THE DELIGNE-SIMPSON PROBLEM
WILLIAM CRAWLEY-BOEVEY AND ANDREW HUBERY

ABSTRACT. Given k similarity classes of invertible matrices, the
Deligne-Simpson problem asks to determine whether or not one
can find matrices in these classes whose product is the identity and
with no common invariant subspace. The first author conjectured
an answer in terms of an associated root system, and proved one
implication in joint work with Shaw. In this paper we prove the
other implication, thus confirming the conjecture.

1. INTRODUCTION

Given conjugacy classes C1, ..., Cy in GL,(C), the Deligne-Simpson
problem asks to determine whether or not there is a solution to the
equation

which is irreducible in the sense that the A; have no non-trivial common
invariant subspace. This is motivated by the problem of classifying
systems of linear ordinary differential equations in the complex domain
in terms of their local monodromies; see [12] for more background and
motivation. In [2] we have given a conjectural solution to this problem,
and in [7] we have proved one implication. Here we prove the other
implication, thus confirming the conjecture.

In order to fix the conjugacy classes, we choose a weight sequence
w = (wy,...,wg) with w; > 1 and a collection of complex numbers
§=(&;) 1<i<k 1<j<w)with

(Ai = & 1)(Ai = &2l) - (A = G 1) =0

for A; € C;. For example w; can be the degree of the minimal poly-
nomial of A;, and &1, ...,& ., its roots, in some order. The conjugacy
classes are then determined by n, w, ¢ and the numbers

for A; € Cy, for 1 <i<kand1l<j<w;.
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The numbers n;; can best be understood in terms of a suitable root
system. Associated to a quiver ) with vertex set I there is root system
(consisting of real and imaginary roots, positive or negative) contained

in the root lattice
o = P Za,
vel

where the «, may be regarded as symbols, see for example [I1]. The
Euler form (—, —)g on I'g is given by

vaav, Zn Qy)g = va Znt(a)nh

vel ac®

its symmetrization is (o, 8)g = («, 8)g + (B8, @)g, and the correspond-
ing quadratic form is gg () = (a, a)g. We define pg(a) =1 — gg(a).
Let Qw be the star-shaped quiver
[1, wy, — 1]
[ ]

* +——

/.’M%’i. R
*'/
[

.<7.<2:|7- o o

] [k,

with vertex set Iy, = {*}U{[i,7]: 1 <i <k, 1 <j <w;}. To simplify
notation we write a subscript [¢, j| as ij, we write I'y, for the root lattice
I'g., and py for the function pg,,. Thus

Tk, — 1],

k w;—1 k w;—
pw(a) =1—n2 — E E nw—i— E Nyni1 + E E MM j+1
=1 j=1 =1 j=1

For a = > nya, € I'y, we define

k  w;

f[a] _ Han” 17" ond ¢ * ZEU Nij_1 — n”)
1 j=1

=1 j=1 =

with the convention that n;o = n, and n;,,, = 0.

The conjugacy classes C; determine an element a¢ € I'y,, with n, =
n and n;; as given above. Conversely w, £, and a¢ determine the Cj.
Our main result is as follows.

Theorem 1.1. For there to be an irreducible solution to Ay ... A, =1
with matrices A; € C; it is necessary and sufficient that o = ac be
a positive root, 1) = 1, and py(a) > pw(B) + pw(y) + ... for any
nontrivial decomposition of a as a sum of positive roots o« = f+~v+. ..
with P = ¢l = ... =1,
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The sufficiency is proved in [7]. In section |7| we prove necessity. This
result was already announced in [3], but the argument given here is
slightly different to the one envisaged at that time: instead of adapting
the argument in [I] for parabolic bundles equipped with connections,
we base our argument on [6].

2. WEIGHTED PROJECTIVE LINES AND PARABOLIC BUNDLES

Let X be the weighted projective line over C consisting of the pro-
jective line X = P!, a collection D = (ay, as, ..., ay) of distinct marked
points in P!, and a weight sequence w = (wy,...,wy;) with w; > 1
(where w; = 1 is equivalent to the point a; being unmarked).

Let Coh X be the category of coherent sheaves on X defined by Geigle
and Lenzing [8]. We call its objects parabolic sheaves. This is an
abelian category, and we use the name subsheaf for a sub-object in
this category. Every parabolic sheaf is the direct sum of a torsion
parabolic sheaf and a torsion-free parabolic sheaf. There is one simple
torsion parabolic sheaf S, supported at each point point a ¢ D, and at
the point a; there are simple torsion parabolic sheaves S;; (0 < j < w;)
with exact sequences

see [8, (2.5.2)]. As in [I6 §5.1], we identify the Grothendieck group
Ky(Coh X) with I' = I' @ Z0, where T is the root lattice for the quiver
Qw, with

(0771 (] 7& O)
-2 i (j=0).

The dimension vector dim € € I' and degree degp £ € Z are defined
by

[O(kd)] = . + kD, [S.) =0, [Si] = {

€] =dim & + (degp £)0.
The Euler form (—, —)x : ' x I' = Z with
(€], [F])x = dim Hom(&, F) — dim Ext' (&, F)
is given as follows.
Lemma 2.1. Fora =3
(a+ k0,a' + K d)x = (o, '), + k'n. — kn!

NyO, o =3 nia, €I and k, k' € Z,

Proof. Straightforward. O

Torsion-free parabolic sheaves on X are also called parabolic bundles
on P!, and following Lenzing [13], they may be identified with collec-
tions £ = (E, E;;) consisting of an (algebraic or holomorphic) vector
bundle £ on P! and flags of vector subspaces

Ey,=Eo2FEqg 22 Eiw-12FEiw=0
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of the fibres E,, at each of the marked points a;. As in [4], we make
the identification in such a way that

k w;—1

dim & = n,a, + Z Z ngoy; €1,

i=1 j=1

with n, = rank £ and n;; = dim E;;, and degp € is the usual degree of
the vector bundle E. Observe that the dimension vector of a parabolic
bundle is necessarily strict, meaning that n, > n;; > ngp > -+ >
Niw,—1 > 0. We denote by Par X the category of parabolic bundles on
X. Morphisms between parabolic bundles correspond to vector bundle
homomorphisms which respect the flags.

We write Q = Qf,(log D) for the sheaf of differential 1-forms on
P! with logarithmic poles on D. It is a line bundle on P!. If § €
Hom(F, E' ® (1), then there are residue maps Res,, 0 : F,, — E,,.

Geigle and Lenzing introduce a twist £(&), giving Serre duality on
Coh X in the form

Ext! (€, F) = Hom(F,E(D))*.

