a key lemma from [5].

LEMMA 3.5 [5, Lemma 4]. Let S, T be modules, where T is simple.
(i) If Extyo(S,T) # 0, then M C M7
(i) If Extyq (T, S) # 0, then Ms C M_7.
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COROLLARY 3.6. We have

mez C M-g?

—e3?

M C M2

—es”

Corollary 3.6 shows that 0., and o., can be applied successively. In the following two lemmas
we consider the situation when x is a sincere real root for Q' = Q'(f). The maximal rank type
property of real root representations ensures that the situation is suitably well behaved.

—e3
—e3”

LEMMA 3.7.  Let x be a sincere real root for )'. Then we have 91X C M

Proof. We have (y,es)=—g-x[2] <0 and (e3,x) = —h-x[2] <0. Thus, Lemma 3.5
applies and we deduce that DX C M—2. O

LeEMMA 3.8. Let x be a sincere real root for Q', and let Y € M2 — {S(1)} be a real root
representation. Then we have Y € IM_7.

Proof. Let Y € Mg — {S(1)} be a real root representation. Since
Extjq(Y,5(3)) = 0 = Extjq(5(3),Y)
we get (dim Y, e3) > 0 and (e3,dimY") > 0. This implies that

(dimY,e3) = —g-dimY 2] + dim Y[3] >
(e3,dimY) = —h - dim Y[2] + dim Y[3] >

0,
0,
and thus
dim Y[3]
dim Y[3

>
> h - dim Y[2];

in particular, dim Y[3] > dim Y'[2]. Since dim Y is a positive real root we can apply Theorem
A, which implies that the maps Y, (i =1,...,g) (of the representation Y') are injective and
the maps Y, (i =1,...,h) are surjective.

Now, let ¢ : X\, — Y be a morphism. Clearly, ¢3 = 0. The injectivity of the maps Y),, implies
that ¢o = 0. This, however, implies that ¢; = 0 since otherwise the intersection of the kernels
of the maps Yy, (j = 1,..., f) would be non-zero. This is nonsense since Y is indecomposable
and Y # S(1). Hence, ¢ = 0.

Now, let ¢ : Y — X, be a morphism. Clearly, ¥3 = 0. The surjectivity of the maps Y,,
implies that 1o = 0. This, however, implies that 1); = 0 since otherwise the intersection of the

kernels of the maps (Xy)x, (j =1,...,f) would be non-zero. This is nonsense since X, is
indecomposable and x is sincere for Q’. Hence, ¢ = 0.
This completes the proof. ]

The previous lemma shows the following. Let X € MM~ — {S(1)} be a real root represen-

tation; then we have o, (X) € Em:i, where x is a sincere real root for Q.

3.3. Construction of real root representations for Q@ = Q(f,g,h)

In this section we construct the real root representations for ) by using universal extension
functors together with the results of the last section.
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For n > 1 we define the functors

Ttr(ny = {Upl(’é‘)(el) if n is even,
1(n) - ) ]
O¢y(ns1)(ey) if 7 is 0dd,

2

and for n > 0 we define the functors

Ocs(n) = {0P2(§)(€2) if n is even,
2(n) * . .
Ocy(n=l)(e,) i is odd.

2

REMARK 3.9. For n > 1 we clearly have
(i) p1(n)(es) = Ci(n)(es),
(ii) pa2(n)(es) = C2(n — 1)(es).

LEMMA 3.10. Let a be a positive non-simple real root of the following form:

(i) o= x(e;) with j € {1,2} and x € E;

(ii) a = x(e3) with x € E.
Then the unique indecomposable representation of dimension vector « has the following
properties.

(i) X4 is an indecomposable representation of the subquiver Q'(f), and hence can be
constructed using BGP reflection functors. Moreover, Endrg X, =k and X, € im:gg;

(i) Xo can be constructed using the functors o¢,(ny (i = 1,2) and X, € M_Z3.

Proof. (i) The statement is clear.

(ii) If a=¢i(n)(es) (i =1,2) then X, = o0¢,n)S(3) and X, € M- by Lemma 3.7 or
Corollary 3.6 in the case oo = (2(0). If o = p;(n)(es) (i =1,2) we use the previous remark
to reduce to the case that we have just considered.

O

We are now able to state and prove a more explicit version of Theorem B.

