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1. INTRODUCTION

Let D be a quaternion division algebra over a totally real number field F. We assume that
D splits at exactly one infinite place xo : F' — R. We fix an isomorphism D ®p ,, R = Ms(R).
Let hp be the homomorphism

C* = (D ®py R)* C (D®R)X, z—a+bir—>(z _2> (1.1)

We regard D* as an algebraic group over Q. Then (D*, hp) is a Shimura datum of a Shimura
curve Sh(D* hp). We prove the p-adic uniformization of these curves under certain conditions,
discovered by Cherednik [Ch]. Let us describe our main result.

We fix a prime number p and choose a diagram of field embeddings,

C+Q—Q,. (1.2)
This gives a bijection
HOH’I(Q))_Alg(}’—‘7 (C) = HOH’IQ_Alg(F‘7 @p)
Let pg,...,ps be the prime ideals of F' over p. We assume that pg is induced by xo : F — @p
and that Dy, = D @p Fy, is a division algebra. Let Op, be the maximal order of Dy,. We
choose an open and compact subgroup K C (D ®qg Af)* as follows. We set K, = ngo. For

i=1,...,s we choose arbitrarily open and compact subgroups K, C Dé. We set
K, = [[ X, € (Do Q)" (1.3)
i=0

We also choose a sufficiently small open compact subgroup K? C (D ®q AIJZ)X and set
K=K,K".
The Shimura field E(D*,hp) is xo(F). The diagram (1.2)) induces a p-adic place v of the

Shimura field, and xo gives an identification E(D*,hp), = Fy,,. As an abbreviation we write

E, = E(D*,hp),. We denote by E, the completion of the maximal unramified extension of
E,.
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We will prove (see Corollary that the curve Shx(D*,hp) has stable reduction over
SpecOg,, i.e., Shg (D>, hp) extends to a stable curve Shg(D*,hp) over Og,, in the sense of
Deligne-Mumford [DM]. By [DM| Lem. 1.12], this extension is unique up to unique isomorphism.
The action of (D®Af)* on the tower Shk (D*, hp) for varying K as above extends to the stable
model.

Let D be a Cherednik twist of D. This is a quaternion algebra over F' such that

Dop AY, = Dop AR, (1.4)
and such that D @p F,, = My(Fp,) and such that D is non-split at all infinite places of F. For
a more canonical definition of D see .

Let Q%po be the integral model of the Drinfeld halfplane for the local field Fy,, cf. [D1]. It is a

p-adic formal scheme over Spf O, = with an action of the group D} = (D®p Fyy)* = GLo(Fp,),
cf. D1, (5.19). This action factors through an action of PGLy(F},). We consider on

(Q%‘,O X8pf Oy, X0 Spf OEL,) x (D ®r FPO)X/KPO = (Q%po X8pt Opy, X0 Spf OE,,) xZ, (1.5)

the action of Dy, which is on the first factor on the right hand side obtained from the action
introduced above and which acts on Z by translation with ordp, detp o/ Fog’ cf. Proposition
E.11l1 We formulate our main result as follows.

Theorem 1.1. Let ShK (D>, hD)/) SpfO}; be the completion of the scheme é\l;.K(DX yhD)XSpec 0,

SpecOp ~along the special fiber. Then there is an isomorphism of formal schemes
DX\((Q}M XSpf Oryg x0 SPE O, ) X (D © Ap)*/K)) > ShK(DX7hD)7SpfOEV. (1.6)

The action of D* is given by and . For varying K this uniformization isomorphism
is compatible with the action of Hecke correspondences in (D @ Ay)* on both sides.

Let 11 € Dy, be a prime element in this division algebra over F, . We denote also by II the
image by the canonical embedding Dy, C (D@ Ap)*. LetT € Gal(E,/E,) be the Frobenius
automorphism and 7. = Spfr! SpfO — Spt Op, . The natural Weil descent datum with
respect to O, /OE on the right hand side of @) induces on the left hand side the Weil descent
datum given by the following diagram

D*\((%,, Xsp10r,, xo SPE O, ) x D* (A7) /K) —— Shi(D*,hp) )50,

idXTCXH_ll lidxrc

D*\((2F,, Xsp10r,, xo SPEOp,) x D*(As)/K) —— Sh(D*,hp))sp0, -

The left hand side of (L.6) can be written in more concrete terms as follows. We write
K = KPOKPO where KPo C (D R A';;Of)x = (D Rp A?;E’f)x. For g e (D Rp Ai—?f)x, let

I'y={deD*NgK"”g™'|ordp, detd=0}.

Let I'; be the image of I'y by the natural map D* — Dy — PGLa(F,,). Then T, is
a discrete cocompact subgroup of PGLa(F},), comp. the proof of Proposition (6.6 . It acts
properly dlscontlnuously on the formal scheme Q Fpy, XSPfOry, x0 Sptf O, , and the quotients

r, = T\ Q% xspt Oryyxo SPEOg ) are exactly the connected components of the formal
scheme on the LHS of . for varying g By [Mum], Xr, is algebraizable, i.e. it is the formal
scheme associated to a proper scheme % over Op . The general fibers of these schemes for

varying g give back the connected componentb of Sh(DX hp) g

We prove Theorem u 1.1 using the method which Drinfeld [Drj used in the case F' = Q. The
case F' # Q becomes more difficult because in this case the Shimura curve is not described by
a PEL-moduli problem. In fact, the Shimura curve is then a Shimura variety of abelian type
which is not of Hodge type. Also, the weight homomorphism w: G,,, — Dy is not defined over
Q. The existence of a canonical model is proved by the method of Shimura and Deligne [Del, §6],
by embedding this Shimura variety into one of PEL type (méthode des modéles étranges). We
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use here a variant of this method to construct integral models over Oy of the Shimura curve.
A similar approach was used by Carayol [Car]. More precisely, we show that the Shimura curve
Sh(D*, hp) can be embedded as an open and closed subscheme in a Shimura variety which is an
unramified twist of a PEL-moduli scheme which has a natural integral model. This PEL-moduli
scheme can be so chosen that it has a p-adic uniformization by [RZ] §6]. In this way, we obtain
the isomorphism . Finally we must determine the descent datum to obtain the result over
E,. Let us explain our strategy in more detail.

Let K/F be a CM-field and assume that each p; is split in K, i.e. p;Ox = q:4;. By we

write 3
[ORES HomQ_Alg (K, C) = HomQ_Alg (K, Qp) =

( H?:o Homg_ aig (Km ) Qp)) I ( Hf:o HomQ—Alg(Kﬁl ) Qp))~
We denote by g € ® the extension of x¢ which on the right hand side of lies in the first
summand. We define a function r : ® — {0,1,2} as follows. We set r,, = 15, = 1. If the
restriction of ¢ € ® to F is not xo we set 7, = 0 if ¢ is in the first s summands on the right
hand side and 7, = 2 if ¢ is in the last s summands. If x # xo the extension ¢ of x such that
T, = 2 defines an isomorphism K ®p, R =2 C. We define the group homomorphism

hg : C* — (K@R)X %HX(K(@F,XR)X :(K®F,Xo R)X XHX#XoCx'
1 +— (1,2,2,...,2)
Let B = D°PP @ K. We denote by d +— d' the main involution of D and by a — a the
conjugation of K/F. We denote by b — V' the involution of the second kind on B/K which is

defined by d ® a — d* ® a. Let V = B considered as a B-left module. Multiplication from the
right defines a ring homomorphism

(1.7)

D®p K — Endp V.
In particular the group D* x K* acts on V. By we obtain a ring homomorphism
Co>DRpryyR—= (D®r K)®p,, R
and by the isomorphisms K ® R = C chosen above for x # xo we obtain ring homomorphisms
CoK®ryR—=(D®rK)®r,R.

Taking the product of these ring homomorphisms over all x : F© — R we obtain a ring homo-
morphism

C—(DoerK)®gR
and therefore a complex structure on the real vector space V ® R. Alternatively, this complex
structure is given by the group homomorphism

h=hpxhg:S— 11 (D®pyR)* x (K ®py R)),
x€Homg_ a1 (F,C)
where the group on the right hand side acts on V' ® R by the action of D* x K* on V.
We consider Q-bilinear forms ¢ : V x V' — Q such that
P(ab,y) = Y(a,yb'), forz,yeV, be B.

By [De¢] one can choose 9 in such a way that the complex structure h satisfies the Riemann period
relations. We consider G* = {b € B°PP | b'b € F*} as an algebraic group over Q. The right
multiplication by elements d ® 1 and 1 ® a define elements of G*. This gives a homomorphism
of algebraic groups,

DX x K* 5 G°. (1.8)
Then (G*,h) is the Shimura datum for a Shimura variety of PEL-type. By we have
an embedding D* — G*. The decomposition B ® Q, = [];_,(B,, x Bj,) induces a similiar
decomposition of V' ® Q,. We choose maximal orders Op, C Dy, and hence maximal orders
Op,, C Bg,. We assume in the definition that Ky, C OB”. There is a natural isomorphism
Dy = (Bg)*. The image K, by this isomorphism will be denoted by K§ . From these last
groups we define a subgroup K3 C G* (Qp), cf. with My = O}X,H. This subgroup satisfies
K, = D*(Q,) N K}. Moreover we choose K*” such that K? = (D ® A%)* N K*P.
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The form 1 induces an involution * of the second kind on B,

Y(br,y) = P(b*x,y), x,yeV,beB.

We denote by Op, C Bjg, the image of Op, by x. Let Op () be the set of elements of B whose
images in By, and B . lie in the chosen maximal orders. We obtaln the lattice Aq, = Op,, C Vj,.

Let U, (F ) C F* be the subgroup of elements which are units in each F,,. We define the
following functor on the category of O, -schemes S. The upper index t is referring to the fact
that Agf., when restricted to the category of E,-schemes, is a twisted form of another functor

.
Definition 1.2. Let S be an Op,-scheme. A point of A (S) consists of the following data:

(a) An abelian scheme A over S up to isogeny prime to p with an action ¢ : Op (,) = End A ®z
Z(p)-

(b) An U,(F)-homogeneous polarization A of A which is principal in p.
(c) A class 77 modulo K*? of B ® A’-module isomorphisms
nP Vv ®A§)p = V?(A),
such that
(EP Ao, v9) = B0 (01), 1 (v2))

for some function £P)(\) € (F ® A%)*(1) on A

(e) A class 75, modulo K3, of Op, -module isomorphisms for each i = 1,...s,
Mg: : Na; — Ty, (A).
We require that the following Kottwitz condition (KC) holds,
char(T,.(b) | Lie A) = ] @(Nm, (T —b))™. (1.9)
©0:K—Q

The general fiber over E, of this functor is a Galois form of Shke(G*®, h)g, but this is irrel-
evant for this Introduction. We prove that the étale sheafification of A, is representable, cf.

Proposition We also show that (cf. (4.25))
(K ®Q,)* HKX X HKX (1.10)

acts by Hecke operators on the functor Ak‘..
We consider the homomorphism

Hh=hpx1:C* = (D®R)" x (K ®R)" — Gp. (1.11)
The Shimura variety Shke(G®, hY,) is defined over E,. It is a Galois form of Shke(G*, h).
We find a model Shk.(G*®, hy,) over O, of this Shimura variety and a commutative diagram

Agte Xspec0p, Spec Opnr —— Shis (G*, h%h) Xspec 0, Spec Opnr

Z'XTCJ/ lidXTc (112)

flfé. XSpec O, Spec Opnr — Shke(G*, h})) Xspec 0, Spec Opnr,

cf. Proposition and (4.36). Here E}" is the maximal unramified extension of E,, and 7 €
Gal(E?" /E, ) is the Frobenius automorphism, and 7. = Spec 7. We denote by m,, € F,, = Kj,
a prime element and by f, the inertia index of E,/Q,. The element

2=(,...,1) x (7 plpf” plv, ...pf”)

from the right hand side of (1.10) acts as an Hecke operator.
The horizontal arrow in the diagram (1.12)) is the étale sheafification. It follows from [RZ]

that the étale sheafification of Agf. has a p-adic uniformization by the formal scheme Q%EV,
cf. Theorem This gives a uniformization of the model Shye (G*,h%)). The embedding of
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Shimura data (D*,hp) C (G*,hY,) and the fact that K C K* define a morphism of Shimura
varieties Shk (D>, hp)g, — Shke(G*,h%)E,. By a theorem of Chevalley, for suitable K*? €
G'(A’;) of the type considered above, this morphism induces an open and closed embedding,

ShK(DX,hD)EV C ShK'(G.ahb)Eu- (113)

The closure of the left hand side in Shk.(G*®,h},) gives the stable model Shx(D*, hp) whose
formal scheme inherits a uniformization by QQEV, proving the main theorem.