Lemma 2.2. Given parabolic bundles € = (E, E;;) and F = (F, F};),
we can identify Hom(F, £(J)) with the set

Hrg = {0 € Hom(F,E® Q) : (Resy, 0)(F;) € Eij
(1<i<k0<j<uw)}

Proof. In the notation of [§, §2.2], we have & = (k — 2)¢ — Zle T, SO
E(@) = (E®Q)(- XL, 7).

If £ is torsion-free, then so is £(W). Now the twist operation £(;) of
[8, §1.7] can be understood as in [13, §4.1] and [B, §2] as the operation
of rotating a cycle.

The fibre E, at a point a € X is E®o, , (Ox.o/Mx,a). We write iq(V)
for the skyscraper sheaf given by a finite-dimensional vector space V'
at the point a. It is a coherent sheaf isomorphic to the direct sum of
dim V' copies of the simple torsion sheaf at a. There is a natural map
E —i,(E,). Given any subspace V of E, we get an exact sequence

0— E*Y - E —i,(E,/V)— 0.

and E*Y =~ F(—a).
The parabolic structure of F at a; is given by subspaces Fj;, and it
corresponds to a cycle of vector bundles

Fai0 _y paiFiw—1 _y  paiFie _y painFia oo F‘”’O(ai)

Now £(&) is given by tensoring E with 2 and rotating the cycle at
each marked point, so at a; it is given by a cycle of vector bundles

EF(—g)@Q = B @ Q — EYWlivit @ Q — ... » Bl gQ
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Now a morphism from F to £(J) is given by a morphism between
these cycles. Since the maps in the cycles are monomorphisms, such
a morphism is determined by a morphism F — E ® €, subject to the
condition that it sends F%-%i into E%Fii+1 @ Q for all j. This is the
condition that (Res,, 8)(F;;) C Ei j+1- O

3. CONNECTIONS ON PARABOLIC BUNDLES

Let X be a weighted projective line of weight type w = (wq, ..., wy).
Let ¢ = (¢j) (1 < i <k, 1 < j < w) be a collection of complex
numbers.

We say that ¢ is non-resonant if the numbers (;; for fixed i never
differ by a non-zero integer, that is ¢;; — G;;» ¢ Z \ {0} for 1 <i <k
and 1 < j, 5 < w;.

In [5] we have constructed functorial exact sequences

0—=>E&W) = De(6) € —0

for £ a parabolic sheaf on X, and we define a (-connection on £ to be
a section s : & = D¢(&).

Recall that a parabolic bundle on X can be identified with a tuple
(E, E;;) consisting of a vector bundle E on P! and flags of subspaces
E;; of the fibres E,,. In this setting we make a different definition.

Recall that Q denotes the sheaf of differential 1-forms on P! with
logarithmic poles on D. Given a vector bundle E on X, recall that a
logarithmic connection on E is a homomorphism of sheaves of abelian
groups

V:E—=>FE®Q

satisfying Leibnitz’s rule. It has residues Res,, V € End(E,,). The
following is a special case of [15], Corollaire 3], where, as mentioned in
[2, §7], we use the opposite sign convention to Mihai for residues.

Lemma 3.1. If E is a vector bundle on P! and V : E — E®Q is a
logarithmic connection, then

k
Z tr(Res,, V) = —deg E.
i=1

By a (-connection on (E, E;;), we mean a logarithmic connections
V on E satisfying

(Resq, V — (1) (E; j-1) € By

forall 1 <i<kand1l<j<w,;. In [5] we have proved the following
result.

Lemma 3.2. For a parabolic bundle £ on X there is a 1-1 corre-
spondence between the (-connections on & in the sense of a section
s: €= D¢(€) and in the sense of a logarithmic connection V on E.
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We denote by CohConn, X the category of pairs (£,s) where £ is
a parabolic sheaf on X and s : &€ — D¢(£) is a (-connection on &.
Given (€, s) in CohConn, X, we say that a subsheaf F of £ is invariant
provided that the composition

is zero, so that the restriction of s to F factors through the morphism
D¢:(F) = D¢(€), where F — & is the inclusion morphism. In this case
the induced morphism F — D.(F) is a (-connection on F, and there
is an induced morphism 5 : £/F — D (£/F) which is a (-connection
on &/ F.

We say that a pair (€, s) in CohConn, X is irreducible if £ is non-zero
and it has has no non-zero proper invariant subsheaves. We say that a
pair (€,s) with € non-zero a parabolic bundle is weakly irreducible if
it has no non-zero proper invariant subsheaves such that the quotient
is a parabolic bundle.

We denote by ParConn, X the category of pairs (£, V) consisting of
a parabolic bundle £ on X and a (-connection V. By the discussion
above, this can be identified with the full subcategory of CohConn, X
consisting of the pairs (£, s) where &£ is torsion-free.

Lemma 3.3. If& is a parabolic bundle on X, then there exists (E,V) €
ParConne X if and only if degp &' + ( * [dim E'] = 0 for all indecom-
posable direct summands ' of €. In particular, if there exists (€,V),
then degp € + ( * [dim &] = 0.

Proof. This is [2, Theorem 7.1]. Alternatively, the last part follows
directly from Lemmas [3.1] and [3.2] O

Lemma 3.4. The invariant subsheaves F = (F, F;) of an object (£,V) €
ParConn, X are given by subsheaves F' of E with V(F) C F ® Q, and
subspaces Fj; satisfying

(Resq; V = (i) (Fij—1) € Fyy

for all i, j. In particular, if F is a subsheaf of E with V(F) C F ® Q,
one can take Fij = F,, N Ejj.

Proof. Clear. U

Lemma 3.5. If ¢ is non-resonant, then (£,V) € ParConn, X is irre-
ducible if and only if it is weakly 1rreducible.

Proof. 1f it is irreducible, it is certainly weakly irreducible. Conversely,
suppose it is weakly irreducible, but not irreducible. Then there is a
non-zero proper invariant subsheaf £ of (€, V). Since £ is torsion-free,
sois &' Let (&', V') be the corresponding element of ParConn, X. Since
¢ is non-resonant, the morphism (£, V') — (&€, V) has constant rank,
see [2, Theorem 6.1]. It follows that the quotient £/’ is torsion-free.
But this contradicts weak irreducibility. U
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Lemma 3.6. If (£,V) is in ParConn, X, and there is a decomposition
E = E' @ & with Ext'(E%,EY) = 0, then ' is an invariant subsheaf
for (€,V).