THEOREM 3.11. Let « be a sincere real root for (). Then « is of the form
(i) @ = ((n)(eg) withi e {1,2} andn > 1, or
(i) a =w(e;) withj € {1,2,3} and w = XmS3Xm—153Xm—253 - - - . - S3x283Xx1 of the form ()
with x1(ej) # €.
The corresponding unique indecomposable representation of dimension vector « can be
constructed as follows:
(1) Xein)(es) = T¢m)S(3);
(i) Xo =0y, 05051« Ox20e5 Xy (¢;), Where Xy (¢, denotes the unique indecomposable
of dimension vector x1(e;): constructed in Lemma 3.10.

Proof. (i) This follows from Lemma 3.10.
(ii) Tt follows from Lemma 3.10 that X, () € M-S, and hence o., can be applied.

Moreover, by Corollary 3.6, Lemma 3.7, and Lemma 3.8 we have
Xgemz —{S(1)}, freal oot = Xge M}

o
Mmx c  m-=
X

—e3?

where y is a positive real root for the subquiver Q'(f) not equal to e;. This completes the
proof. Ll
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REMARK 3.12. Using formula (1) together with Theorem B one can easily compute the
dimension of the endomorphism ring of a sincere real root representation of Q.

3.4. Real root representations of Q@ = Q(f, g, h) are tree modules

In this section we show that real root representations of @ = Q(f, g, h) are tree modules. We
recall some definitions from [6]. Let @ be an arbitrary quiver with vertex set Qg and arrow set
Q1. Moreover, let X € rep;, @ be a representation of ) with dim X = d. We denote by B, a
fixed basis of the vector space X; (i € Qp) and we set B = Uier 9B;. The set B is called a basis
of X. We fix a basis B of X. For a given arrow a : i — j we can write X, as a d[j] x d[i]-matrix
X, with rows indexed by 9B; and with columns indexed by B;. We denote by X, o (z,z’)
the corresponding matrix entry, where z € B;, 2’ € B;; the entries X, o(z,2’) are defined
by Xa(x) = > prem, Xams(x,2') 2’. The coefficient quiver I'(X,B) of X with respect to B is
defined as follows: the vertex set of T'(X, %) is the set 9B of basis elements of X, and there is an
arrow (a, z,z’) between two basis elements x € B; and «’ € B, provided that X, @ (z,2) # 0
fora:i—j.

DEFINITION 3.13 (Tree module; see [6]). We call an indecomposable representation X of
Q@ a tree module if there exists a basis B of X such that the coefficient quiver I'(X,B) is a
tree.

The following remarkable theorem is due to Ringel.

THEOREM 3.14 [6]. Let k be a field and let ) be a quiver. Any exceptional representation
of Q over k is a tree module.

We briefly recall the construction of extensions of representations of quivers, as discussed in
[6, Section 3; 4, Section 2.1].

Let @ be a quiver with vertex set (Qy and arrow set Q1. Moreover, let X and X’ be
representations of ). The group Ext,ﬁQ(X ,X') can be constructed as follows. Let

C°(X,X') := €P Homy(X;, X)),
1€Qo

CY(X,X") = @ Homi(Xy(a), Xh(a))-
acQ
We define the map

5XX’ : OO(X7X/) I Cl(Xle)v
(¢i)i — (0 Xa — X bi)ario-

The importance of dx x+ is given by the following lemma.

LEMMA 3.15 [4, Section 2.1, Lemmal. We have kerdxxs = Homyo(X,X’) and
coker §x x+ = Extjo (X, X).

The following proof follows closely the arguments given in [6, Sections 3 and 6].

LEMMA 3.16. Let (Q be a quiver. Let S be a representation with Endyg S =k and
Ext,lcQ(S, S) = 0. Moreover, let X € M~ (resp. X € M_g) be a tree module. Then the
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representation os(X) (resp. ag(X)) is a tree module. In particular, let X € "% be a tree
module; then og(X) is a tree module.

Proof. We consider only the situation for the functor 5. The situation for gg is analogous.
Since o is given by applying g and ¢ g successively, the second assertion follows from the first.