So far, we have only mentioned the Shimura pairs (G®, h) and (G*, h%,). However, in the body
of the paper, also Shimura pairs (G, k) and (G, hd) play an important role. Here G C G*® is the
subgroup where the similitude factor lies in Q, and § is a central character of G. The Shimura
variety for (G, h) is of PEL-type and has the key property that it is a fine moduli scheme for a
moduli problem Ag, for small enough level K. Similarly, the Shimura variety for (G, hd) is the
unramified twist of the fine moduli scheme for a moduli problem Ak, which, furthermore, has a
natural extension Ak over Spec O, . The fine moduli scheme for Al is then used to show that
the horizontal arrow in the diagram is the étale sheafification.

The lay-out of the paper is as follows. In §2|we explain the linear algebra behind the formation
of the Shimura pairs (G®,h) and (G,h). In we explain the Shimura varieties for (G, h)
and (G, hd) and the corresponding moduli problems Ak and A} and the integral extension

AL, of the latter. In §4 we explain the Shimura varieties for (G*,h) and (G*,h%,)) and the
corresponding moduli problems A} and .A;(’t and the integral extension fl% Furthermore, we
establish a relation between the integral extensions fli{ and the integral extension A;{t and
use this to show that the horizontal arrow in the diagram is the étale sheafification. In
§5] we explain the Rapoport-Zink spaces relevant to these moduli problems. In §f we prove
the p-adic uniformization of the integral models of the Shimura varieties for the pairs (G*, h%,)
and (D*,hp). The last two sections are really appendices. In §7, we clarify our conventions
about Galois descent, and in §8| we make precise our sign conventions for Shimura varieties. We
formulate a result of Kisin [K] on embeddings of Shimura varieties in the form needed here.

The present paper is an improved version of parts of the preprint [BZ]. The strategy here is
the same but some serious gaps in the arguments are repaired. However, not all results of [BZ]
are covered.

We thank M. Rapoport for his many useful suggestions which helped to improve our work.

2. THE SHIMURA DATA

In this section, we introduce the linear algebra which leads to the definition of the Shimura
pairs (G*, h$,)) and (G*,h) and (G, h).

Let K/F be a CM-field. Let a — a be the conjugation of K/F. We consider a quaternion
algebra D over F'. Let d — d* be the main involution of D. We set B = D°PP @ p K. We extend
the map d — d* K-linearily to B. Then we obtain the main involution b — b* of B/K. The
conjugation acts via the second factor on B = D°PP @ K. We set b’ = b*. We consider the
sesquilinear form

) ZBXB—>K, %O(bl,bg):TI'oB/Kbell.

It is K-linear in the second variable and antilinear in the first and it is hermitian
29 (b1, ba) = 29(b2, b1).

Moreover we obtain

%0($b,y) = %o(ﬂf,yb/), %O(bx7y) = %0(.1‘,b/y), x,y,be B. (21)
We set

G* ={be B |Vbe F*}, (2.2)

and consider it as an algebraic group over Q. We write G"* if we consider it as an algebraic group
over I, i.e. Resp/oG* = G*°.

We will write V = B considered as a B-left module. The right multiplication by an element
of B gives an isomorphism Endg V = B°P? = D ®p K. Therefore we can write

G* ={g € GLB(V) | »0(gv1, gv2) = p(g)s0(v1,v2), u(g) € F*}. (2.3)
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Lemma 2.1. There is an exact sequence of algebraic groups over Q,
0= F* 5 D*xK*5%G*—0.
The map k maps (d, k) to d® k. O

We set & = Homg_aig (K, C). We assume that there is a unique embedding xo : F' — R such
that the quaternion algebra D ®p , R splits. We consider a generalized CM-type of rank 2 in
the sense of [KR2], comp. [KRZ],

r:® — Z>o, (2.4)
such that r,, = ry, = 1 for the extensions ¢g, o : K — C of xo and such that r, = 0,2 for all
other ¢ € ®.

We will define a complex structure on the R-vector space V®R = B®R. For this we consider
the decomposition

BoR= (P BorxR=D (D™ ®ryR) @k (K @pyR)).
x:F—R X

We define the complex structure on each summand on the right hand side. Let x # xo and let
¢ : K — C be the extension of x such that r, = 2. Then ¢ defines an isomorphism K ®p R = C.
This induces a complex structure on the summand belonging to x via the second factor of the
tensor product. For x¢ we have D ®p,, R = My(R). We endow the R-vector space D°PP @, R
with the complex structure J,, given by right multiplication by

0 -1

o=(1 1),

This induces a complex structure on (D°PP @, R) ®r (K ®p,y, R) via the first factor. Together
we obtain a complex structure J on B ®g R such that

Tre(k|(B@gR,J)) =Y 2ry0(k), keK.
ped

This complex structure on V ®g R commutes with the B ®g R-module structure and defines
therefore a homomorphism C — B°PP ®g R. This homomorphism induces a homomorphism of
groups
h:S— H (D ®@py R)* x (K ®py R)). (2.5)
xE€Homg_ a1 (F,C)
Let z € C* = S(R). Then the xo-component h,,(2) is

<a _b>><1, z =a+ bi,
b a

and for x # xo the component h,(z)is 1 x1®z € (D ®p, R)* x (K ®k,, C)*. Here p € ® is
the extension of x with r, = 2. We have used the natural isomorphism K @, R = K ®k,, C.
We can write h(i) = J. The composite with the projection to G given by Lemma is also
denoted by h,

h:S — Gg. (2.6)

Lemma 2.2. There exist elements v € B such that h(x,y) = s»o(yx,yJ) is hermitian and
positive definite on B ® R. More precisely, this means that for each ¢ the form

h¢2B®K7¢(CXB®K74P(C—>K®K,¢(C
is hermitian and positive definite.

This follows as in [De]. Note that alternatively we can say that Trg/p b is symmetric and
positive definite on B ® R. Let

G={be B |bbecQ*} CG". (2.7)
Since h(z)'h(z) = zz € R* for z € C* = S(R), the morphism h factors through Gg. We define
x:VxV =K, n(x,y) = »o(yx,y), z,y€V =B.
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The first equation of (2.1)) continues to hold for s. We have h(z,y) = »(x,yJ). We note that s

is an antihermitian form:

#(y,w) = =y, 2J?) = =b(y,2J) = =h(x),y) = —sx(x),yJ) = —2(x,y).

It is easily seen that v/ = —~ is equivalent with the property that s is antihermitian or that b
is hermitian. Equivalently one could use the alternating form
¢1V>< V_>Q7 1/1(9579) :“K/Q%(xvy>7 33711637 (28)

which satisfies
Y(kz,y) = P(x, ky), kekK.
Then ¢ (z,yJ) is symmetric and positive definite. We define an involution b +— b* on B by

(bx,y) = s(z,b*y). (2.9)

Because the same equation holds for b, the involution b — b* is positive. From the definition we
obtain b = vy~ 'b'y. We obtain

Y(bx,y) = P(x,b%y), P(zby) =z, yb’), =,y,b€ B. (2.10)
We can also write

G = {g € Endp(V) | ¥(97, gy) = u(g)(z,y), for u(g) € Q*}. (2.11)

We also obtain G if we replace on the right hand side % by .
The action of g = (d, k) € D* x K* on B is by definition

(d,k)(u®a) =ud®@ak, u®ae€ D" @p K =B.

The product ud is taken in D°PP,
The homomorphism induced by ([2.5)

h:S— Gg (2.12)

gives a Shimura datum in the sense of [De], except that we denote by h what is h~! in Deligne’s
normalization. The Hodge structure on V' is therefore in this paper of type (1,0), (0, 1).
We fix a prime number p and we choose a diagram

C+Q— Q. (2.13)

By this diagram we obtain ® = Homg_a1s(K,Q,). We assume that all prime ideals of Op
containing pOp are split in K/F. We denote these prime ideals of Op by

POy .-y Ps (2.14)
Let q;, g; the two prime ideals of Ok over p;. We obtain
piOK = q:0;.
We obtain a decomposition
Homg - a1 (K, Qp) =
(117 Homg, - a1g (K., Qp)) 1T (I17_o Homg, - a1 (K7, Qp))-

We denote the components of this disjoint sum by ®,, resp. ®5,. We assume that ¢ € @,
and @g € ®g,. For all other ¢ we require that

(2.15)

ro =0 if p € @y, for somei=0,...,s, andy # g
ro =2 if p € @5, for some i =0,...,s, andp # @o.

Let E = E(G, h) be the reflex field, i.e.,
Gal(Q/FE) = {0 € Gal(Q/Q) | rop =1y, for all p € ®}. (2.17)

The embedding £ — @p in the sense of diagram (2.13)) defines a place E, C @p. We call this
the local Shimura field. 1f ¢ # o, Po, the number r, depends only on the place g; of K which
is induced by ¢ : K — Q,. We conclude that

Gal(Qp/EV) ={oe€ Gal(@p/(@p) | Togo = Tpo }- (2.18)

(2.16)
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The condition on o signifies that o fixes the embedding F,, — @p induced by 9. We
obtain that

E, = ¢o(Fp,)- (2.19)
We remark that E, coincides with the localization of the Shimura field xo(F) of the Shimura
curve we have chosen, cf. the beginning of this section.

3. THE MODULI PROBLEM FOR Sh(G,h) AND A REDUCTION MODULO p
We consider the alternating Q-bilinear form ¢ on the B-module V' . It satisfies
Y(buy,vg) = Y(v1,b*vy) 1,09 € V.
We state the moduli problem associated to the B-module V and the alternating form 1, cf. [De,

4.10]. Recall (G, h) from (2.11), (2.12).

Let K C G(Ay) be an open compact subgroup. The Shimura variety Sh(G, h)k is the coarse
moduli scheme of the following functor Ak on the category of schemes over E = E(G,h). If K
satisfies the condition below, the functor Ak is representable.

Definition 3.1. Let S be a scheme over E. A point of Ak (S) is given by the following data:
(a) An abelian scheme A over S up to isogeny with an action ¢ : B — End° A.

(b) A Q-homogeneous polarization A of A which induces on B the involution b~ b*.

(c) A class 77 modulo K of B ® A -module isomorphisms

n:V@Af L)Vf(A)

such that for each A € X there is locally for the Zariski topology on S a constant & € AJT (1)
with

E(v1,,v1) = EA(n(v1), 1(v2))- (3.1)

We require that the following condition (KC) holds,
char(T,¢(b) | LieA) = ] @Nm%, (T —b))". (3.2)

0:K—Q

A more precise formulation of the datum (c) is as follows. We assume that S is connected
and we choose a geometric point 5 of S. Then we may regard Vy(A) resp. V ® Ay as continuous
representation of the fundamental group (8, S). We denote by A(1) the group A, endowed
with the action of 7 (8, S) via the cyclotomic character

c:m(5,8) = 7Z* C A%,

Then 7 is determined by a B® A y-linear symplectic similitude 7, i.e. (3.1]) holds with £ € Ay.
The class 7 must be invariant by the action of 7(§,S), i.e., for each v € m1(5,5) there is
k() € K such that

() =nk(y)v), veEV®A;. (3.3)
Since the polarization A is defined over S the form E* satisfies

EX(yn(v1), yn(v2)) = Y(BX(v1,02)) = (7) E* (01, v2).
When we apply the symplectic similitude 7, this translates into

s(v) = pu(k(7)), (3.4)

where p is the multiplicator . The datum 7 of (¢) for a connected scheme S is now
equivalently a class modulo K of symplectic similitudes 1 of B® A ¢-modules V@ Ay = V;(As)
such that and hold.

An alternative way to describe the functor Ak is as follows, cf. [Del, 4.12]. We fix a Z-lattice
I' C V such that ¢(I' xT') C Z. Let m > 0 an integer and assume that K = K,, is the subgroup
of all g € G(Ay), such that g =T and g = idp modulo mIl. Let Op C B the order of all
elements b such that bI' C I'. Then for a connected scheme S over E a point of Ak, (S) consists
of

(a) An abelian scheme Ag over S with an action ¢ : Op — End Ay.
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(b) A polarization A of Ay which induces on B the involution b — b*.
(¢) An isomorphism of étale sheaves on S
Nm : T'/mDT — Ag[m]
such that n,, lifts to an isomorphism of Opg-modules
n:T®Z—T(As)
and such that there is £ € Z(1) with

&1, v1) = EX(n(v1),n(ve)), vi,v2 €T
We require that the following condition (KC) holds,
char(T,¢(b) | Liedg) = [ @(Nm%, k(T b)), b€ Os. (3.5)
P K—Q
If we start with a point (A, A, 7) of the first description of Ak (S), we construct a point of
the second description as follows. We choose 1 € 77. Then there is an abelian variety Ag € A
such that R R
n:T®Z - T(Ao).
Then Ag is independ§nt of the choice of 7. There exists a unique A € X such that the equation
(3.1) holds with & € Z*(1). Modulo m we obtain an isomorphism
N = T/mD =5 T'(Ag)/mT(Ao) = Ag[ml,

which is also independent of the choice of 1. Conversely, to produce from a point of the second
decription a point of the first description is even more obvious and we omit it.