Proof. Tt is rather easy to see this for (€, s) € CohConn, X. The com-
position
E' = €5 De(E) = De(E%) — &2

is the same as the inclusion of £ in &€ followed by the projection onto
&% so it is zero. Thus the map &' — D (&?) factors through £*(&).
But then it is zero, as Hom (&', £2(d)) = D Ext'(£2,&) = 0 by Serre
duality.

For later comparison, however, we write it out in terms of parabolic

bundles. The underlying bundle of £ is E' @ E? and the parabolic
structure is Ey; = Ej; @ EJ;. The connection takes block form

Vi Vig
Va1 Va
where V,, : EP — EP ® () is a logarithmic connection on EP and

Vg 1 B9 — EP ®()is a homomorphism of bundles for p # g. Moreover
the residues Res,, V : E} & E2 — E, @& E2 take block form

R Rip
R pum
(R21 R22>

where Ry, = Res,, Vp, : B — E? . By assumption (R—(;1)(E;j-1) C
E;; which implies that
(Rpp - Cijl)(Ef,j—l) - Efj
and
Ryg(Ei; 1) € B

for p # ¢. Thus by Lemma [2.2] V5, defines a homomorphism of par-
abolic bundles from &' to £%(&), so it must be zero. Thus &' is an
invariant subsheaf for (£, V). O

4. THE TUBULAR CASE

We begin with some standard definitions which are valid for all X, but
particularly useful in the tubular case. Let X be a weighted projective
line of weight type w = (wy,...,wg). Let w be the least common
multiple of the components of w. We write degx £ for the degree of a
parabolic sheaf in the sense of Geigle and Lenzing [8, Proposition 2.8],

k w;—1

degyx &€ = wdegp € + Z Z ni;w/w; € Z

i=1 j=1
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where the n;; are given by

k ’u)l'*l

dl_mE = N0, + Z Z N Q.

i=1 j=1

The slope of a parabolic sheaf € is ;(€) = degx £/ rank £, see [14], §2.5],
so parabolic bundles have slope in Q, and the torsion parabolic sheaves
have slope co. A parabolic sheaf £ is semistable (respectively stable)
if for every non-zero proper subsheaf F of £ we have pu(F) < p(€)
(respectively u(F) < u(€)).

In the rest of this section we assume that X is of tubular type, or
virtual genus 1, meaning that Zle 1/w; = k — 2. Assuming that the
w; are non-increasing, the possible weight types are (2,2,2,2), (3,3, 3),
(4,4,2) and (6, 3,2). Observe that the quiver @y, is extended Dynkin,
and let 0 be an extending vertex. With the w; non-increasing, we
have w = w; and can take 0 = [1,w; — 1]. Let 0 be the minimal
positive imaginary root for ). Thus the coefficient of «, in ¢ is w.
The representation theory of tubular weighted projective lines has been
worked out by Geigle and Lenzing [8] and Lenzing and Meltzer [14].

Lemma 4.1. (i) For a parabolic sheaf £ we have
degy & = (6 — w0, [€])x = wdegpm € + wrank & + (§,dim &), -

In particular, if dim € € 74, then degx £ € Zw.
(i1) For parabolic bundles £ and &' of ranks r and 1" we have

w (€], [€)x = wrr'(w(E') — p(€)) + {wdim & — rd, wdim & — 1'0)q,,.

w

Proof. Straightforward. O

The indecomposables of a given slope ¢ € QQ are semistable, and
form a uniserial abelian category whose Auslander-Reiten components
are tubes [8, Theorem 5.6]. It follows that Hom(E, F) = 0 if £ and
F are indecomposable with p(€) > p(F). The simple objects in this
category are the stable parabolic sheaves of slope ¢q. Moreover this
category is equivalent to the category of torsion parabolic sheaves [14]
Theorem 4.4], so the ranks of the inhomogeneous tubes are equal to
the components of w.

Lemma 4.2. Suppose T is an inhomogeneous tube of slope g € Q and
& s the direct sum of one copy of each stable parabolic bundle in T.

(1) dim & = kd, where k is a positive integer.

(ii) The dimension vectors of the stable parabolic bundles in T are
linearly independent.

(i1i) If ¢ € WZ then k = 1.

(iv) Any indecomposable parabolic sheaf of slope < q has a non-zero
map to £ and any indecomposable parabolic sheaf of slope > q has a
non-zero map from &.
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Proof. (i) We have £ = £(&). Then

(7], [€Dx = (IF], [€(@))x = = (€], [F])x

Thus ([F],[€]) = 0 for all F. If [£] = a + s0 and [F] = o/ + 'O this
says that (o/,a) = 0 for all &/. Thus a = kd, some k. Of course k is a
positive integer since kd, = a, = rank &€ > 0.

(ii) Suppose some linear combination is zero, say >, m; dimS; = 0,
with ¢ running through Z/rZ, where r is the rank of the tube, and
Siy1 = Si(W). Since the rank of a parabolic sheaf is the *-component
of its dimension vector, we have

Zmi (wdim §; — (rank §;)0) = 0.

Thus by the lemma, we have ) . m;([S;], [S;])x = 0 for all j. Now

L (=7
(Sl [Sihx=q-1 (i=j+1)
0  (otherwise).

so m; — mjy1 = 0, so the m; are all equal. But now the m; are zero
by (i).

(iii) Let F be a stable parabolic bundle in 7" and let v = dim F. Then
([F],[F])x = 1 so «a is a positive real root in I'. We have grank F =
(0, @) oy + wrank F + w degp F.

Now a—4 is not zero, since « is a real root, so it a root, hence positive
or negative. Ifit is positive, then by loc. cit. there is an indecomposable
parabolic sheaf G with [G] = a — 4 sO where s = deg F +w —¢q. Then
G has slope

w(G) = ({0, — 0)x + w(rank F — w) + ws)/(rank F — w) = gq.

Moreover (G, F)x = (a,a)x = 1, so there is a non-zero map G — F.
This is impossible.

Thus « — ¢ is a negative root. Thus by loc. cit. there is an indecom-
posable parabolic sheaf G with [G] = 6 —a+t0 where t = deg F+q—w.
This G has slope

w(G) = ((6,0 — a)x + w(w — rank F) + wt) /(w — rank F) = q.

Moreover ([G], [F])x = —1 = ([F],[G])x. Thus there are non-split
extensions of F on top of the top of G, and of the socle of G on top
of F. It follows from the uniserial structure of the parabolic sheaves
of slope ¢ that F @ G must involve all of the stable parabolic sheaves
in the tube T. By construction dim F & G = §. Thus the dimension
vector of £ is at most 4, and hence equal to 9.