We recall the construction of Tg(X). Let Ei,...,E, be a basis of the k-vector space
Ext,lcQ(S7 X). Consider the exact sequence E given by the elements F, ..., E,:

E:O—»X—>Z—>@S—>O; (JF)

then we have 5g(X) = Z. First of all, we note that Z is indecomposable since 7g : M~ —
9N /S defines an equivalence of categories. Moreover, by Theorem 3.14 the representation S
is a tree module. Thus, we can choose a basis Bx of X and a basis Bg of S such that the
corresponding coefficient quivers I'(X, Bx ) and I'(S, Bs) are trees. Weset dx =3, o dim X;;
(dimension of X) and dg := ;.5 dim S; (dimension of S). Since X and S are indecomposable
representations the corresponding coefficient quivers are connected, and hence I'(X, B x) has
dx — 1 arrows and IT'(S,Bg) has dg — 1 arrows.
Let a € Q1. For given 1 < s < t(a) and 1 < t < h(a) we denote by

Mgx (a, S, t) S HOmk(St(a)v Xh(a))

the matrix unit with entry 1 in the column with index s and the row with index ¢, and zeros
elsewhere. The set

Hsx :={Msx(a,s,t):a€ Q1,1 <s<tla),l <t<h(a)}
is clearly a basis of C''(S, X). Hence, we can choose a subset
b = {ng(ai,si,ti) 1<t < T} C Hsx

such that ® @ im sy = C1(S, X), which implies that the residue classes ¢ +imdsx (¢ € P)
form a basis of Ext,ng(S, X); these elements are responsible for obtaining the extension (+).

We are now able to describe the matrices of the representation Z with respect to the basis
Bx UBg. Let b € Q1. The matrix Z, has the form

Xy N(b1) --- N(br)

Sh
Zy =

Sh
with all other entries equal to zero and

N(b Z) - M(ai,si,ti) ifb:ai,
7)o otherwise,

where 0 denotes the zero matrix of the appropriate size. This explicit description allows us
to count the overall number of non-zero entries in the matrices of the representation Z with
respect to the basis B x U Bg: this number equals the number of arrows of the coefficient quiver
[(Z,%Bx UDBg). We easily see that there are

(dx — 1) +7(ds — 1)+ |®| =dx +rds — 1 = Z dimZ; — 1
1€Qo
non-zero entries.

Now, since Z is indecomposable, the coefficient quiver T'(Z, B x UBg) is connected, and
hence T'(Z,Bx UBg) is a tree. O
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The previous lemma and Theorem B give the following result.

PROPOSITION 3.17. Let « be a positive real root for @ = Q(f,g,h) (f,g,h > 1). Then the
representation X, is a tree module.

Proof. Representations of the subquiver Q' = Q'(f) (f > 1) are exceptional representa-
tions; that is, they have no self-extensions, and hence are tree modules by Theorem 3.14.

Now, let X be a representation of @ with dim X[3] # 0. Then, by Theorem B (or the results
in [5] if X is not sincere), X can be constructed by using universal extension functors starting
from a simple representation or a real root representation of the subquiver @)’, which is a tree

module.
By Lemma 3.16 the image of a tree module under the functor og is again a tree module.
This proves the claim. O
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A REMARK ON THE CONSTRUCTIBILITY OF REAL ROOT
REPRESENTATIONS OF QUIVERS USING UNIVERSAL
EXTENSION FUNCTORS

MARCEL WIEDEMANN

ABSTRACT. In this paper we consider the following question: Is it possible to
construct all real root representations of a given quiver () by using univer-
sal extension functors, starting with a real Schur representation? We give a
concrete example answering this question negatively.

0. INTRODUCTION

Let k be a field and let @ be a (finite) quiver. We fix a representation S with
Endig S = k and ExtiQ(S, S) = 0. In analogy to [3, Section 1] we consider the
following subcategories of rep, Q. Let 9t° be the full subcategory of all modules
X with Ext,ﬁQ(S, X) = 0 such that, in addition, X has no direct summand which
can be embedded into some direct sum of copies of S. Similarly, let Mg be the
full subcategory of all modules X with Ext,lﬁQ(X ,§) = 0 such that, in addition, no
direct summand of X is a quotient of a direct sum of copies of S. Finally, let 9t—5
be the full subcategory of all modules X with Homyq(X,S) = 0, and let M_g
be the full subcategory of all modules X with Homyg(S,X) = 0. Moreover, we
consider
Mg =M NMg, M_§=M  NM_s.