It follows from these considerations that the functor Ak is representable if K satisfies the
following condition:

There is a Z-lattice ' C'V and an integer m > 3 such that

KcC{geGAy) | gT®Z) cT®Z, g=id mod m(T @ Z)}.

As above (2.14) we will assume that all prime ideals of O over p are split in K/F. Let K — Fy,

be the embedding over F' which induces the prime ideal g; of K. It we compose the embedding
with the conjugation on K, the induced prime ideal is q,. We write
K ®p Fp, - Fy, x Iy, = Kq, X Kg,

We will from now on always assume that the function r, satifies (2.16)). We consider the moduli

problem Ak over the local reflex field E, (2.18). We will extend it to a moduli problem over

Opg,. For this, we need to impose some restrictions on K.
We set

(3.6)

Voo =V @k Ky, Vg5, =V Rk Ky, Vo, =V&rkE, =V, &V,

We use the decompositions

S

BeQ,=[][(Bs xBs)., VeQ,=PV =PV, Vi), (3.7)

=0 =0 =0

cf. (2.15). All'V}, in the last decomposition are orthogonal with respect to ¢, : Vo©Q,xV&®Q, —

Qp.
An element g € G(Q,) has the form g = (...,9q,,93,,---), where gq, € Endp, V;, and
95; € Endp,, Vg,. We define g5, € Endp; V5, by

i

Vp(gq, v, w) = Yp(v, gpw), v e Vg, we Vg, (3.8)
We see that g € G(Q,) if and only if

S

94,94 € Q) (3.9)
and if this value is independent of i. We set
qu = Authi ti (310)



10 JEAN-FRANCOIS BOUTOT AND THOMAS ZINK

By (3.9) we obtain a canonical isomorphism
G(Qp) 2 Gy X ... xGq, x Q). (3.11)

The multiplier homomorphism x : G(Q,) — Q) corresponds on the right hand side to the
projection on the factor Q, .
We are only interested in the case where

Dy? = By, = Bg, is a quaternion division algebra over Fy,. (3.12)

For each prime q;, i = 0,1,...,s we choose a maximal order OB%_ C By,. The image of OB%_
by the involution * : By, — By, will be denoted by Op, .
We set Aq, = Op,, C V. Moreover we set

Ag, ={u e Vg, | ¥y, (x,u) € Zyp, for allz € Ay, },
where 1y, is the restriction of ¢, to Vj,. Then Ag, is an Op, -module and the pairings
1/in : ACIi X Af{i - ZP (3'13)

are perfect. We write A,, = Ay, @ Ag, and A, = B;_oA,,.
We choose an open subgroup M C Z;. We set Kq, = Autqu0 Ag,. For i > 0 we choose
arbitrarily open and compact subgroups K, C Autqu_ Ag,. We set

sz‘ = {g € Authini %ng,gw) = Hyp; (g)wpi(vvw) for Mpi(g) € Q;} (314)
We define K, C G, as the group of all pairs g = (c¢1, ¢2) of automorphisms

i

€Ky, o€ AutBﬁi Vi
such that for some m € M
P(c1v, cow) = mp(v,w), forallv e Vg, w e V,.
Since ¢1(Ag,) C Ay, it follows from (3.8)) that ¢} (Ag,) C Ag,. Since ¢} ¢ = m, this implies that
¢y € Auto,_ Ag,.
We obtain an isomorphism
K,, =2 K; xM
(01,62) — c1 X m.
We define the subgroup K, C G(Q,) as
Kp= {9=(90:) € [L; Kp: | 1(gpo) = - - = p(gp.) € M}
= Ky x... xKg x M.

The last equation follows from (3.11). We choose an arbitrary open compact subgroup K? C
G(A%) and define

(3.15)

K=K,K? C G(Ay). (3.16)
This concludes the description of the class of open compact subgroups K for which we will
extend Ak to a moduli problem over Spec Og,. For these K we may reformulate the Definition
of the functor Ak. The datum 7 is then the product of two classes 777 modulo KP?, resp. 7,
modulo K,,, of isomorphisms

~

VoAl — VP(A), resp. 1,:V®Q, — V,(A),
which respect the bilinear forms on both sides up to a constant in (A%)* (1), resp. Q;(1). In

particular there is for each A € A locally on S a constant &,(\) € Q (1) such that for the
Riemann form E*

EX (11 (v), mp(w)) = &N (v, w),  v,w €V @0 Qp. (3.17)

If we change 7, in its class by an element g € K, we find

E*(p(gv), 1 (gw) = & ()W (gv, gw) = &(A)p(9)t (v, w).
Since p(g) € M, the class of §,(A) € Q,(1)/M is well-defined by the class 7,. If we change A
into uA for u € Q*, we obtain

Ep(ud) = ulp(A).
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By (3.7) 1, decomposes into isomorphisms
Mg 'V Ok Kq, — Vg, (A), ng,:V @k Kz, — Vg, (A), fori=0,...,s.

The equation (3.17)) becomes equivalent to the equations for i = 0,...,s,

EA (g, (v3), 13, (wi) = &N (vi,wi), v € V @ Ky, wi € V @ K, (3.18)
From these equations it is clear that the set of data 74,75, is determined by 7q,,&,(A).

We obtain the following reformulation of Definition [3.1}

Definition 3.2. (alternative of Definition for Ax) Let K = K,K? C G(Ay), where K, is
defined as in (3.15]). Then we can replace the datum (c¢) of Definition [3.1| by the following data
(c?) A class 77” modulo K? of B ® A’;-module isomorphisms

~

n’ Ve Al — VE(A)
such that for each A € X there is a constant £)(\) € A% (1) with
5(1))()\)1/)(01702) = EA(W(W)WWW))-

(cp) For each i =0,...s a class 7);, modulo K§. of By,-module isomorphisms
UL V @k KCM = qu(A)
(&p) A function
&A= Qp(H)/M
such that &,(uX) = u&,(A) for each ©v € Q.
Let g € G(Qp) C G(Ay) and consider the Hecke operator
g: Ak — Ag—lKg (3.19)
which maps a point (A,¢,\,7) to (4,1, \,7g). This makes sense, since with K also g7'Kg
satisfies the conditions imposed in (3.16)). According to the isomorphism ([3.11)) we repre-
sent g in the form (...,9q,,9q,,---,4(g9)). In terms of the Definition the point is rep-
resented in the form (A, e, N\, 7%, (71q,)i,&p). The Hecke operator (3.19) maps it to the point
(A,L,A,ﬁp, (nqigqi)ivﬂ(g)gp)' _ _
Let u € Q). The action which maps (4, ¢, A, 77, (1q, )i, &p) to (A, 1, A, 7P, (g, )i, u&p) is denoted
by

).
).

Upg - AK — AK (3.20)
The element

sui=(1,...1) x (u,...,u) € (K®Q,)* = ([ &) x ([ K3)
1=0 =0

lies in G(Q,). The action of the Hecke operator s,, coincides with the action of uj¢. The notation
u)¢ is a reminder that the action of s,, only changes the last entry in a tuple (A4, ¢, \, 7, (7q, ), &p)-
We set

S

Opp=]](0s,, xO0s,) C B2Q,. (3.21)
i=0
Let Op, ) C B the subring of elements which lie in Op . This subring is invariant under the
involution *, cf. (2.9). We will consider abelian schemes A with an action

OK,(p) =0k ®z Z(p) — End A ®y Z(p).
Then Ok ®z Z, acts on the p-divisible group X of A. Therefore we obtain a decomposition

=0 =0

We will write X, = Xg, x X5,. This continues to make sense if A is an abelian scheme up to
isogeny of order prime to p. We set

U,(Q) = {d € Q* | ord,d =0} =Z).
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Definition 3.3. Let K = K,K? C G(Ay), where K, is defined as in (3.15)). We define a variant
Alfés of the functor Ax. A point of .All’és with values in an E-scheme S consists of:

(a) An abelian scheme A over S up to isogeny of degree prime to p with an action ¢ : Op ;) —
End A ®7 Z(p),

(b) A U,(Q)-homogeneous polarization A of A which induces on B the involution b — b* and
which is principal in p, i.e. of degree prime to p.
(c) A class 77 modulo K” of B ® A%-module isomorphisms

~

nP Vv ®A’; — V’;(A).
such that for each A € X there is a constant £)()\) € A% (1) with

EP (N)p(v1,v2) = EXP (v1), 177 (v2))-
(d) For each polarization A € X a section &,()\) € Z, (1)/M such that £,(ul) = u&,(A) for each
u € Up(Q).

(e) A class 7y, modulo K, of OB, ,-module isomorphisms for each j =1,...s,
Ma; + A, — Ty, (A).
We require that the condition (KC) holds
char(T,u(b) | LieA) = ] @(Nm%, (T —b))". (3.22)
0:K—Q
Here and in the sequel, the index ¢ will run through 0, ..., s and the index j through 1,--- ,s.
Proposition 3.4. The functors Ax and A% on the category of E-schemes are isomorphic.

Proof. We begin with a point (A, ¢, A, %) of Ak (S) and construct a point of A%*(S). We choose
an element 7 € 7 and consider the component 7, : V ® Z, — V,(A). By the choice of K,,, the
image of A, by this morphism is independent of the choice of 7,. Therefore we find an abelian
variety Ay € A up to isogeny prime to p such that 7, induces an isomorphism
ﬂp : Ap L) Tp(Ao)
We choose a polarization A\g € X. Then we obtain
Ep° (np(01),mp(v2)) = Ep(v1,v2), 1,02 € Ay, § € QX (1),

After multiplying Ao by a power of p we may assume that { € Z)(1). This determines an U, (Q)-
homogeneous polarization Ao on Ag. We remark that the class of § in Z)(1)/M is independent
of the choice of 7. Finally 7, induces Op, -module isomorphisms 7, : Aq, = Ty, (Ag). We have
obtained a point (Ag, ¢, A, 77, (1q,)5,&p) of Abis.

Conversely assume that (Ao, ¢, A, 77, (nq,);,&p) € AR is given. Let A € Ag. The Riemann

form E* on Ty, (Ap) is by assumption perfect. Therefore we find for any given ¢ € Zy (1) an
isomorphism of Op, -modules

Moo+ Npg — Tpo (Ao)

such that
Ep(v1,v2) = EXN1po (01),0p (v2)), 01,02 € Mg,

We choose n,, such that £ = &,(X). For ¢ > 0 the isomorphism 7, induces by duality Hom(?,Z,)
an isomorphism Ty, (4g) = Ag,(1). We multiply the inverse map with £,()\) and obtain

ng, : Ng, — T, (Ao).
We obtain an isomorphism

Mp; = Mg D N5, Api — Tpi(AO)

which respects the bilinear forms on both sides up to the factor £, (). Then n, = ®;_qn,, defines
an isomorphism 7, : A, — T},(Ap) such that

& (N (v1,v2) = ENapp(v1), mp(v2)), 01,02 € Ay
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Therefore we have constructed a point of Ak (S). The two procedures are inverses of each other,
proving the proposition. O

From now on we will always assume that K satisfies the assumptions made in Definition [3.3]
If we write Ak, we understand that this functor is given in the form of Definition [3:3] To extend
the functor Ak (S) to an arbitrary Op, -scheme S, the main obstacle is the datum (d), since
we do not have the (Z/pZ)*-étale torsor of primitive pth roots of unity. Therefore we define
a new functor .,Zl% by replacing the data {,(\) € Z, (1)/M by sections in the constant sheaf
§p(A) € Z; /M. Here the upper index t in fl% indicates that this functor, when restricted to
the category of E,-schemes, is a twisted version of Ak.

Definition 3.5. Let K = K,K? C G(A/), where K, is defined as in (3.15)). We define a functor
Al on the category of Op, -schemes S. An S-valued point consists of the data (a), (b), (c), (e)
as in Definition But we replace (d) by the following datum

(d") A section &,(A) € Z)\ /M for each polarization A € A such that
Ep(ud) =up(N),  u e Up(Q).

We continue to impose the condition (KC).

The data (a)—(c) continue to make sense over a Op, -scheme S. Since an isogeny of degree
prime to p induces an isomorphism on tangent spaces, the condition (KC) also makes sense.
Since r, = 0 for each ¢ : Ky, — Q, for j = 1,...,s, the p-divisible groups X, are étale. We
note that X, is a p-divisible group of height 4[K, : Q,] and this implies that T;,(4) is a free
Op qj—module of rank 1. Therefore the datum (e) also continues to make sense.