(iv) We use that if dim & = ké and u(€) = ¢ then
(€1, [FDx = (ko + (degp: £)0, dim F + (degp: F)0)x
= k(u(F) — q¢)rank F
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and similarly for ([F], [€])x. O

Lemma 4.3. If F is an exceptional parabolic bundle on the mouth of
a tube in the Auslander-Reiten quiver of Coh X, then F* is equivalent
to the category of finite dimensional representations of an extended
Dynkin quiver.

Proof. By a theorem of Hiibner and Lenzing the perpendicular category
is equivalent to the category of finite dimensional A-modules for finite
dimensional hereditary algebra A; we just need to see that A is tame
hereditary. Let F have slope gq. The coherent sheaves of slope ¢ form
a tubular family, the tubes not containing F all belong to F*, and the
intersection of the tube T’ containing F with F* is a tube of rank 1
less than T'. Thus the Auslander-Reiten quiver of A contains tubes, so
A must have a tame hereditary factor. Now since any indecomposable
A-module is either in a tube, or has a non-zero map to or from a fixed
tube, it follows that A is connected. Il

Lemma 4.4. Suppose (£,V) € ParConn; X and dim& = hmd with
m > 1 and h > 2. Suppose that s = ¢ * [mé| € Z. Then (£,V) is not
wrreducible.

Proof. First suppose that £ has indecomposable summands of different
slopes, or, all indecomposable summands of £ have the same slope, but
they belong to at least two different tubes. In this case there is a non-
trivial decomposition & = £' @ £? with Ext'(£2,£1) = 0, so Lemma
applies.

Thus we may suppose that all indecomposable summands of £ have
the same slope ¢ and belong the same tube T'. Choose a different in-
homogeneous tube of slope ¢, and an exceptional parabolic bundle F
on the mouth of the tube. Then F* is equivalent to the category of
representations of an extended Dynkin quiver @'. By [5], the category
of objects (G, s) € CohConn, X with G € F* is equivalent to the cat-
egory of representations of the deformed preprojective algebra IT*(Q’)
for some A. In particular (£, V) corresponds to such a representation,
call it M.

Consider an indecomposable uniserial object £ in T having as com-
position factors one copy of each of the simples on the mouth of T. We
must have dim &’ = ad for some a. Since it has slope ¢, it has degree
a(q — w), so aq € Z.

By Lemma [3.3] we have degp € = —hs € hZ. Thus there is a class
®» =md — s0 € Ko(CohX) with h¢ = [E]. By [14, Theorem 4.6(iv)]
there is an indecomposable object £” in T with [£”] = ¢. Now clearly
we must have md a multiple of ad. Thus a divides m.

Since the dimension vector of £ is a multiple of 4, it must involve
each simple in 7" with the same multiplicity, so dim & = bdim £’ = bad
for some b > 1. Thus ba = hm. It follows that b > 2.



THE DELIGNE-SIMPSON PROBLEM 11

Now &’ corresponds to a representation M’ of @' of dimension vector
0’, the minimal imaginary root ¢ for '. Then M corresponds to a
representation of dimension vector bd’. Since M exists as a II*(Q)-
module, we must have X - by = 0. Thus also A -0’ = 0.

Then by [1, Theorem 1.2] there can be no simple module M. (All
that is needed is the argument of Case (I) in [I, §10].) Also could use
Crawley-Boevey and Hubery [6]. O

For later use we need the following.

Lemma 4.5. If £ ® &' has dimension vector a multiple of §, where €
and &' are direct sums of indecomposables in disjoint sets of tubes of the
same slope, then the dimension vectors of € and £ are also multiples

of 0.

Proof. By Lemma [1.1] we have ([€], [€ ® &£'])x = 0. Since £ and &’ are
in different tubes, ([£],[E'])x = 0. Thus ([£],[])x = 0, so wdim & —
(rank £)0 is a multiple of §, hence so is dim &. O

5. THE EXTENDED TUBULAR CASE

Let X be a weighted projective line of weight type w = (wq, ..., wy).
In this section we assume that X is of extended tubular type, meaning
that w is one of (3,2,2,2), (4,3,3), (5,4,2) and (7,3,2). Thus w' =
(w1 —1,ws, ..., wg) is of tubular type. Let X’ be the weighted projective
line of weight type w’ with the same marked points as X. We denote
by ¢ the minimal positive imaginary root for )y, considered as a
dimension vector for Q. We write w’ for the least common multiple
of the components of w’. We write u for the slope function for X',

To shorten notation, we write co and 0 for the vertices [1, w; —1] and
[1,w; — 2] of Qw. Note that 0 is an extending vertex for the extended
Dynkin quiver Q)ws. Thus we write S, and Sy for the simple torsion
parabolic sheaves S 4,,—1 and St 4,2 in Coh X. Thus by [8, (2.5.4)] we
have S (W) = Sp and Si0(W) = Sx.

There is a notion of reduction of weight considered by Geigle and
Lenzing [9] §9]. It gives the following.

Lemma 5.1. There are functors

Coh X ﬁ Coh X'
satisfying
(i) i is left adjoint to f and fi = 1 and f is exact.
(i1) i is fully faithful and exact and gives an equivalence between
Coh X' and C' = Sy = *S..
(i1i) Sy € C so it is isomorphic to i(S)) for some simple torsion
parabolic sheaf S| fo X'.
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(iv) © preserves rank, sends torsion parabolic sheaves to torsion par-
abolic sheaves and parabolic bundles to parabolic bundles.

(v) Considering parabolic bundles as vector bundles on P! equipped
with flags of subspaces of the fibres, i extends the parabolic structure by
zero at the vector space Eo, and f forgets the vector space Es.

(vi) If € is a parabolic sheaf on X, then f(€) = 0 if and only if £
1s 1somorphic to a direct sum of copies of So.. Thus, for any parabolic
sheaf € on X, the cokernel of the natural map if(E) — & is isomorphic
to a direct sum of copies of Ss.

Proof. The functor f is ¢, of [9 Theorem 9.5]. As remarked there, it
has a left adjoint, which we denote by i. U

Lemma 5.2. We have Ext'(i(F'), &) = Ext'(F', f(£)) for £ € CohX

and F' € CohX'. In particular, i induces an isomorphism on Ext!.

Proof. For parabolic bundles we can interpret this as follows. Given an
exact sequence 0 — & — G — i(F’) — 0, the sequence of vector spaces
for the vector space 00 is 0 = E — Go — 0 —= 0, s0 E = G, and
the rest of the data determines an exact sequence 0 — f(€) — f(G) —
F' — 0.