According to [3, Proposition 1 & 1* and Proposition 2], we have the following
equivalences of categories

os o+ M —MmYYS,

agg 1 M_g— Mg/S,

os zm:g — IMS/8S,
where 91%/S denotes the quotient category of 9 modulo the maps which factor
through direct sums of copies of S, similarly for Mg/S and MZ/S. We call the

functor og universal extension functor. A brief description of these functors is given
in Section 1. This paper is dedicated to the following question.

Question (x). Let a be a positive non-Schur real root for Q and let X, be the
unique indecomposable representation of dimension vector .

Does there exist a sequence of real Schur roots (31, ..., 0B, (n > 2) such that
XOé:O-XBn""'UXﬁQ(Xﬁl) ?
Here, X, denotes the unique indecomposable representation of dimension vector

Bi.

One might reformulate the above question as follows. Is it possible to construct
all real root representations of () using universal extension functors, starting with
a real Schur representation?
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One of the nice facts about the universal extension functor og is that it allows
one to keep track of certain properties of representations. For instance, the functor
o preserves indecomposable tree representations [7, Lemma 3.16] (for a definition
of “tree representation” and background results we refer the reader to [4, Intro-
duction]) and, moreover, if we apply the functor og to a representation of known
endomorphism ring dimension, we can easily compute the dimension of the endo-
morphism ring of the resulting representation [3, Proposition 3 & 3*]. Hence, if
Xo =0x,, +--.0x,,(Xp,) with 3; (i = 1,...,n) real Schur roots, then X, is a
tree representation and one can easily compute dim End,go X,.

Question (x) was first answered affirmatively by Ringel [3, Section 2] for the
quiver

H1

AN
Q(g, ) : 1"\%/;/2 :
V.h,
with g,h > 1. In [7, Theorem B] Question (x) was answered affirmatively for the
quiver
M1
TN
Q(f.9.h) % Fin
,g,n): 1 _ = 2 3
vn
with f,g,h > 1. More examples of real root representations which can be con-
structed using universal extension functors can be found in [8, Appendix].
Hence, there are quivers for which Question (x) can be answered affirmatively.
The question is, can it be answered affirmatively in general? Unfortunately the
answer is negative in general.

Answer (to Question (x)). In Section 2 we give a concrete ezample answering
Question (x) negatively.

This paper is organized as follows. In Section 1 we discuss further notation and
background results and in Section 2 we describe an example answering Question
(%) negatively.

Acknowledgements. The author would like to thank his supervisor, Prof. W.
Crawley-Boevey, for his continuing support and guidance. The author also wishes
to thank Prof. C. Ringel for his interest in this work and for stimulating discussions.

1. FURTHER NOTATION AND BACKGROUND RESULTS

Let k be a field. Let @ be a finite quiver, i.e. an oriented graph with finite
vertex set (Qp and finite arrow set ()1 together with two functions h,t : Q1 — Qg
assigning head and tail to each arrow a € ;. A representation X of @ is given
by a vector space X; (over k) for each vertex i € Qo together with a linear map
X+ Xi(a) = Xp(a) for each arrow a € Q1. Let X and Y be two representations of
Q. A homomorphism ¢ : X — Y is given by linear maps ¢; : X; — Y; such that
for each arrow a € @1, a : i — j say, the square

XiLXj

.

Vi -,
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commutes.

A dimension vector for @ is given by an element of IN90. We will write e; for the
coordinate vector at vertex ¢ and by afi], i € Qp, we denote the i-th coordinate of
a € N9, We can partially order N?° via « > 3 if afi] > 8[i] for all i € Qo. We
define > B to mean « > § and a # (. If X is a finite dimensional representation,
meaning that all vector spaces X; (i € Qo) are finite dimensional, then dim X =
(dim X;)ieq, is the dimension vector of X. Throughout this paper we only consider
finite dimensional representations. We denote by rep,, @ the full subcategory with
objects the finite dimensional representations of Q. The Ringel form on Z®° is
defined by

(0, 8) = aliplil = > aft(a)|Bh(a)]

1€Qo ac@Q

Moreover, let (o, 8) = (o, 8) + (B, @) be its symmetrization.

We say that a vertex i € Qg is loop-free if there are no arrows a : i@ — i. By a
quiver without loops we mean a quiver with only loop-free vertices. For a loop-free
vertex i € @y the simple reflection s; : Z?° — Z%0 is defined by

si(a) = a— (a,e;)e;.