The functor /{% is representable if the group K satisfies the c~ondition 1) for some integer
m > 3 which is prime to p. A standard argument shows that Al is proper over Spec O, , cf.
[D1l, Prop. 4.1]. If we have another open and compact subgroup K C K as in Definition (3.5 we
obtain an étale covering

AL — A

The general fibre A%EV of A% is a Galois twist of Ak g, = Ak Xspec E Spec Ey,. Let us
explain this. The definition of /ii((S ) makes sense for any E-scheme S. We denote this functor
on the category of E-schemes by Al. (The fact, used above, that the p-divisible groups X q; are
étale is automatic in characteristic 0, even for X,.) We may represent a point of Ak (S) in the
same way as in Definition [3.2] by

(A’Laj‘vﬁpa (ﬁ‘h)iagp)v (323)
except that now &, is a function &, : A — Q, /M. There is the canonical isomorphism
Al Xspee 2 Spec B, 2 Al Xgpec 0s, Spec B, . (3.24)
We will identify A% with a Shimura variety of the form Sh(G,h - ¢) for some ¢ : S — Gg
which factors through the center of G. We consider the cyclotomic character
oo : Gal(Q/E) — Z) /M.
Let L C Q be the subfield fixed by the kernel of this homomorphism. Let (,~ € C be a
compatible system of primitive p”-th roots of unity. We obtain a natural isomorphism
Al Xspecr Spec L — Ak Xspec & Spec L,
& — Cpep
i.e., in Definition [3.3| we have to change only (d) to pass from one functor to the other.

Proposition 3.6. Let 7 € Gal(L/E) be an automorphism. The morphism fits into a
commutative diagram

(3.25)

Ai{ XSpec E Spec L—— AK XSpec E Spec L

idw{ J%W(Tl)g”c

Al Xspec B Spec L —— Ak Xspec £ Spec L.
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(see (3.20) for the notation gpee (771)}¢).

Proof. Let m: S — Spec L be an L-scheme. Denote by S|, the L-scheme obtained when the
structure morphism is changed to 7. o w. Our assertion says that the following diagram is
commutative

(A Xspec 2 Spec L)(S) ———— (Ak Xspec £ Spec L)(S)

canl lgpoo (r71)|gocan (326)
(Ak Xspec £ Spec L)(S}r.)) — (Ak Xspec £ Spec L)(S}r.))-

The morphism can on the left hand side is defined by the identification Ag (S) = Ak (Si-)
which exists because the functor is defined over E. In the same way there is can on the right
hand side. To show the commutativity of , we start with a point (A4, ¢, \, 7P, (g, )i, &p) of
the upper left corner. The image O of this point by the left can in A%(S[TC]) is given by the
same tuple. By the upper horizontal map the point is mapped to

(A»L75\7ﬁp7 (ﬁCIi)i77r*(pr)£p) (3.27)

where 7* : L — T'(S, Og) is the comorphism of the structure map. The image of (3.27) by the
right can-morphism is represented by the same tuple but we write the last item as

T (T_I(T(<p°°)))fp = Gpeo (T) 7" (T_l(Cp"" ))&p-
On the other hand the image of © by the lower horizontal bijection is the tuple
(A7 Ly 5‘7 ﬁpv (ﬁ%)iv W*(T_l(gpm))fp)'
This shows the commutativity of (3.26)). O

Let 2 C @ be the CM-type of K defined by
== H Homg, —a15(Kg, Q).
i=0

As defined by diagram ([2.13)), we can write
== {golUfped|r, =2} (3.28)

We obtain an isomorphism
K@gR - J[.C a®pr— (pla)p)pez (3.29)

This puts a complex structure on the left hand side and hence defines a homomorphism C* —
(K ®qg R)* which we view as a morphism of algebraic groups ¢ : S — (Resg /g Gm x)r. We
consider the algebraic torus over Q given by
T(Q)={te K* |tt € Q*} C G(Q).
This is a central subtorus of G. Clearly ¢ factors through
0:S — Tr C Gg. (3.30)

Let Sh(G,hd~!) be the canonical model over E(G,hd~1) of the Shimura variety attached to
the Shimura datum (G, hé~1). Note that E(G,hé~') C E,. Indeed, if we restrict oc : G, ¢ X
Gum,c = (K ®g C)* to the first factor, we obtain

ps: Gme = (K@ O =2 [[C*, 2+ (1,...1L,2,...,2). (3.31)
ool

Here z appears exactly at the places Z C ®. By our choice of the diagram (2.13)) ws is defined
over Q, since it comes from the canonical embedding

Q — [[ Ka € (K ©qQ)".
=0
Therefore E(G,571) C Q,, which shows our assertion.
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Proposition 3.7. Let K C G(Ay) be as in Definition . We denote by Shi(G,hé 1)k,
the scheme obtained by base change via E(G,hé~1) C E, from the canonical model. We set

k.5, = Ak XSpec 0, Spec B, = Al Xspec £ Spec B, (cf. ). There exists an isomorphism
over the mazimal unramified extension E}'"

Shk (G, hd ")k, Xspec B, Spec E)" — Ak g Xspec B, Spec E", (3.32)

which for varying K is compatible with the Hecke operators in G(A?).
Let T € Gal(E]"/E,) be the Frobenius automorphism. Let f, be the inertia index of E,/Q,.
Then the following diagram is commutative,

ShK(G, héil)EV XSpec E,, Spec E;W —_— ‘Ai(,E,, XSpec B, Spec E;W

idXTCJ/ J{pf”lsxu

Shi (G, hd™1)g, XSpec E, Spec B —— ‘Ai{,EV X Spec B, Spec 7.

(See (3.20) for the notation p’ )

Proof. Let e € EX and let ¢ € Gal(E?/E,) be the automorphism that corresponds to it by
local class field theory. We set ¢poc (€) = o0 (). Then we obtain from local class field theory

<€) = (Nmp, jq, )~ 'p/v e, (3.33)

where ord = ord,: E) — Z maps a uniformizer to 1. Indeed, this formula makes sense for an
arbitrary p-adic local field E,. In the case E, = Q, follows from [CE] Chapt. VI, Thm.
3.2. In the general case the action of ¢ on p,~ depends only on the restriction of o to Q2. But
this restriction corresponds to Nmg, /g, € by the reciprocity law of the local field Q, by the last
diagram of [CE] Chapt. VI, §2.4. This shows .

It is enough to show that the two squares in the following diagram are commutative.

Shi (G, hd~") x Spec ES® —— Ak X Spec Ej? «+—— Ay . x Spec B

idXUCJ/ (§p00(el)PfV0rde)§><0'cJ/ l(pfyorde)gxgc

Shi (G, hd~") x Spec ES® —— Ak x Spec Eg? «+—— Ay 5, x Spec B

The commutativity of the diagram on the right hand side follows from Proposition Since
Ak = Shk (G, h), the square on the left hand side becomes commutative if we replace the vertical
arrow in the middle by

(T, 671 (0) x 0.: Shi (G, h) g, Xspec &, Spec B2 — Shik (G, h) g, Xspec 5, Spec B2

This is a consequence of Corollary 8.5 It remains to compute the class field theory version
rft(T,671) of the reciprocity law.
The morphism ps-1 is the inverse of (3.31). Therefore we find the local reciprocity law
ro(T,67Y) B = [l Ko x iz K,

(3.34)
e — (1,...,1)><(NmEV/Qpe,...,NmEV/Qpe).

We write Nmpg, /g, € = ¢pe (e~ Hpforde cf. ([3.33). Under the isomorphism 1D the element
on the right hand side of (3.34)) corresponds to (1,..., 1,60 (e 1)pf ™€) € Gy, x ... x Gy, X Q-
By the description of the Hecke operators (3.19)) we obtain the proposition. (Il

We will next show how the action of plfg on Ay  extends naturally to the model .Zi( over
Og,. 1t is enough to define pj¢. Let

(A LA, (,)5: &) € Ak(S) (3.35)
be a point as in Definition Let ;\@ be the Q-homogeneous polarization which contains

A. We extend &, to a map &, : A\g — Q) /M such that §,(u)) = u,(A) for v € Q. Let
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X =T[_o(Xq, x Xjg,) be the p-divisible group of A. We consider the isogeny

S

a: H(th X Xﬁi) - H(qu X Xﬁi) (3-36)
1=0 i=0

which is the identity on the factors X, and multiplication by p on the factors Xj,. Let us fix
a polarization A\ € A. Since ) is principal in p it is given on X by an isomorphism of X3, with
the dual of X, for each i = 0,...,s. The inverse image of A on X by is pA. There is an
isogeny of abelian varieties with an Op (,)-action

a: A = A,

of order a power of p such that the induced homomorphism of p-divisible groups is isomorphic
to (3.36)). A polarization A of A induces a polarization X" = a*()\) := @&Aa on A’. This defines a
Q-homogeneous polarization X g of A" and a bijection A\g — Ng. By this bijection &, induces

51’0 :Ng — Q, /M.

We obtain £,(\') = {,(\) € Z,5. But the polarization \; = (1/p)\’ is principal in p, as we see
by looking at the p-divisible groups (3.36). Then

(A" A, 777, (75, 42 ) (3.37)

is a point of fl%(S) Here 1P, resp. 77"“, denotes the composite

-1
0PV @ AL s VE(A) S VA,
resp.
M, Agy — Ty, (A) 25 Ty, (A)).

Note that the last arrow is an isomorphism by definition of a. The map which assigns (13.37)) to
1' defines the desired extension of the operator pe to Ak.

Corollary 3.8. The Shimura variety Shi (G, hé~1)g, has a unique model §I/1K(G,h5_1) over
Og, with the following properties. There is an isomorphism

%K(G,h(s_l) XSpec O, Spec Opnr = JZ% XSpec O, Spec Opnr (3.38)

which is compatible with the Hecke operators G(A?). Let 7 € Gal(E""/E,) be the Frobenius au-
tomorphism. Let f, be the inertia index of E,/Q,. Then the following diagram is commutative.

Shic (G, h6™ 1) Xspec 0, Spec Opnr — Al Xspec 0, Spec Opnr

idXTcl J(pf”)mxn

Shi (G, hd™") Xspec 0, SPec Oppr —— Al XSpec 05, Spec Opnr

The homomorphism A§~! may be written as follows. It factors as

S — 11 (D®@ry R)* x (K ®@p, R)* - G*(R),
XEHOm@,Alg(F,(C)

The image of z = a + bi € C = S(R) by the first arrow is given by

(((‘g - ) x 21,1, 1),

where the first entry in this vector is at the place xq.
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4. THE MODULI PROBLEM FOR Sh(G*®,h) AND A REDUCTION MODULO p

We recall the groups G of (2.11) and G*® of (2.3)). We consider the map of Shimura data
(G,h) = (G*,h), ct. (2.12)) and (2.6). The Shimura fields coincide, i.e. E = E(G,h) = E(G*,h).
We consider a pair of open compact subgroups K € G(Ay) and K* C G*(Ay) such that K C K*
and such that the induced map Sh(G, h)k — Sh(G*®, h)ke is a closed immersion, cf. [De, Prop.
1.15.].

The Shimura variety Sh(G®, h)ke is the coarse moduli scheme associated to the following
functor.

