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String Algebras 



Examples 

• k[x,y]/(xy)  =  

• Finite-dimensional version: k[x,y]/(xy,xn,yn) 

• Gelfand-Ponomarev: 

• Graded k[x,y]/(xy)-modules correspond to 
representations of the string algebra: 

 

 
xy = yx = 0 

δd+=0, d-δ=0 
dn=0, (d-d+)n=0 



Classical Theorem 

Theorem. The indecomposable finite-
dimensional modules for a finite-dimensional 
string algebra are classified as “string” and 
“band” modules 

 

(Special cases due to Gelfand and Ponomarev, 
Ringel; general case observed by Donovan and 
Freislich, Wald and Waschbüsch, Butler and 
Ringel) 



String modules 

A string module M(C) is given by a walk C in the quiver 
• The walk can reverse direction, but not along the same arrow 

• The walk mustn’t pass through any zero relations 

• The vertices give basis elements of the module M(C) 

• The arrows show the action of the algebra 

Example for the 
algebra k[x,y]/(xy) 
 



Band modules 
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Extract from page 26 of Gelfand and Ponomarev 





Extract from page 27 of Gelfand and Ponomarev 



“Cantor set”-type filtration 
Vector subspaces of a k[x,y]/(xy)-module M 



First new development: 
Finitely generated/controlled modules 

Definition. A module M is finitely controlled if for all 
a in the algebra, aM is contained in a finitely 
generated submodule. 

Theorem. Any finitely controlled module for a string 
algebra is a direct sum of string and band modules.  

These summands are indecomposable and uniquely 
determined up to isomorphism.  



Example: k[x,y]/(xy) 

The finitely generated modules which are not finite-
dimensional come from infinite strings, such as 
 
 
 
 
 
 
(For this commutative algebra the classification is 
not new, e.g. work of L. S. Levy.) 



New ideas needed 

• Results about relations on infinite-dimensional 
vector spaces. 

• Right definition and properties of functors 
corresponding to infinite words (limit points in 
the Cantor set). 

• Given M, the functorial filtration argument gives 
a submodule N which is a direct sum of string and 
band modules, such that M/N is ‘primitive 
torsion’. Need to adjust N to make it equal to M. 
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Persistence modules 



R. Ghrist, Barcodes: the persistent topology of data, Bulletin of the AMS 2008 



Decomposition result  
(This version joint with V. de Silva and F. Chazal) 



Observable category 



The filtrations 
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