A simple root is a vector e; for i € Q. The set of simple roots is denoted by
I1. The Weyl group, denoted by W, is the subgroup of GL(Z"), where n = |Qol,
generated by the s;. By AL(Q) := {a € W(II) : @ > 0} we denote the set of
(positive) real roots for Q.

We have the following remarkable theorem.

Theorem 1.1 (Kac [2, Theorem 1 and 2], Schofield [6, Theorem 9]). Let k be a
field, Q be a quiver and let o € AJ(Q). There exists a unique indecomposable
representation (up to isomorphism) of dimension vector «.

For finite fields and algebraically closed fields the theorem is due to Kac [2,
Theorem 1 and 2]. As pointed out in the introduction of [6], Kac’s method of proof
showed that the above theorem holds for fields of characteristic p. The proof for
fields of characteristic zero is due to Schofield [6, Theorem 9].

For a given positve real root a for @ the unique indecomposable representation
(up to isomorphism) of dimension vector « is denoted by X,. By a real root
representation we mean an X, for a a positive real root. A Schur representation
is a representation with Endiq(X) = k. By a real Schur representation we mean
a real representation which is also a Schur representation. A positive real root is
called a real Schur root if X, is a real Schur representation.

We have the following useful formula: if X,Y are representations of ) then we
have

dim Homy,o (X, Y) — dim Extjo(X,Y) = (dim X, dim Y').

It follows that Ext,lcQ (Xa,Xo) =0 for a a real Schur root.

1.1. Universal Extension Functors. We use this section to describe briefly how
the functors

05 m—s — DJTS/S,
og : M_g —Mg/S,
os 93?:2 — Wg/S,

operate on objects.
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The functor g is given by the following construction: Let X € 9~° and let
Ei,...,E,. be a basis of the k-vector space Ext,ﬁQ(S, X). Consider the exact se-
quence E given by the elements F1,..., E,

E:O—»X—>Z—>@S—>O.

According to [3, Lemma 3] we have Z € MM and we define 55(X) := Z. Now, let
Y e M_g and let EY, ..., E! be a basis of the k-vector space Ext,ICQ (Y, S). Consider
the exact sequence E’ given by Ef,..., E!

S

E’:OH@SHUHY%O.

Then we have U € Mg and we set gg(Y) := U. The functor og is given by applying
both constructions successively.

The inverse Egl is constructed as follows: Let X € M and let ¢1,...,¢, be a
basis of the k-vector space Homyg (X, S). Then by [3, Lemma 2] the sequence

O—>X_S—>Xw—'>i)i@5—>0

is exact, where X5 denotes the intersection of the kernels of all maps X — S. We
set 55! (X) := X5, Now, let Y € Mg. The inverse gg' is given by ag' (V) :=
Y/Y’, where Y’ is the sum of the images of all maps S — Y. The inverse agl is
given by applying both constructions successively.

Both constructions show that

(1) dim 05" (X) = dim X — (dim X, dim ) - dim S.
Moreover, we have the following proposition.
Proposition 1.2 ([3, Proposition 3 & 3*]). Let X € M~3. Then
dim Endig 05(X) = dim Endgo(X) + (dim X, dim S) - (dim S, dim X).
LetY € MZ. Then

dim Endyq ogl(Y) =dimEndgo(Y) — (dim Y, dim S) - (dim S, dim Y").

2. A NEGATIVE AND UNPLEASANT EXAMPLE

Let k be a field and let @ be a quiver. We recall Question (x) stated in the
introduction.

Question (x). Let « be a positive non-Schur real root for @Q and let X, be the
unique indecomposable representation of dimension vector a.
Does there exist a sequence of real Schur roots (1, ..., B, (n > 2) such that

Xa:O'XB7L~...'O'X52(X51) ?

We remark that in the case that X, can be constructed in the above way we have
Oi<afori=1,...,n.