Definition 4.1. Let K®* C G*(Ay) be an open compact subgroup. We define a functor Aj. on
the category of E-schemes. A point of Ag.(S) is given by the following data:
(a) An abelian scheme A over S up to isogeny with an action ¢ : B — End° A.
(b) A F-homogeneous polarization A of A which induces on B the involution b~ b*.
(c) A class 7 modulo K* of B ® A ¢-module isomorphisms
n: VoA = V(A
such that for each A € X there is locally for the Zariski-topology on S a constant ¢ €
(F'®q Af)(1) with
b(€vr,v2) = EN(1(v1),1(v2)).
We require that the following condition (KC) holds
char(T,u(b) | LieA) = [ @(Nm% (T —b))".
0:K—Q
We will reformulate this moduli problem in a way that makes sense over Op,. As in the
previous section, we need additional requirements for the group K*® C G*(Ay), similar to those

discussed before (3.16). We assume that K* = K3K*? where K5 C G(Q,). The decomposition
V®Q, =®;_,V,, is orthogonal with respect to 1. We obtain that

G*(@) =[] 6G5.
i=0

where

G;l = {g € Authi V;% 1/’;37: (gv,gw) = wpi(ﬂpi(g)vaw)a Npi(g) € pr} (41)
This defines the homomorphism pp, : G§, — Fyi. According to the decomposition V ®p F,, =
Va4, ® Vg, we can write g = (gq,,95,)- Then we obtain

G;T ={g= (gmagﬁi)v 9q; € Authdii’ Ya: € AUtBF‘iVi | g:”gqi’ < Fpi}’ (42)
of. ‘) We note that jy,(g) = g"h_ g5,- By this equation we obtain an isomorphism of groups
G;1 = G;1 X FP*H G;z = Authz‘ Vq“ (43)

g ga X ip.(9)
cf. (3.10). Altogether we obtain an isomorphism

S S
G*(Q) =[] G <[5 (4.4)
i=0 i=0
We use the notations Ag,;, Ag;, Ay, Op,,, Op,,, and Op, = Op, ® Op,, as before (3.13). For
each prime p;, i =0,..., s, we choose an open subgroup My C O;p’_. We set
M* =[[M;, c[[0F, = Orez,)" (4.5)
i=0 i=0

As in the previous section (see right after (3.13))), we set K, = Auto,, Mgy, and choose for
J > 0 arbitrarily open compact subgroups K, C Autqu_ Aq,;. We define, for i = 0,...,s,
J

Ky, =K§, x My, C Gy, x FY =Gy,
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cf. (4.3). We obtain

K[.Jl = {g = (gqﬂgai)? 9q; € K;17 95; € AutoBaiAE{i
wpi (gqivlagﬁi’UQ) = "/in (mUhUQ)v v € Aq1'7 V2 € Aﬁﬂ m < M;I}a

and in particular
K3, ={g € Auto,, Ay, [ ¥y, (gv1, gv2) = ¥y, (1(g)v1,v2), plg) € My}

Finally we set

HK‘Z :H (Kq, x M3). (4.6)
=0
We choose K*P arbitrarily and set
K* =K )K*”. (4.7)

With these assumptions on K® we can rewrite the definition of the functor Ag. as follows.
Definition 4.2. (alternative of Definition {4.1) Let K* = K;K*? C G*(Ay), with K3 as in
([.6). Let S be an E-scheme. A point of Af.(S) consists of the following data:

(a) An abelian scheme A over S up to isogeny with an action ¢ : B — End° A.

(b)

()

A F-homogeneous polarization A of A which induces on B the involution b+ b*.
A class 7” modulo K*” of B ® A’-module isomorphisms
nP .V ®A? - V?(A),
such that for each A € X there is locally for the Zariski topology a constant &P)()\) €
(F®A%)(1) with
D(EP (Nv1,v9) = B0 (01), 77 (v2)).
(d) For each polarization A € A and for each prime p|p of O a section &,()\) € F)S (1)/M5 such
that &, (Au) = u&, () for each u € F*.
(e) For each i =0,1,...,s a class 7;, modulo K§ of By,-module isomorphisms
Mg+ Va, — Va, (4).
We require that the following condition (KC) holds,
char(T, ¢(b) | Lie A) H o(Nmp i (T —b))"*
©0:K—Q
We write a point of this functor in the form

(A7L75‘7ﬁpu (ﬁm)h (533)}3) (4'8)

or alternatively (A, ¢, A\, 77, (Mg, )i, (§p,)i), i =0,...,8

To make the relationship of the last two Definitions and explicit, we consider an
S-valued point (A, ¢, A, 7) of Definition We fix n € . Then 7, is an isomorphism

S S
@f:oﬂpi : @sz - @Vpi(A)
i=0 i=0
The component n,, = ng, ® 15, satisfies an equation

V(& (N, w) = EXng, (v), 1, (w)), v € Vg, w e Va,.
We see that the data 74, and ng, for i = 0,...,s determine the data 7,4, and &, ()\) and vice
versa. Therefore we obtain the S- valued pomt (A LA TP, (1g:) iy (€p,)i) of (4.2 .
Let ¢ € G*(Q,). According to we write it in the form (...,gq,---,ap;,...), with
ap, = pp,(g). Then the Hecke operator g: Ake — A;_lK.g, sends 1D to the point
(Av Ly )‘v ﬁp’ (nCIz‘gCIz‘)iv (apigm)i)v (49)

comp. (B-19).

It is convenient for us to introduce another action of (F @ Q,)*,

ajg : Age = Ake, a€ (FRQ,) . (4.10)
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We write a = (..., ap,...) € (F®Q,)* =[], Fy"- Then aj¢ maps a point 1) to

(A7 L 5‘7 77117 (ﬁQi)i7 (apgp)P)'
For a fixed p let ap € F). The we define Apje, = Qg where a is the element with component a,
at p and with a,r =1 for p’ # p.

The action of a|¢ of (4.10) - ) coincides with the action of the Hecke operator 9="(-.,99,295.----) €
G*(Qyp), where g, = 1 and g5, = ap, € Fy; = K for i =0,.

We will denote by Up,(F) C F'* the set of all a € F* Wthh are units in all fields F}, with p|p.
Definition 4.3. Let K® = KSK*? C G*(Ay), with K3 as in (£.6). We define a functor. A3
on the category of E-schemes S A point of A (S) consists of the following data:

(a) An abelian scheme A over S up to isogeny prime to p with an action ¢ : Op () — End A ®z
Z(p)- )

(b) An U,(F')-homogeneous polarization A of A which is principal in p and which induces on B
the involution b — b*.

(c) A class 77 modulo K*? of B ® A-module isomorphisms
nP V@ AL = Vi(A),

such that for each A € A there is locally for the Zariski topology a constant §(p)()\) €
(F® A?)X (1) with
(EP (Nor,v9) = EX0P (01), 17 (v2)).
(d) For each polarization A € X and for each prime p|p of O a section &,(\) € O;p (1)/Mg such
that &, (Au) = u&,(N) for each u € U, (F).
(e) For each j =1,...s, a class 7);; modulo K3, of Oqu—module isomorphisms

Moy Na; = Tg, (A).
We require that the following condition (KC) holds,

char(T,u(b) | Lie A) = ] @(Nm, (T —b))™
©0:K—Q

Variant 4.4. We will also use a modified version of this Definition. We obtain a functor
isomorphic to A2 if we modify the items (b) and (d) of Definition as follows.

(b') An F-homogeneous polarization A on A which induces on B the involution * from ([2.9).

(d') For each polarization A € A and for each prime p|p of O a section &,(\) € Fyf (1)/M5 such
that &, (u)) = u&,(N\) for each u € F* and such that X is principal in p iff £, () € O;X (1).
P

Proposition 4.5. Let K* = K}K*? C G*(Ay), with K3 as in (4.6). The functors Ay. and
A'b” on the category of E-schemes are canonically isomorphic.

Proof. The proof is an obvious modification of the proof of Proposition -4l But for later use we
indicate the point of A, (S) which corresponds to a point (Ao, Ao, 77, (7lq, ), (&, )i) of AL (S)
(recall from Definition that the index ¢ runs from 0,...,s and the index j from 1,...,s).
Since we work over E, the Tate module Ty, (A) makes sense. By our choice of K§ there is a
unique class of Op, -module isomorphisms 7, : Aq, — Ty,(A) modulo K§ . Therefore we may
replace j in datum ( ) by i =0,...s in Definition [.3] without changing anythmg

Let A be the isogeny class of Ao and choose \g € Ao and 7P € 7P to construct a point of

ke (S). Fori=0,...,s, the isomorphisms 7q, : Aq, = Ty, (Ao) induce by duality (using 1 and
E*) an 1bomorph1bm T5.(Ag) = Ag,(1). If we multiply the inverse of this map by &, (Ao) we
obtain an isomorphism

M, - AEI'i - Tﬁq' (AO)
which satisfies
E (nCIi, (U)vnﬁi(w)) = ¢(fpi(A0)an), CAS Aqm w € AEh (411)
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We set 1y, = 1, © 15, and n, = ©;_yny,. We denote by 7, the class modulo K, of 7,,, and by A
the @Q-homogeneous polarization which contains Ag. Then (A4, t, A, 7) is the corresponding point
of Ax.(5). O

We reformulate the action of the Hecke operator (4.9)) in terms of Variant of Definition
E This will not be used until section @ We consider an element g € G*(Q,) C G*(Ay). We

write g = (... 9q,,0q.,---) as before, where i = 0,...,s. We consider an open compact subgroup
K* =KK*? C G*(Ay), with K3 as in (4.6]), such that kgA,, = gA,,, for k € K3 .
Let
(AO,LOaSVﬁpv(ﬁqj)ja(gpi)i) S A;{bzs(s) (412)
be a point of Variant We recall that there is a unique isomorphism of Op, -modules

Nqo * Ngo = Tqo(Ao) modulo K3 . This defines the unique class 74,. First we use this class to
describe the Hecke operator g.
A point
(Ala L1, >\1a 917, (eq]' )]7 (6;‘)1) € A;lillsK'g(S) (413)
is the image of (4.12) by the Hecke operator g if the following conditions are fulfilled. There
exists a quasi-isogeny

a: (A, ) = (Ao, w) (4.14)
such that - - B
a*(A) = A, (i) = 0,
/ - (4.15)
§,(@" (V) = s, (906 (V). For A€ X,
Moreover we require that the data éqi and 74, for i = 0,...,s are connected by the following
diagrams
Ty, (A1) ® Q —— Ty, (A0) ® Q (4.16)

Teqi ani

A ®Q—— A, ®Q,
a4

where 0, € éqi, 7Nq, € 7lq,- The diagrams are required to be commutative after replacing nq, by
1q;k for some k € K3 .

~ We may reformulate the condition (4.16) for i = 0 without mentioning the classes 7, and
fq,- Recall that Gf, = (Bgt?)* = Dy, cf. (4.3), (3.12). Let m = ord gq, be the valuation in
the division algebra Dy,. Let Il € Op . Pe a prime element which we regard also as an element
of OD‘;gP~ We may define m by gq,(Aq,) = II™A4,. Let Xy be the p-divisible group of Ay and
X the p-divisible group of A;. The condition (4.16|) for ¢ = 0 is equivalent with the condition
that the quasi-isogeny of p-divisible groups

I ™a: (X1)g = (X0)go (4.17)

is an isomorphism.

We note that means implicitly that a polarization A\; € A; is p;-principal if it differs
from pip, (9)~'a*(A) by a unit in O;p, , for a polarization A € A of Ay which is principal in p.

That (4.13) indeed describes the i]mage by the Hecke operator given by g € G*(Q,) follows
immediately from if we pass from Ay to its isogeny class as in Deﬁnition Our conditions
for Ay only ensure that we obtain a point of Variant [£.4} This description of the Hecke operators
will allow us to extend them in section [6] to a model of the functor Variant [£.4) over Og, .

Using Proposition we identify the functors Af. and A2i® and use the notation Af. for
this functor. Finally we can define a functor on the category of Og, -schemes.

Definition 4.6. Let K* = K;K*? C G*(Ay), with K3 as in (4.6). We define a functor Ast.

on the category of Og, -schemes S. An S-valued point consists of the data (a), (), (¢), (e) as in

Definition But we replace (d) by the following datum,

(d') For each polarization A € X and for each prime p|p of Op a section &,()\) € O;p /M; such
that &, (u)) = u&,(N) for each u € U, (F).
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Let Agf. be the functor on the category of E-schemes S which is obtained by changing in
Definition [4.2| the item (d) into

(d") For each polarization A € A and for each prime plp of O a section &,()\) € F,* /My such
that &, (u)) = u&, () for each u € F*.

By changing (d) in Definition [4.3(in the same way (i.e., replacing Of, (1)/M;} by Of /MJ), we
obtain another description of Ag.. We call this the ¢-version of Definition
By the proof of Proposition [£.5] we have a canonical isomorphism

Asée Xgpec E Spec B, = Af(t. XSpec 0, Spec E,. (4.18)

Remark 4.7. For g € G*(Ay) we have the Hecke operators g : Agfe — A;EIK.Q . For g €
G*(A%) these extend obviously to g : Atte — /Nl;t,lK.g. Let g € G*(Q,), we have defined the

Hecke operator by 1) In section@we will extend this Hecke operator to g : Aff. — /l;t_lK.g,

whenever both K3 and g~ 'K2g are as specified in (46]), so that both source and target make
sense. This will be done by the remark after Proposition [£.5] For the time being, we only need
the extensions of Hecke operators defined by elements in (K ®Q,)* C G*(Q,). For these Hecke
operators we give an ad hoc definition, cf. .

Let (pee € Q be a compatible system of primitive p™-th roots of unity. It defines over Q an
isomorphism of étale sheaves for each p,

ot OF, /M3 5 OF, (/M3 & > Gty (1.19)

It is defined over a finite abelian extension L/E which we choose independently of p. The
isomorphism (4.19)) defines an isomorphism of functors

Asl. X spec E Spec L — Axe Xspec £ Spec L. (4.20)
Here, for an L-scheme S a point
(A,L,S\,ﬁp, (ﬁq]‘)jv (§P|)1) € A;(t° (S) (4'21)

is mapped by the isomorphism (4.20)) to (4, X, 7P, (Mq;)5 (Cpe&p, )i). The isomorphism (4.20)
is compatible with the Hecke operators G®(A[) acting on both sides.