[In general, for any sheaf £ on X we have an exact sequence 0 —
if(€) = & — 75" — 0 where n = dim Hom(&, 75) = dim Ext'(S, £).]

Given an exact sequence 0 — & — G — i(F') — 0, applying f
gives an exact sequence 0 — f(£) — f(G) — F' — 0. This gives a
map Ext'(i(F'),E) — Ext'(F’, f(£)). Given an exact sequence 0 —
f(€) - G — F — 0, applying i and taking the pushout along the
morphism if(€) — &£ gives an exact sequence 0 — & — G — i(F') —
0. This gives a map Ext'(F’, f(£)) — Ext'(i(F’), ). It is easy to see
that these are inverses.

Last part is actually obvious, since the functor i identifies Coh X’
with a full extension-closed subcategory of Coh X, so ¢ induces an iso-
morphism on Ext!. Il

Lemma 5.3. Say (£,V) € ParConn¢ X and dim€ = o + hd with
h > 2. We suppose that s = ( % [0] € Z and ( * [as] = 0. Then
q=p(f(&)) is in Z. We decompose

f&) =@

where each term is a direct sum of indecomposables with slopes in the
indicated ranges. If

0>F—=E7—5,—-0

is an exact sequence in Coh X', then p(F') > q for any non-zero direct
summand F' of F.

Proof. Because of the existence of V, we have
degp: & = —( * [dim ] = —hs.
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Now this is just the usual degree of the vector bundle E. so it is also
degp: €. Thus by Lemma [4.1] we have

q=p(f(€)) = [w(degp &) + w' rank £]/(rank &) = w' — s.

Thus ¢ € Z. Suppose u(F') < q. Take the pushout of the exact
sequence defining F along the projection F — F' to get

0—-F —-G—S,—0.

There is an epimorphism from £7¢ — G, so by the Hom properties of
slopes in the tubular case, we must have p(G) > ¢. Let m = rank /' =
rank G. Then degy, F' < mgq, degx, G > mq and degy, G — degy, F' =
degy, S, = 1. This is impossible since mq, degy, F' and degy, G are
integers. U

Lemma 5.4. Suppose that (£,V) € ParConn; X and dim £ = oo + hd
with h > 2, ¢ * [as] = 0 and ( x [0] € Z. If f(E) has indecomposable

summands of different slopes, then (£,V) is not irreducible.

Proof. Let & = f(€) € CohX'. Let ¢ = wu(&'). This gives & =
EY @ E?* @ &3 where ! = (£/)79, £2 = ()77 and & = (£/)<%. By
assumption £! and &3 are non-zero. This gives a decomposition of
the vector bundle £ = E' @ E* @ E°. Let Ej; = E; N E;. Then
Eij = E}; ® E}; ® E}; except at the oo vertex.

Now (Res,, V — (o) (Ep) C Eu, 50 ¢ = (Resa, V — ()| g, considered
as a map Fy — Ejy has rank < 1. Using the decomposition of Ej it
becomes a 3 by 3 block matrix.

(bll ¢12 ¢13
¢21 ¢22 ¢23
¢31 ¢32 ¢33

Thus ¢3; has rank < 1. Let F be the parabolic bundle obtained
from €' by replacing the subspace E} by Ker ¢3;. By Lemma [5.3] for
any summand F’ of F we have u(F’) > q. Thus Hom(F, &3(&)) = 0.

But now V3; defines a map of parabolic bundles from F to £3(d),
so V31 = 0. In particular ¢3; = 0. Now since the matrix above has
rank <1, we get ¢91 = 0 or ¢35 = 0.

If ¢o1 = 0, then Vo; defines a map of parabolic bundles from &' to
E*(@). But Hom(E, E3(d)) = 0. Thus Vay = 0. Since ¢ = 0 and
#31 = 0 we have ¢(E}) C Ej, either zero, or a 1-dimensional subspace.
Let G be the parabolic bundle on X obtained from &' by taking this
as the subspace for the vertex co. Then G is an invariant subsheaf for
(&,V).

If ¢35 = 0, then V3, defines a map of parabolic bundles from £2 to
E3(D). But Hom(&?,E3(W)) = 0. Thus Vi = 0. Since V3 = 0 and
V3o = 0 it follows that £' @ £2, extended to a parabolic bundle G on X
by the subspace ¢(E} @ E?) defines an invariant subsheaf of (£, V). 0O
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Lemma 5.5. Suppose that (£,V) € ParConn, X and dim £ = o+ hd
with h > 2, (*[as] = 0 and (x[d] € Z. If all indecomposable summands
of f(€) have the same slope q, then (E,V) is not irreducible; it has
a proper non-zero invariant subsheaf F such that all indecomposable

summands of f(F) and f(E/F) have slope q.

Proof. We prove this by induction on h. Let & = f(€) € CohX'. Let
s = *[d].

Case (i). The summands of £ belong to at least two different tubes.
Decompose as £ = £ @ £? with the summands of £ and £ in disjoint
sets of tubes. By Lemma the dimension vectors of £! and £? are
also multiples of 9, say h10 and hyd. Since £ has slope ¢, we have

grank & = degy & = wdegp: £ + wrank £ + (6, dim &),

so degp: £ = (q—w)/w.rank &, and similarly degp: £ = (¢—w)/w.rank .
Since there is a (-connection on & we have degp: € + ¢ * [dim E] = 0.

Then rank £/ rank £ = w'h; /w'h = h;/h, so

v rank £

¢ *[dim &' = EC* [dim &] = —Edegplg =5
= 7Y ke = — degp .
w

Considering parabolic bundles in terms of a vector bundle on P!
with flags of subspaces, we get F = E'@® E? and decompositions E;; =
EL@ EZ; for all vertices [1, j] except oo = [1,w; —1]. This decomposition
gives a block decomposition

Vii Vi
\va
(Vm VQQ)
where V,, is a logarithmic connection ¥ — EP ® 2 and V,, is a

homomorphism E? — EP ® () for p # q. The residues of V then take
block form

Res,, V = (Resai Vi1 Res,, Vlz)

Resai V21 Resai VQQ
Since V is a (-connection on F we have
(Resq, V = 1) (Eij-1) C Ey
forall 1 <i¢<kand 1< j<w. In particular, for j < w} we have

(Res,, Vo — Cijl)(Ep

z,j—l) g EZ

Thus, thus considering the case ¢ = 1 and j = w] = w; — 1, so the
vertices oo = [1,w; — 1] and 0 = [1,w; — 2|, the map

¢:Resa1V—Cm1:E0—>EO
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has image contained in F., so rank¢ < 1. Using the decomposition
FEy = E} & E? we get a block decomposition

b — b1 P12
P P2/’
where ¢, is the restriction of Res V,, — (1 to Ef and for p # q, ¢y,

is the restriction of Res V,, to E{.
Now since V,,, is a logarithmic connection on E?, we have

k
Z tr(Res,, V,p) = —deg EP.