In the following we give an explicit example of a non-Schur real root representa-
tions which cannot be constructed using universal extension functors.
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We consider the quiver @

1 2 3
N
4
Q: d
5
/N
6 7 8

and the real root a = (1,1,1,8,12,2,7,7) = $357555458575558575556545554515253(€4).
For the convenience of the reader we give an explicit description of the represen-
tation X,.
We start by considering the representation X, over the field £ = Q. In this case,
one can use the result [1, Proposition A.4] to construct the representation X, ; we

get
k k k
kxbxp
k8
Xo: Xa
k12
jyxfxg
k2 kT kT
with
X, = [0000010 0],
X, = [000000 1 0],
X. = [00000 11 1],
(100000 0 0]
01000000
0000000 O
0000000 O
10000000
%, _ [0 1000000
¢~ loo100000O0]
00010000
00001000
0000010 0
00000010
(00000000 1
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x - [000000100 100
© =~ l0000000T100T10]
[0 0001000000 0]
000001000000
001000100000
X, = 000100071000 0],
000000O0O0GO0T1O0O0
000000O0O0GO0GO0T10
00 00000O0O0GO0O0 1|
(1.0 000000000 0]
010000000000
000010100000
X, = [000001010000
000000O0O0GO0TO0O0
000000O0O0GO0GO0T1O0
(00000000100 1|

In particular, we see that X, is a tree representation.

The representation X, as given above, is defined over every field k. Moreover,
it is not difficult to see that Endyg(X,) is local. Hence, the representation X, is
the unique indecomposable representation of dimension vector a over every field k.

Moreover, dim Endxg(Xa) =9 so that X, is not a real Schur representation.

Theorem 2.1. There exists no real Schur root 3 with the following properties:
(i) Xo € fmﬁg, and
(i) Hoka(Xa,Xﬁ) #0 or Hoka(Xg,Xa) # 0.

If we had a sequence of real Schur roots f(i,...,08, (n > 2) such that
Xo = 0x,, © ... 0x,,(Xp,) then B, would have to satisfy conditions (i) and
(ii). Note that condition (ii) merely states that a;(; (Xa) # Xo. Thus, once we
have established the claim it is clear that X, providgs an example which answers
Question (x) negatively.

We use the rest of this section to prove the above theorem. We show that there
are no real Schur roots satisfying (i).

Proof of Theorem 2.1. Condition (i) requires § < a by [3, Lemma 2] and
Extyo(Xa, X5) = 0= Extjo(Xs, Xa),

which implies that (o, 8) > 0 and (3, a) > 0. Hence, we start by determining the
set of real roots 3 with the following properties:

(") B <a,
(ii") (o, B) >0 and (B, o) > 0.

These roots are potential candidates for a reflection. Using the arguments given
in [5, Section 6], it is easy to determine the real roots 3 which satisfy (i’) and
(i"): both conditions imply that s,(5) < 0 and, hence, if s, = s;, ...s;, we get
50(8) = siy -..5i,(B) < 0if and only if 3 = s;,...s;, (€, ) for some m. Thus,
once we have written s, as a product of the generators s; it is straightforward to
find the real roots [ satisfying (i’) and (ii’). A decomposition of s, into a product
of the generators s; can be achieved as follows: if s;(a) = @/ < a then s, = 8;8478;;
this gives an algorithm to find a shortest expression of s, in terms of the s;.
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Applying the above algorithm to the real root «, we get the following potential
candidates for a reflection

B (0,0,0,1,2,0,1,1),
By = (0,1,1,4,7,1,4,4),
By = (1,0,1,4,7,1,4,4), and
By = (1,1,0,4,7,1,4,4).

We see that (G;,«) = 0 = («, 3;) for i = 2,3,4, and hence the only reflection

candidate is ;. Note that 3, is a real Schur root, and hence indeed a candidate
. . " . . X
for a reflection. However, 31 does not satisfy condition (i), that is X, ¢ EDTXZ.

Assume to the contrary that X, € E)ﬁ;?i Then a)_(;l (X,) € m:ﬁgi, that is
Homyg (o), (Xa), X5,) = 0 = Homig(Xp,, 0y}, (Xa))-

Using formula (1) from Section 1.1, we get 1 := diima)_(;1 (Xo)=1(1,1,1,3,2,2,2,2).
The following diagram, however, shows that Homyg(Xg,, X,,) # 0. The represen-
tation X,, can be constructed using the result [1, Proposition A.4] together with
the same reasoning as for X, to pass to any field k.

Xﬁl Xw
0 0 0 k k k
0
1 [é} 0
: i M
0
k K3
H .
0 0
0 o]
k2 k2
O k. k2 kQ k2

k
-
~__

This is a contradiction, and hence X, ¢ E)ﬁiz ! which completes the proof of the
1

theorem and we see that, indeed, the representation X, answers Question (x) neg-
atively.
O
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