Proposition 4.8. Let 7 € Gal(L/E) be an automorphism. The isomorphism fits into a
commutative diagram

A$te Xspec B Spec L —— Ayce Xspec 5 Spec L

idxwl }px(fl)sx"c

A$le Xspec B Spec L —— Afce Xspec £ Spec L.

Here we take the composite of the cyclotomic character by the inclusion

s~ 1 Gal(E/E) = Z; C (Op ® Zy)*.
See (4.10)) for the definition of the automorphism a¢ of Agk.. A similiar definition applies to
Aot..

The proof coincides with that of Proposition As a consequence we have an analogue of
Proposition [3.7] i.e. there is a morphism of functors

¥e 1, Xspec B, Spec E)" — Shie(G,hd ") g, Xspec 1, Spec B (4.22)

The descent data relative to E7"/E, on both sides are compatible up to the factor p{g which

can be expressed by a diagram similiar to that of Proposition In contrast to Proposition
the morphism (4.22)) is no longer an isomorphism since we are dealing with a coarse moduli
scheme.
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We will next show that the action of the group (K ®¢ Q,)* C G*(Q,) on Af. by Hecke
operators extends naturally to an action on the O, -scheme Agf.. We write an element of that
group as

S

z=(..,ai,bi,...) € (Kog Q) = (K x KZ) = [[(F x F),
=0 =0

where a;,b; € Fy;, for i =0, L,...,s. We note that Ly, (2) = a;b;.
We consider a point (A4, ¢, A, 77) of Ak.(S) as in Definition We write nn = nPn, and
p = @fzo(n% @ Uai)» Mg, * Vo, = ti(A)7 N, : Va, = Vﬁi(A)'
The Hecke operator z : Ak. = Ak. on S-valued points is given by
(Av 2 5‘7 ﬁp, (ﬁql)l’ (ﬁﬁl)l) — (A7 Ly 5‘7 ﬁp’ (77% : ai)i7 (ﬁﬁL : bl)l> (4'23)
Let x € K*. We write its image in (K ®q, Q,)* as

S

(s miy i) € (K@ Qp)* 2 JJ(KE x KZ) = [[(Fy < Fy),
i=0 i=0
where x;,y; € Fy;. We note that x;y; is the image of Nmy,p x in Fy;.
We consider the quasi-isogeny x : A — A induced by multiplication by x. The inverse image
of the data (A, ¢, \, 77, (g, - @), (N, - bi);) by this quasi-isogeny is
(Av Ly E‘»ﬁp ! X_17 (ﬁqz : aixfl)h (ﬁflz : blyfl)l) (4'24)
Therefore this is just another way to write the image under the Hecke operator (4.23]).
We rewrite (4.23) in terms of the alternative Definition In terms of this definition, the
left hand side of (4.23)) corresponds to (A, ¢, A, 7, (q; )is (€p,):) and (4.24)) corresponds to
(A’ 2 5‘7 ﬁpx_la (nq'iaix;l)% (a’ibi(NmK/F X_1)€Pi>i>‘
Summarizing, the Hecke operator z : Aj. — Aj. becomes in terms of Deﬁnitionthe map
(A’ 2 5" ﬁpv (ﬁqi)i’ (fpi)i) — (A7 2 5‘7 ﬁpx_17 (ﬁ%a’i‘ri_l)iv (aibi(NmK/F X_l)gpi)i)' (425)
In the same way z acts on A$.. In fact, we are only interested in the latter functor. Let us
choose x € K*, such that aixi_l and biyi_1 are units in O;p‘ for : = 0,...,s. Assume we

have chosen the left hand side of (.25) in the form of the t-version of Definition Note
that we have added to the data of this definition the unique class of Op, -module isomorphisms

qo * Mgy — Tyo (A) modulo K3, We then see that the right hand side of 1) is also a point

in the sense of Definition For i = 0 we have the isomorphism 7, a0y " : Mgy —> Tyo(A)
as required. Hence we may forget about ¢ = 0 and obtain a definition of the Hecke operator in
terms of the t-version of Definition [£.3]

2 Afe = AR,
This definition of z makes sense for the functor flfé. We define

Z: At — Aj (4.26)
as follows. Let (A, ¢, A\, 77, (7lq,);, (&, )i) be a point of Ast. with values in an Og, -scheme S. We
define the image by morphism (4.26) as

(A’ 2 5‘7 ﬁpx_la (ﬁq]'ajxj_l)j’ (aibi(NmK/F X_l)gpi )l)
It is clear that this is an extension of z with respect to the isomorphism (4.18]).
Recall from (1.1))

hp:S— (D@R)* = GLy(R) x [ (D @ryR)*, z:a+bi»—>(a b)x(l,...,l).

b a
XFX0
(4.27)
Moreover, we consider the composite
hy: S — (DeR)* x (K®@R)* — Gy, (4.28)

z — hp(z) x 1
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cf. Lemma 211
Recall from (1.11)) the Shimura datum (G*®,h%,). The next proposition relates the Shimura
varieties Sh(G®, h) and Sh(G*®, hY,).

Proposition 4.9. Let K* = K)K*? C G*(Ay), with K} as in (4.6), where My, = O;ip .

0
Denote by f, the inertia index of E,/Qp. Let m,, be an arbitrary prime element of Fy,,. We
consider the element

2= (mp 0, pP) € (FeQ,)~ H

Let 7 € Gal(El'"/E,) be the Frobenius automorphism. Then there is a morphism of functors
Ao 1, Xspec B, Spec E])" — Shke(G*, h}) 5, Xspec 5, Spec B}, (4.29)
such that the following diagram is commutative

Afé.,Eu Xspec E, Spec E)" —— Shke(G*, h},)E, Xspec E, Spec E)7

Z|e XTrl lidxrc

A3e 5, Xspec B, Spec B} —— Shie (G*, h})) g, Xspec &, Spec E}",
Here, the right hand side of is the coarse moduli scheme of the functor on the left hand
side. See (4.10]) for the definition of 2.

We will show in Proposition that Shke(G*,h})E, Xspec B, Spec B is in fact the étale
sheafification of A§.7EU XSpec B, Spec BT
Proof. Recall the morphism to the coarse moduli space
A;(',E,, — ShK- (G., h)EV (430)
Let T* = (K ® Q)* C G* be the central torus. We consider 6 : S — T cf. (3.30). The
local reciprocity law r,(T®,67 1) : EX — T*(Q,) is the composite of the local reciprocity law
7, (T,671) for T (given by (3.34)) with the inclusion T(Q,) C T°(Q,). Let e € E and let
o € Gal(E?/E,) be the automorphism which corresponds to it by local class field theory. If

we twist the morphism (4.30) by r,(7°,5~!) we obtain as in the proof of Proposition a
commutative diagram

A3e 5, XSpec B, Spec E%® —— Shke (G*,h6 ™) g, Xspec 5, Spec B2
(pfv ordﬁ)sxgcl JidmfC (4.31)
A3e 5, XSpec B, Spec E% —— Shke (G*,hé g, Xspec 5, Spec E2.

We consider the homomorphism 7 : S — (K ®g R)* which in terms of the isomorphism ([3.29)
is defined by

v:iS=>Cx J[ € zr—(21,...,0), (4.32)
©,Te=2
i.e., on the right hand side we have z at the factor which corresponds to ¢g. We find that
S =hd 1. (4.33)

Therefore we must twist the horizontal line of (4.31]) by the local reciprocity law of 4. The
one-parameter group f, associated to the Shimura datum = is

M:CX—>H<CX, z—(1,...,1,2,1,...,1),

where z is exactly at the place . Slnce we are interested in the local reciprocity law we replace
C by Q, cf. - The field of definition E, of ., is the image of @g : K5, — Q,. There is a
canonical isomorphism of Kj -algebras

Kﬁo ®Q, E, = Kﬁo X Oflov
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where the first factor corresponds to the compositum Kj, of the fields K5, and E,, given by
iquO and @51.
We consider the homomorphism
Ef = (K, ®q, E,) =KX xCX, e— ¢y'(e) x L. (4.34)

The one-parameter group ji, over E, is the homomorphism

ny — (K ®Q EV)X = H(Kq-; ®Qp EV)X X H(Kﬁ-; ®Qp EV)X7

which is given by |j on the factor (K 10 ©Q, E,)* and is trivial on all other factors. The map
Nmg, /o, = Nmg_ g, B, /Kq,  Kao ®g, By = K|
becomes in terms of (4.34))
(CL,C) I~ KEIO X CEIO — aNmCﬁo/Kﬁo .

We conclude that the local reciprocity law associated to ~

r(T*y): BY — [ K3 =< [ B (4.35)

maps e to the element with component @gol(e_l) at the factor K, and with trivial component
at all other factors.

By Corollary and our remarks about the Hecke operators we obtain from a
commutative diagram

A¥e 5, XSpec B, Spec E® —— Shi«(G*, hd ') E, Xspec &, Spec B
(@;01(6—1)‘§F0 (pf” nrdE)§XUCJ/ lidxw
A¥e 5, Xspec B, Spec B’ —— Shie (G*,hé ') E, Xspec B, Spec B’

The &,,-part of the datum (d') in Deﬁnitionis a function with values in Fy; / O;po. Therefore

(@po) (e‘l)m0 acts on this datum exactly like (w,jgorde)|§po. This shows that for e € Op the
vertical arrow on the left hand side in the above diagram is equal to id x o.. Therefore the
horizontal arrow in this diagram is defined over E}}". The proposition follows. U

We use Propositionto define a model of Shke(G*, h},) g, over Og, . The group T*(As)/(K*N
T*(Ay)) acts through a finite quotient. Therefore the Hecke operator associated to # has finite
order. It follows that the field E}" in Proposition [4.9| can be replaced by a finite unramified
extension L/E,. We have extended Z to an automorphism of the functor fi;(t. over Og,, .

Deﬁniﬁon 4.10. Let K* = K;K*? C G*(Ay), with K3 as in (4.6), where My, = O}X,vo. We
define Shke«(G*®, h},) to be the Og, -scheme given by the descent datum 2 x 7. on AYs Xspec 0,
Spec Oy, where A;é. is the coarse moduli scheme of flfé.

The diagram of Proposition becomes
At. Xspec 0g, Spec Opnr —— Shie (G*,h}) Xspec 0, Spec Opnr
e XTCJ/ lidx'rc (4.36)
Aste Xspec 0, Spec Ogpr —— Shice (G*,h}) Xspec oy, Spec Opnr.

Remark 4.11. Let us drop the assumption that M, = OIX%O' We can write the diagram at
the end of the proof of Proposition [4.9]in the form

Afe g, XSpec B, Spec EfP —— Shie (G*, h}))m, Xspec E, Spec ELY
(7r;0Ord C)\gpo (pfvord C)Elxgc (W;oord E)\Epo (LP;OI (e))‘fpo lXUc

A 1, XspecE, Spec E% —— Shke« (G*, h') B, XSpec £, Spec B2,
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As before e corresponds to o by local class field theory. We define the Galois twist Shke (G*, h},) g, (7p,)
of Shke«(G*, h%) g, by the commutative diagram

ShK- (G., h.D)Eu XSpec E,, Spec Egb —_— ShKo (G., hZ))E (’ﬂ'pa) XSpec E,, Spec Egb

v

J(Trmorde)mpo (?;Ol(e))\gpo X0Oc lidxac
Shis(G*, h%) B, Xspec 5, Spec B2 —— Shi«(G*, h%) g, (Tp,) Xspec E, Spec B2V
Then we obtain a commutative diagram

A 5, XspecB, Spec E])" —— Shke(G*, h}) g, (Tp,) Xspec 5, Spec B}

J{(ﬂpoorde)mpo(pf” erdey e xo, J(idxac

Afé.,EV XSpec B, Spec B ——— Shies (G*, hY) B, (Tpy) XSpec B, Spec EI7.

In the same way as in Definition we obtain a model Shye (G*,h},)(mp,) over O, . The dia-

gram 1} continues to hold for arbitrary K* if we substitute Shke (G*, h},)(my, ) for Shie (G*,hY).
We note that the last two schemes are canonically identified if K* is of the type M, = OIX,%.

One could regard Shke(G*,h},)E, (Tp,) as the twist of Shke(G®, h},)E, by the character of
Gal(E%/E,) associated to the Lubin-Tate group defined by my, .

Our next aim is to compare the functors Ak and Agke.. For this we need the following variant
of a theorem of Chevalley [Che].

Proposition 4.12. Let F be a totally real number field. We set [F : Q] = d = 2"d’ such that d’
is odd. Let M > 2 be a natural number and let £ be a prime number such that

=2 modd, =3 mod 4.

For a natural number N, let Uny be the principal congruence subgroup of (O ® Z)X ,
Unve={u=1 mod N{(Op ® Z)}.