Now dimEfj = hyd;; for 1 < i < kand 1 < j < wj, so with the
convention that (;o = ¢, and (;, = 0, for 7 # 1 we have

(Resa ZC@] h 51] 1 h 61])

and ,
tr(Resq, Vyp) = Z Crj (hpbij—1 — hpbij) + tr Gpp.

j=1
Thus by the calculations above, tr ¢,, = 0. We have two possible cases.

Case (i)(a) hg = 1, s0 dim E? = §. Then dim EZ = 1, 50 ¢9o = 0 since
it is an endomorphism of trace zero of a 1-dimensional vector space.
Thus since rank ¢ < 1 we get ¢,, = 0 for (p,q) = (1,2) or (2,1). But
then V,, defines a homomorphism £9 — £P(). But Hom(&9, EP(WJ)) =
0, since the summands of £P and £7 belong to disjoint sets of tubes.
Thus V,, = 0. This implies that £9, considered as a parabolic bundle
on X with the vector space £, = Im ¢, at vertex oo, gives an invariant
subsheaf of (€, V).

Case (i)(b) hy > 1. We define E% = Tm ¢y C EZ2. This turns £ into
a parabolic bundle on X, and (£2,Vgy) € ParConn, X. By induction,
this pair has an invariant subsheaf F such that the indecomposable
summands of F and of £2/F have slope gq.

Considering F as a tuple (F, Fj;) of a vector bundle F on P* and flags
of subspaces of its fibres, we have Vo (F) C F ® Q and (Res,, Vag —
Cz] )( 1,— 1) gEg

Choose a complement Z to Fy in Ei. Then Ej, has direct sum de-
composition Ej @ Fy @ Z. With respect to this decomposition ¢ takes

block form

P11 P12 P13

P21 P22 P23

Pz1 0 a3
with 0 in the (3,2) position since F is invariant in £2. Now rank ¢ < 1,
so either ¢15 = 0 or ¢31 = 0.
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If ¢1o = 0, then the restriction of V5 to F induces a morphism
F — EYT). But the indecomposable summands of F have the same
slope as £2, and so they are in the same tube as the summands of £2,
so there is no such morphism. It follows that F is an invariant subsheaf
for (€,V).

If ¢33 = 0, then Vs induces a morphism £!' — (£2/F)(dJ). But the
indecomposable summands of £2/F have the same slope as £2, and so
they are in the same tube as the summands of £2, so there is no such
morphism. It follows that &' @ F is an invariant subsheaf for (£, V).

Case (ii). All indecomposable summands of £ belong to the same
tube. Choose an inhomogeneous tube 7' of the same slope which is
different from this one. Consider the non-split extension of torsion
parabolic sheaves for X,

0—>SOO—>R—>SLO—>O.

The parabolic sheaf R is in +S,,, but the parabolic sheaves S, and S g
are not in +S.,. Thus R = (L) for some simple torsion parabolic sheaf
L for X’. Choose an indecomposable F' on the mouth of the tube T
with Hom(F’, L) # 0. We know that this is possible. Thus & € (F')+
and Ext!(F/, ') = 0. Let F = i(F'). By Lemmas [5.1]and [5.2 we have
Ext!'(F,F) = 0 and F* is the category of parabolic sheaves G such
that f(G) € (F')*. In particular £ € F*. Since f(Ss) = 0 we have
Se € F*.

Now consider the category F*. By Hiibner and Lenzing [10], [5]
Theorem 4.2] this is equivalent to the category of representations of
some quiver Q. Also consider (F')*. This is equivalent to the category
of representations of an extended Dynkin quiver Q#.

Let U; be the objects in (F')* corresponding to simple representa-
tions of Qz. Then Hom(F',U;) = 0, so Hom(L,U;) = 0 since there
is an epimorphism from F’ to L. Thus Hom(R,i(U;)) = 0. Now
Hom(S,i(U;)) = 0, for otherwise, since i(U;)) is indecomposable, it
must be a torsion parabolic sheaf, so uniserial, and then its socle must
be S, and so either it is isomorphic to S, isn’t in the image of ¢, or
it has R as a subseaf, which isn’t possible since Hom(R,i(U;)) = 0.

Thus the parabolic sheaves S, and i(U;) are orthogonal bricks. In
addition, for any parabolic sheaf G on X, since ¢ is exact the sheaf
if(G)) has a filtration by copies of the i(U;), and the cokernel of the
map if(G) — G is a direct sum of copies of S,,. It follows that S, and
the i(U;) correspond to the simple representations of Q).

What does the quiver )+ look like? The vertices are labelled by oo
and the same 4 as occur indexing the U;. Now Ext!(i(U;), Sao) = 0 s0
oo is a sink. Now Sy € 1S4 since w; > 2, so Sy is one of the simples
Uj, say Up.

Ext!(Sw,i(U;)) =2 D Hom(i(U;), See(@)) = D Hom(Uj, Sp)
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which is 1-dimensional if 7 = 0 and otherwise 0. Thus there is one
arrow starting from oo and going to the vertex 0. On the other hand,
Ext'(i(U;),i(Uy)) = Ext'(U;,Ux) so quiver obtained by deleting the
vertex oo is isomorphic to the quiver Q) z.

Now Q)7 has representations corresponding to the parabolic sheaves
in all the tubes of slope ¢ other than T'. Moreover any other indecom-
posable representation has a non-zero morphism to or from one of these
tubes. Thus Q= must be an extended Dynkin quiver.

The vertices of Q7 are the same ¢ as occur indexing the U;. In
particular vertex 0 corresponds to Uy = S)), with i(.S)) = S.

We show that 0 is a source in Q7. If not, there is a vertex ¢ with
Ext'(U;, S)) # 0. Since S is a simple torsion parabolic sheaf, and Uj is
indecomposable, we must have that U; is torsion, and that its socle is
the simple torsion parabolic sheaf which has an extension with Sj,. But
this is L. But then Hom(L, U;) # 0, so Hom(F', U;) # 0, contradicting
that U/ € (F')*.