For each natural number m there is a power N of M with the following property: for each element

f € F* which is totally positive and such that f € Uny - A;, there is a unit g € O such that
f=g"q, forsomeqeQ*, q>0.

Proof. Set U = Upny, where N will be determir}ed in the proof. We write f = ua with u € U,
a € A?. We find ¢ such that o = ¢ and 8 € Z*. Therefore we may assume that f € Oy and
hence ¢ = 1. We obtain

f=ua, welU acZX.
We note that Nmp,qu € U. We find

fd(NmF/Q )t = ud(NmF/Q u)flad(NmF/Q a) = ud(NmF/Q u)~teU.

Since f is a totally positive unit Nmp,q f = 1 and therefore f% € U. By Chevalley [Che] there
exists for a suitable N a unit g € O} such that f¢ = g™ Replacing m by a multiple, we may
assume that m is even and that

¢" =1 mod (O ® 7).
We consider the d-th root of unity
fl9" = ¢
Since f = o mod £(OF ® Z) we obtain
(=a mod (O @ 7).

The right hand side is in Z/¢Z C Op /fOp. This shows ¢~ = 1. Here and below, this is meant
mod ¢(OF ® Z). On the other hand, we have

Cth/ =1.
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Since £ — 1 =1 mod d’, we obtain that <2h = 1. If h = 0 we conclude from Serre’s lemma that
¢ =1. Let h > 0. By our assumption (¢ —1)/2 is odd. Therefore the greatest common divisor
of £ — 1 and 2" is 2. We conclude that ¢? =1 and by Serre’s lemma that ¢2 = 1. We obtain

flg™ ==+l

Since m is even, the left hand side is totally positive by assumption. This gives finally f = ¢™. O

Let K* C G*(Ay) be an open and compact subgroup. We set K = K* N G(Ay). For an open
compact subgroup U C (F'® Ay)*, we define

v ={9€K" | ulg) eUZ*}.
Then
K=K NG(Ay). (4.37)
Proposition 4.13. We fit M and ¢ as in Proposition |4.13 Let K®* C G*(Ay) be an open

compact subgroup. Then there exists a power N of M such that for the principal congruence
subgroup U = Uny C (F @ Ag)* of Proposition the natural map of functors

Ak — Af(;] (4.38)
is a monomorphism.

To show this, it is enough to check injectivity for points with values in S = Spec R, where
R is a noetherian F,-Algebra and Spec R is connected. We begin with two lemmas. Since the
meaning of the class in the notation (A, A, 7]) depends on whether this is an object of Ak or of
Ax., we use the notation (A4, A, 7) in the latter case.

Lemma 4.14. Let (A, \,7) € Ax(R) with image (A', N, 7) € A;(.U(R). Then there is a polar-
ization \' € X and level structure /' € i’ such that the point (A, \,7]) may be represented in the
form (Aly Alv ﬁ/)
Proof. We start with arbitrary polarizations \" € N and A € X and arbitrary level structures
n € 1/, n € 7. Since we have the same point in Af{b(R), there is an isogeny o : A’ — A
such that a*(A) = fN. Since we have chosen polarizations, f € F* must be totally positive.
Moreover, o must respect n and 1’ up to a factor in K¢,

aon'¢=mn, ¢eKj.
We claim that (A’, f\/,7/¢) is a point of Ak (R). We have to check that the isomorphism

mé: VoA V(A

respects the form v and the Riemann form E/*’, up to a factor a € A;f (1). But for z,y € V@A,
we have

EIY (0 (¢x), ' (¢y)) = B M@~ o n(z),a™" on(y)) = EXn(=), n(y))
= ap(z,y)
for some a € A% (1), because (4, \,7) is a point of Ak (R).
It is obvious that
a: (A N 0¢) = (A, A7)

is an isomorphism and therefore both sides give the same point of Ak (R). O

Lemma 4.15. Let (A1, \1,71) and (Aa, A2, 72) be two points of Ak (R) whose images in Af(.U (R)

by are the same. Then there exists a totally positive f € F* and an element ¢ € Ky,
such that

f(ée) e A%,
and such that (Ag, \a, 72) is isomorphic to (Ay, fA1,1¢).
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Proof. We choose arbitrary polarizations A\; € A\; and Ay € Ay and arbitrary level structures
m € m and nz € n2. We remark that for each ¢ € Kj; the class 7:¢K is invariant under the
action of 71 (5, S) because K C K¢, is a normal subgroup.

By the Lemma we may assume that (A, \o,72) = (A1, fA1,m1¢). We have factors
a1,as € Ay(1) such that for all z,y € V® Ay

ast(x,y) = B (nu(éx), mi(ey)) = EM (mu(éx),m(cfy)) =
= a1 (éx, ¢fy) = arp(z, & éfy).

The assertion follows. O

(4.39)

Proof of Proposition [£.73 We may assume that S = Spec R is connected. We consider a point
(A, \,7) € Ak (R). Any other point with the same image by (4.38) is of the form

(A, fA,7¢), such that f € F*, ¢ € Ky, fé'é=acAj. (4.40)

Moreover f is totally positive. Replacing f by fq for some ¢ € Q*, ¢ > 0, does not change the
point 1) Therefore we may assume that a € Z* and that f is a unit.
By Proposition for each natural number m we find U = Upy in such a way that f = g2™

for some g,, € Of. Since K* N (F ® Ay)* is open in (F ® Ay)* we may choose m such that
g" € K®. We set g = g™. Since f = g2, the multiplication isomorphism by g is an isomorphism

g (A, fA7¢) = (A, A, 7g¢).
We obtain
(ge) - (g¢) = g*¢é = féé=ac A%,
and therefore g¢ € G(A;) NK® = K. We see that (A, fA,7¢) and (A4, A, 7)) define the same point
of AK O

We know that for K C G(Ay) small enough the functor Ak g, is representable by the scheme
Sh(G, h)k g, . In general the latter is a coarse moduli scheme.

Proposition 4.16. Let K* C G*(Ay) be an open and compact subgroup. We set K = G(Af) N
K*. We assume that there is an Og-lattice ' C V and an integer m > 3 such that for each
u € K* we have ul' ® Z € T ® Z and such that u acts trivially on T/mT, so that Ak g, 18
representable (this is the analogue of condition for K*® instaed of K).

Let U be as in Proposition . Then the étale sheafification of the presheaf A;(;,,EV on the

big étale site is represented by Sh(G*®, h)ke &, -

Proof. We begin with some general remarks on [De, Prop. 1.15] in our case. The morphism
of schemes (not of finite type) Sh(G,h) — Sh(G*®,h) is an open and closed immersion. More
precisely, for any open compact subgroup K; C G(Ay), there is an open compact subgroup
K? C G*(Ay) such that K} NG(Ay) = K; and such that Sh(G, h)k, C Sh(G®, h)ks is an open
and closed immersion. Indeed, it is a closed immersion by [Del Prop. 1.15] and it is open because
the local rings of these varieties are normal and have both the same constant dimension. If Z is
a connected component of Sh(G, h)¢, then its image Z* in Sh(G*®, h)c is a connected component.
For arbitrary open compact subgroups K € G(Ay) resp. K® C G(Ay) the image Zk of Z in
Sh(G, h)k ¢, resp. the image Zg. of Z*® in Sh(G*®, h)ke ¢, is a connected component. For K;
and K7 as above, the map Zk, — qu is an isomorphism. For g € G*(Ay), the multiplication
by g induces a map
g :Sh(G®, h)gksg-1 — Sh(G*, h)ks.

Now G*(Ay) acts transitively on the connected components of Sh(G®, h)c, cf. [Del, Prop. 2.2].
Therefore the sets ng°K;g_1)(C cover Sh(G*®, h)ks c, as g runs through all elements of G*(Ay).

We note that gK$g~' N G(Ay) = gK1g7! because G(Ay) C G*(Ay) is a normal subgroup. We
conclude that the images of the following composite maps cover Sh(G*®, h)ks, as g varies in
G*(Ay)
g : Sh(G, h)gi,g-1 — Sh(G*, h) ks s-1 = Sh(G®, h)ks. (4.41)
Now we turn to the proof of the proposition. We show that the morphism
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is an open and closed immersion. Indeed by Proposition we know that induces
an injection on the C-valued points. By the remarks above there exists a open and compact
subgroup K} C K7, such that K} N G(Ay) = K and such that Sh(G, h)k — Sh(G®, h)ks is an
open and closed immersion. We consider the commutative diagram

Sh(G, h)x — Sh(G*, h)ks

J

Sh(G*, h)ks,-

By our assumption on K®, the vertical arrow is a finite étale morphism. Hence the same is
true for the oblique arrow. Since by Proposition its geometric fibres contain at most one
element, the claim follows.

Let Y be the étale sheafification of A;{;J,E,,‘ We consider the preimage Y° of Sh(G, h)k g,

by the natural morphism
Y — Sh(G®, h)ks 5, -
Then Y° C Y is an open and closed subfunctor. We consider the natural morphism
Ax,p, = Aks B, =Y — Sh(G* h)k; .k, -
Since Y° is a fibre product we obtain a factorization
Ak g, = Y° — Sh(G, h)k, &, - (4.43)

We claim that both arrows are isomorphisms. Since their composite is an isomorphism the first
arrow is a monomorphism. Therefore it suffices to show that the first arrow is a surjection of
étale sheaves. Since both functors Ak g, and A;{b g, commute with inductive limits, the stalks
at a geometric point £ of Spec R of the sheafifications are the points of these functors with values
in the strict henselization Rgh. Therefore it is enough to show that

Ak, (R) = Y°(R) (4.44)

is surjective for a strictly henselian local ring R. For an algebraically closed field R both sides
have the same coarse moduli space. Therefore the map is bijective in this case. In general the
residue field kg of R is algebraically closed, since we are in characteristic 0. We consider a point
(A, N\, 7) € Ax. (R) = Y(R) which is in Y°(R). Over kg this point is in the image of
By Lemma the preimage by (4.44) has the form (A, A,7) for some A\ € X and 7 € 7.
This is justified because the reduction to kr defines a bijection between the class A on A and
its reduction on A, ,. The same applies to 77. We must verify that (A, \,n) defines a point of
Ak g, (R). Since there is no difference of a rigidification 7 over kr or over R, this is already
decided over k. This proves that is bijective. Consequently the arrows of are
isomorphism and therefore the functor Y is representable.

Now we deduce the representability of Y. Let g € G*(Af). We already noted that gK®g~' N
G(Ay) = gKg~!. The multiplication by ¢ induces an isomorphism

ASks g-1.5, — Aks B, Y. (4.45)

We have shown that Sh(G,h)yky-1,5, is an open and closed subfunctor of the sheafification of
the left hand side of (4.45)). (We note that the same U = Uy suffices for each g € G*(Ay).)
Taking the composite with (4.45)), we obtain an open and closed immersion

Sh(G, h)gKgfl,EV —Y. (446)

Its image is equal to the pullback of Sh(G,h) k.15, 4 Sh(Ge, h)ks e, by the natural mor-
phism Y — Sh(G*, h)ke g, Therefore (4.46) gives, for varying g € G*(Ay), an open covering
of Y by representable subfunctors. O

For later use we formulate a variant of the last argument.
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Lemma 4.17. Let K* C G*(Ay) be an open compact subgroup and let K = G(Ay)NK®. Assume
that U C (F®Ay)* is a principal congruence subgroup as constructed in the proof of Proposition
4.15. Then for all g € G*(Ay) the canonical map

Sh(G7 h)gKg—l — Sh(G., h)gK;]g—l (447)

is an open and closed immersion. The composite of this map with g: Sh(G*,h) -1 —

9K g
Sh(G*®, h)ks, gives an open and closed immersion,

g - Sh(G, h) -1 — Sh(G., h)sz

The maps 4 for varying g € G'(A’f’) are an open covering of Sh(G*®, h)ks, .
If the group K*® satisfies the assumptions of Proposition[{.16, then the set of maps

{%g : Sh(G, h)gKg_1 — Sh(G'7 h)K'}gEG'(A?)

9Kg

is an étale covering by finite étale maps.