We show that 0 is an extending vertex for Q. Let ¢’ be the minimal
positive imaginary root for Qz. Let T” be the direct sum of the stable
parabolic sheaves in an inhomogeneous tube of slope ¢ for X’ which is
different from 7. The summands of 7" correspond to regular simple
modules in an inhomogeneous tube for @z, so T" corresponds to a
representation of Qz is ¢'. Now ¢ = p(&’), and as in Lemma this
is an integer. Thus dim7” = § by Lemma [4.2] Then since S = Uy
corresponds to a simple injective representation of )z,

56 = <[T/]7 [UODX' - <di—mT,7a0>le - <67 a0>QW/ - ]-7

so 0 is an extending vertex.

Now by [5, Theorem 5.1] the category of parabolic sheaves in F*
equipped with a (-connection is equivalent to the category of IT1*(Qx)-
modules, for some \. In particular, since £ € F*, (£, V) corresponds
to a module M for TI*(Q#).

Now the restriction of M to (Qx corresponds to £, whose dimension
vector is a4+ hd. In F* we have parabolic sheaves S,, and 7”. Their
dimension vectors are s, and 6. Now 1" corresponds to a representa-
tion of Qr of dimension vector ¢, and S, corresponds to the simple
representation of at vertex oo of (Q#, so its dimension vector is the
simple root o/ corresponding to vertex co. Thus &€ corresponds to a
representation of Q) of dimension vector ' = ol + hé'.

Moreover A- 3 = 0 since (£, V) exists. Also A\-¢’ = 0. Namely, if one
takes not 7", but the extension 7" of the stables in the tube, one gets
an indecomposable parabolic bundle of slope ¢ and dimension vector
d. Now as in the calculation in case (i), degp 7" + ¢ * [dim 7"] = 0.
Thus there is a (-connection V” on T7”. Then (7",V") corresponds
to a II*(Qz)-module. Its underlying Qz-representation corresponds
to 7", so it has dimension vector ¢’. Thus A - ¢ = 0. Thus by [II
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Theorem 9.1], M cannot be a simple representation of IT*(Q#). In fact
by [6l, Theorem 8.1] it has a proper non-trivial submodule M’ which
is regular as a representation of Q. But then as a representation of
Qr, the summands of M’ are in the same tube as the summands of
M. Thus they correspond to parabolic bundles in the same tube as the
summands of £. The same holds for the summands of the quotient. [J

6. SPECIAL CASE OF DSP

We fix a transversal 7' to Z in C, suchas T ={z € C |0 < Rz < 1}.
We will use the following standard result.

Lemma 6.1. The assignment A — exp(—2mv/—1A) induces a bijec-
tion between conjugacy classes of matrices with eigenvalues in T and
conjugacy classes of invertible matrices.

As in the introduction, let C, ..., Ck be conjugacy classes in GL,,(C)
corresponding to a weight sequence w = (wy, ..., wy), complex num-
bers £ = (&) 1 <i<k,1<j<w)andacl =Tg,.

Theorem 6.2. There is no irreducible solution to the DSP in the fol-
lowing cases:

(a) The quiver Qy, is extended Dynkin with minimal positive imagi-
nary root §, the dimension vector is « = hmd with m > 1 and h > 2
and €9 a primitive mth root of unity.

(b) The quiver is obtained from an extended Dynkin quiver by ad-
joining another vertex oo to an extending vertex, the dimension vector
iS O = Qiog + ho with h > 2 and o=l =1 and £V = 1.

Proof. Suppose we have an irreducible solution (g, . .., gx) to the DSP.

Let C; be the conjugacy classes of the g;. They are determined by
w, & and .

Define ¢ non-resonant by &;; = exp(—2mv/—1¢;;) and ¢;; € T. Let D;
be the conjugacy classes with eigenvalues in T with exp(—2m/—1A4;)
in C; for A; € D;. The D; are the conjugacy classes determined by w,
¢ and a.

Fix distinct points D = (ay,as,...,a;) in X = P! and let X be the
corresponding weighted projective line.

The irreducible solution to the DSP corresponds to a representation
of (X \ D). That is, g; is the image of a loop around a;.

Under the equivalence of [2, Theorem 6.1] this corresponds to a vec-
tor bundle E and logarithmic connection V whose eigenvalues are in
T, meaning that the eigenvalues of the residues Res,, V are in 7. In
fact we have Res,, V € D;,.

We define

E;; = Imrank(Res,, V — (11)(Resq, V — (i21) ... (Resq, V — (351).

Then £ = (E, E;;) becomes a parabolic bundle on X and V becomes a
(-connection.
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We say that a (-connection V on a parabolic bundle £ = (E, E;;) is
normal provided that

(Resq, V = (1) (E; j-1) = By

forall 1 < i < kand 1 < j < w;. By construction, our (£,V) is
normal.

By [2, §6] and the discussion at the start of [2 §7], monodromy
gives an equivalence from the category of pairs (€, V) consisting of a
parabolic bundle on X equipped with a normal {-connection V and the
category of representations of m1(X \ D) of type &.

Now (&, V) € ParConn, X corresponds to a pair (£, s) € CohConn, X.

Moreover (E, V) is irreducible.

Suppose otherwise. Suppose that this has an invariant subsheaf &£’
such that the quotient £/&" is torsion. Then the sub-object (£',s')
corresponds to a pair (£, V')

This gives a nonzero map (&', V') — (€, V).

Forgetting the parabolic structure it gives a nonzero map of vector
bundles equipped with logarithmic connections of type (.

Since ( is non-resonant, by Riemann-Hilbert correspondence we ob-
tain a nonzero map of representations of the fundamental group. But
the two representations have the same dimension, and the target repreen-
tation is irreducible, so the map is an isomorphism. Thus the map of
vector bundles equipped with logarithmic connections is an isomor-
phism, see [2, Theorem 6.1].

Thus (€, V) and (E’, V') are equal, except that the parabolic struc-
tures may differ. We know, however, that that there is an inclusion
morphism & — &€ which is the identity map on the underlying vector
bundle. Thus the spaces Egj are subspaces of the £j;;. But then the
fact that V is normal for £ ensures that

Eij = (Resy, V — (1) ... (Resy, V — 1) (Ey,),

while
Ez{j 2 (Resai V — C”1> c.. (Resai V — Cil 1)(Eal)
and hence Ej; = Ej; for all 4,j. Thus &' = €.

Now in case (a) or (b) we are in cases already considered, where we
showed that there is no irreducible pair (£, s) in CohConn, X.
In particular, in case (b) we have £l@<l = 1. Thus &, = &w 1
Thus Cl,wl = Cl,wl—l- Thus C* [aoo] = 0.
U

7. MULTIPLICATIVE PREPROJECTIVE ALGEBRAS

Let @ be a quiver with vertex set I and let ¢ € (C*)!. Let AY(Q)
be the corresponding multiplicative preprojective algebra, see [7]. For
a€Tq, say a =Y, ;noy, we define ¢° =], ¢
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Given conjugacy classes C, ..., C in GL,,(C) as in the introduction,
we choose k, w, £ as there, and obtain a quiver (), root lattice I'y, and
an element a¢ € Ty,. We define go € (C*)™ by ¢, = 1/[\, &1 and
Gij = &ij/&ij41, s0 that Ela] = 1/¢ for all @ € I'y,. By [7, Lemma 8.3]
we have the following.

Lemma 7.1. There is an irreducible solution to A, ... Ay = 1 with
matrices A; € C; if and only if there is a simple N1°(Qyw)-module of
dimension vector ac.

There are reflections u,(q) as in [7] and reflection functors.
Consider pairs [, o] with ¢ € (K*)! and « € Z.

The reflection at i is admissible for the pair [q, o] if ¢; # 1.
Equivalence relation ~ is generated by admissible reflections.

R(j is the set of positive roots with ¢* = 1.

NR/ is the set of sums of elements of R

iq is the elements a € R;“ such that there is no decomposition

a=Lf+y+... with p(a) > p(8) +p(y) +... and 8,7, € R}.

Theorem 7.2. If o € N' the o € 5 if and only if 0 # o € NR} and
(8,0 — B) < —2 whenever 5, — B are nonzero and in NR;.

Proof. This is analogue to [Il, Theorem 5.6]. One needs to modify [1I
Lemmas 5.1-5.5]. O

Don’t know if we need or want analogue of [I, Theorem 5.8].
Fy is the set of a € R} with (o/,¢;) <0 for any (¢, ') ~ (¢, @) and
any vertex ¢ with ¢} = 1.

Lemma 7.3. If there is a simple Al-module of dimension o then either
[q,a] is equivalent to a pair [¢', '] with o' the coordinatevector of a
loopfree vertex, or o € F,.

Proof. This is obtained by modifying [I, Lemma 7.4]. Also modify [1}
Lemma 7.1, 7.3]. Replace [I, Lemma 7.2] by [7, Lemma 5.1]. O

Theorem 7.4. If [q,qa] is a pair with o € F,;\ X, then after first
passing to an equivalent pair, and then passing to the support quiver of
a and the corresponding restrictions of ¢ and «, one of the following
cases holds:

(1) Q is extended Dynkin with minimal positive imaginary root §, the
dimension vector is a« = hmd withm > 1 and h > 2 and ¢° a primitive
mth root of unity.

(II). @ is a disjoint union of two parts connected by one arrow be-
tween vertices i, j, with a; = a; = 1, and if « = [+ v where B and
v are the restriction of a to each side of the edge joining i and j, then
¢’ =q =1

(III) Q is a disjoint union of two parts connected by one arrow be-
tween wvertices j, k with o = 1, the part containing k s extended
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Dynkin with k as an extending vertex and minimal imaginary root ¢,
the restriction of « to this part is hd with h > 2 and ¢*> = 1 and
5

q =1.

Proof. First modify [1l, Lemmas 8.2-8.15] (8.8 and 8.13 need no change).

For the proof we assume that o € Fq.

Say that (3 is a (—1)-vector for the pair (¢, «) if 5, —f € NR; and
(67 = 6) =—-L

Say that [ is a divisor for (¢, «) if it is a (—1)-vector, (5,¢;) <0 for
all 7, and (a — (,¢;) < 0 whenever (8, ¢;) = 0.

Critical vertex.

This is obtained by modifying [I, Theorem 8.1]. This involves addi-
tivity arguments with the characteristic of the field, so would need to
be modified.

Suppose that a € F, \ &,. Since « is an imaginary root, ¢(a) < 0.

Suppose first that ¢(a) = 0. By passing to an equivalent pair we
may assume that « is in the fundamental region. Since ¢(«) = 0 this
implies that the support of « is extended Dynkin and « is a multiple of
the minimal imaginary root §. Let m be the smallest positive integer
with (¢°)™ = 1. Since ¢® = 1, it follows that a = hmd for some
h > 1. If h = 1 then in any proper decomposition of a as a sum
of roots « = g4+ ~v+ ... in R;, the terms must be real roots, so
p(a) > p(B) +p(y) +.... Thus a € 3, a contradiction. Thus we have
case (I).

Thus we may suppose that g(a) < 0. We replace [¢, a] by an equiv-
alent pair to ensure that o has support as small as possible. Then we
pass to the support quiver " of @ and the restrictions [¢/, o] of ¢ and
a. Clearly o/ € F, \ £,. Observe that by minimality, if [¢”, "] is a
pair equivalent to [¢/, @], then /" has support @', and the pair [¢”, o]
could be obtained from [g, ] by first applying admissible reflections,
and then passing to the support quiver of o”.

By the analogue of [I, Lemma 8.3] there is a (—1)-vector g for [¢/, /],
and hence a divisor 4’ for some equivalent pair [¢”, o] by the analogue
of [I, Lemma 8.4]. Now " and " — ' cannot both be sincere by the
analogue of [I, Lemma 8.11]. Thus either ' is a non-sincere divisor, or
we obtain a non-sincere divisor for some pair equivalent to [¢”, a”] on
applying the analogue of [I, Lemma 8.4] to the (—1)-vector o’ — ' for
[¢",a"]. Thus case (II) or (IIT) holds by the analogues of [I, Lemmas
8.14 and 8.15]. O

Theorem 7.5. If there is a simple A?(Q)-module of dimension a, then
a € X,

Proof. In three special cases we know there is no simple module.

(I) @ is extended Dynkin star-shaped with minimal positive imagi-
nary root 4, the dimension vector is &« = hmd with m > 1 and h > 2
and ¢° a (primitive?) mth root of unity.
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(IT). There are adjacent vertices i, j on an arm with coefficient 1 in
a, and if « = 4~ where [ and ~ are thes restriction of a to each side
of the edge joining 7 and j, then ¢ = ¢7 = 1.

(IIT) @ is obtained from an extended Dynkin quiver star-shaped
quiver by adjoining another vertex oo to an extending vertex, the di-
mension vector is & = ay + hd with A > 2 and ¢®< =1 and ¢° = 1.

Or case (III) for cycle quiver. Convert to problem about deformed
preprojective algebra. U
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