Proof. Only the last assertion remains to be proved. Let Z be a connected component of

Sh(G, h)c and let Z* € Sh(G*®,h) be its image as in the proof of Proposition As in

that proof, it is enough to show that the sets gZ;K. g-1 cover Sh(G*®, h)ks,, as g runs through
£ U

all elements of G*(A%).
We consider G* = {b € B°P | b'b € F*} as algebraic group over F. Then Resp/q G* =G",

cf. (2.2). We consider the homomorphisms
p:G* —  FX, det: G* — K>

b — Vb b — Nm%/K . (4.48)

Let T be the algebraic torus over F given by
T*(F) = {(f, k) € F* x K*| f* = kk}.
By (4.48) we obtain a homomorphism v : G* — T, b — (u(b),detb). Let H® be the kernel
of this map. One can check that H® Xgpec p Spec C = SLo(C). Therefore we obtain an exact
sequence
0—=GS, — G LT =0,
where the derived group is simply connected. By [De, Thm. 2.4], we obtain a bijection
mo(Sh(G®, h)ks, S (K, x K)\T*(Ap)/T*(F). (4.49)
The right hand side may also be written as v(K2, x Kg)\T*(A)/T*(Q).
Because the cyclic extension K/F splits the torus T, we%k approximation holds for T°, cf.
[Vl Thm. 6.36]. In particular T*(F) is dense in T*(F ®g R)T"*(F ®g Q,). This implies that
T*(F)v(K®2, x KZ,)T'(A’I’W) =T*(Ap).
Hence T* (A% ;) = T*(A%) acts transitively on the right hand side of 1) Since G*(A}) —
T*(A%) is surjective, the sets 9Z5xs g1 for g € G*(A%) cover Sh(G*, h)xy,. Therefore the last
assertion of the proposition follows as in the proof of Proposition |4.16 (]

Let K3 C G*(Q,) be the subgroup associated to a choice of A, M*® and K., fori =1,...,s,
cf. 1) We set M = Z N M®. We denote by K, C G(Q,) the subgroup associated to the
choice of A,,, M and Kg,, cf. (3.15)). We see easily that

K, = KN G(Q,). (4.50)

Under these hypotheses, we have an integral version of Proposition m It concerns .Z’i( instead
of Ak and A§¢ instead of Ag.

Proposition 4.18. We fiz M and ¢ as in Proposition[{.13, but we assume that both are prime to

p. Let K®* = K)K*? C G*(Ay), with K3 as in (4.6), where M, = O;p . Let K =K°NG*(Ay).
0

Then there exists a power N of M such that for the open compact subgroup U C (F @ Ag)*

of Proposition the natural map
Ax — AK, (4.51)
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is a monomorphism of functors.

By assumption we have K* = K?K*? and Kp; = K;)KI']’p. The group K = K* NG(Ay) =
K} N G(Ay) has a similiar decomposition and therefore the functor Al makes sense. Similarly
to the proof of Proposition we need two lemmas which are analogous to Lemmas and
4. 19

Lemma 4.19. Let (A, )\, 7P, (Mq,),&p) be a point ofA%(R), with image (A’, N, ﬁ’p, (ﬁ’qj )i (§;1)1)
in flfézj (R). Then there is a polarization X' € X' and a level structure n'P € /P and an element
§,(N) € Z) such that fori=0,...,s

§(N)=¢, mod My
and such that the point (A, X\, 77, (7q,);,&p) is isomorphic to (A’,S\’,ﬁ’p,(ﬁ’qj )i»Ep(N)). The
function &, on N is given by Ep(uX') = u& (N) for u € Up(Q).

Proof. The proof is similar to that of Lemma[.14 We may assume that S = Spec R is connected.
Then we can argue over a geometric point 5 of S, as explained after Definition We choose
arbitrarily polarizations X € X’ and A € \, and prime-to-p level structures n’? € 5" and 1P € 7P,
and p-level structures n;j cn a4 and 7, € 7g;. By assumption there exists an isogeny o : A" — A
of order prime to p such that

a’(N) =fXN, aoné? =n"  aoncq =1, &fN)ep =&,

where f € U,(F) is totally positive, ¢* € G*(A%) and ¢,; € Kq; and e, € Mj. From this the
assertion follows easily. O

Lemma 4.20. Let K®* C G*(Ay) and U as in Proposition|4.18 Let
(A1, M7, (Tg,)5 €1p)s (A2y A2, 15, (T2,q,) 55 E2.)
be two points of Al (R) which have the same image in Agl.(R). Then there exists a totally

positive f € O, an element § € (Op ® Z)* such that f0 = a € Z* and 6, € [[]_, M., and an

element ¢ € K37 with 6P = ¢'¢, such that the point (Az, A2, 75, (2,4, )j, 2,p) is isomorphic to
(A, M F e, (105055 €1 p)-
Here the function fim on M f is defined by
& p(Af) = alip(M).

Proof. We fix a polarization \; € Ay and ny € ;. By Lemmal4.19] the point (Az, A2, 75, (7i2,q,)+ 2,p)
is isomorphic to a point of the form

(Alv 5‘1]('7 7711563 (ﬁl,qj )j’ gi,p)'

The value {’Lp(f)\l) € Z,, satisfies the following congruence in O}X;p,_ for each i = 0,...s,

§1,(fA1) = f&p(A1) mod My .

This implies that there is an element 6, € []°_, My such that f6, = a, € Z*. Then we obtain
gi,p(f)\l) = ap1,p(A1) mod M;i-

Moreover an A’;-version of (4.39) shows that there is an element a? € (A%)* such that f¢'¢ = a”.

We have the right to multiply f by an element of U, (Q). Therefore we may assume that a? € zr.
The result follows by setting a = apaP. [l

Proof of Proposition[{.18 As in the proof of Proposition [I.13] it is enough to show that
Ak (R) = A (R)

is injective if Spec R is connected. Assume that we are given two points as in Lemma [£.20]
which are mapped to the same point of A;{{; (R). For suitable U we conclude as in the proof of

Proposition that f = g2, for some g € Oj NK?®. If in the argument of that proof we choose
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m big enough we may assume that g € M®. We obtain a, = f0, € M* NZ); = M (see before
(4.50))). The multiplication by ¢ induces an isomorphism

g (AL, M fa0e, (q,)5,€1) = (AL AL, (g, )50 Ep)- (4.52)
Indeed, we have g*(A1) = A;g* and the morphism (4.52) respects the data #}¢ and 7}, comp.
the proof of Proposition Furthermore, for A\; € A\; we obtain
g (EpMf) = g7 (€1p) (g7 (M) i= E1p(A1) = apéap(A1) = & , (A0 S).

The second to last equation holds because a, € M. O

We recall that we assume that D, is a quaternion division algebra, cf. (3.12). In this case,
we have the following integral version of Proposition

Proposition 4.21. Let K®* = K;K*? C G*(Ay), with K as in (4.6), where My, = O;p . We
0
set K = G(Af)NK®. We assume that there is an Ok -lattice ' C V' and an integer m > 3 prime
to p such that for each g € K® we have gI' C ' and such that g acts trivially on T'/mI. (In this
case Ai{ is representable.) Let U be as in Proposition . ) )
Let AL be the Spec O, -scheme which represents the functor Ak and let Ai(t{; be the coarse

moduli scheme of fl’t.U. It is a normal scheme which is proper over Spec Og, .
; At Aot ; ; Aot Aot
The canonical map Ax — Ags i an open and closed immersion. The arrow AK.U — AKs, 15
the étale sheafification of the presheaf .A;{t:] on the big étale site.

Proof. The scheme Ai( is regular and the morphism A% — Spec Opg,, is generically smooth and
proper. Its special fibre is a divisor with normal crossings. This follows from deformation theory
because the p-divisible group X, is a special formal Op, -module in the sense of Drinfeld. The
properness follows from a standard argument using that B is a division algebra, cf. [Dr, Prop.
4.1].

For the proof that a coarse moduli scheme Afit. exists we refer to [Z1), 1.7 Satz]. Because
this moduli scheme is obtained as a quotient of a normal scheme by a finite group, the coarse
moduli scheme is normal. Since Ai{ B, C Ai( is an open dense subset of a scheme which is locally
integral we obtain a bijection between connected components

WO(A%,EV) — mo(Ak), Zr—Z.

The same is true for the connected components of Afé{, 5 and A;(.t. We claim that
k) v U

Ak — A% (4.53)
is an open and closed immersion. Indeed, the morphism l) is proper because A% is proper

over Spec O, . The general fiber over E, of this morphism coincides up to a Galois twist with
1' and is therefore an open and closed immersion. Let Z C Ak g, be a connected component

which we also regard as a connected component of A'tzp g, We consider the closures ZcC A’i{ and
Z* C A;(t.u of Z. These are connected components and the morphism 1} induces an birational

proper morphism Z — Z* of normal schemes. If we take the values in some algebraically closed

field the last morphism becomes injective. This follows from Proposition and the definition

of a coarse moduli problem. Therefore Z — Z* is an isomorphism, and the claim is proved.
Let Y be the étale sheafification of A;{ta on the big étale site. We consider the following

commutative diagram

I— T

L]

Yo — Y (4.54)

L]

At Aot
Ale —— Aty .
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Here Y is defined to be the fiber product in the lower square. We know that the horizontal
arrows are monomorphisms and the two lower ones are open and closed immersions. We will
show that /(t — Y? is an isomorphism of sheaves.

Let T be a noetherian scheme over Spec Og, and (9 , the strict henselization at a geometric
point ¢t of T. We have to show that the induced map of stalks

(Ai)re = (V)14
is bijective. (The stalks are the same as the stalks of the restriction of both sheaves to the small
étale site T,;.) Since Al commutes with direct limits, we obtain (Af)r, = Ak(O3). The
same is true for the presheaf A;E.U. Therefore we obtain (Y°)r, C Yp, = ~;é.U(OST{‘t). This

subset consists of the points on the right hand side which are mapped to Al (C’)}ht)
Let L the residue class field of O3 7. which is separably closed. We firstly show that

AL (L) = Y°(L) (4.55)

is bijective. Equivalently we may show that Y°(L) — Ak (L) is bijective. Clearly this map is
surjective because A} = AL, Let 61,02 € Y°(L) C Aféb(L) be two elements with the same

image in Ak (L). By the properties of a coarse moduli scheme, the map fl{é.u (L) — Af{t?z (L) is
bijective. We conclude that ¢, ; = 60, ; holds for the base change. Therefore we find a finite
totally inseparable extension N of L such that 8; y = 65 . If the last two points are represented

by the data (A1, Ar 7, (Tg,)s (€19,)0) and (Ao, Aa, i, (7a.q, )+ (€2,0,)), we conclude by the
rigidity of abelian varieties, applied to the nilimmersion N ®; N — N, that 6, = 6.
Now we consider the map

A (Oh) 5 Yo (Ofh).
This map is clearly injective. We show that it is surjective. We consider a point
(A1 AL 7 (10,50 (€1,p0)0) € YO(OF) C© ARy (OF). (4.56)

Over L this point is in the image of ( - By Lemma the preimage has the form
(Aq, L,)\l,nl, (M1,q,)5> (§2,p,)i). Since A1 C Ai, the polarizations in A\; lift to polarizations of
A; which are principal in p. Since there is no difference between a rigidification over OT , and

over the residue class field L, we see that (A1, A1, 7}, (1,q,);, (E2,p,)s) is a point of A%(OST’})
which is mapped to the point (4.56). We have proved that the two vertical arrows on the left
hand side of dlagram are isomorphisms.

To show that AK. — Afé. is the étale sheafification, we can argue as in the proof of Propo-

sition [IT8] if we substitute Lemma 17 by Lemma [£:22) below. O

The group G'(Ap ) acts on the projective system of the functors A for varying K*? C
G*(A%) via the datum 7” of Definition (4.3 E More explicitly, each g € G*(A%;) induces by multi-
phcatlon an isomorphism

fot Jot
g Adge 1 — Ak
which induces an isomorphism of the coarse moduli spaces.

Lemma 4.22. Let K® be as in Proposition|{.21, Then there is an open subgroup U C (F@Af)*™
such that for each g € G'(A]Jf) the natural morphism

Al = Adics o- (4.57)

is an open and closed immersion. If we compose the immersion with the morphisms g : A;%. I

Aktb’ we obtain open and closed immersions
%g : AZK971 — A;é?] (458)

For varying g € G* (A’]ﬁ) the morphisms »4 are an open covering of A’tb.
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Proof. We have already seen that (4.57) is an open and closed immersion, cf. (4.53|). Therefore
the same is true of 5,. The general fibre of A¥. is up to a Galois twist Sh(G*, h)ks g, By

U
Lemma each connected component Z of Sh(G*, h)ke g, is in the image of s, for some
g € G’(AI;). Since /:\f(a is locally an integral scheme which is flat over O, , each connected

component is of the form Z. It is therefore in the image of the open and closed immersion .
Hence (4.58)) is indeed a covering. O

In the sequel, only the Shimura varieties Sh(G*®, h) and Sh(G*®, h$,) attached to the group G*
will play a role. These are ramified abelian Galois twists of each other, cf. Proposition The
following table summarizes the Shimura varieties and their relations to moduli functors.

Shimura variety | Moduli problem First occurrence Relation
Sh(G*, h) A®, resp. AP | Def. , resp. Def. coarse moduli scheme
Sh(G*,hY,) At Def. M coarse moduli sch. of unram. twist

The integral model éTlK-(G',hb) of Shie(G*,h},) over Op, (defined if K* = K)K*P C
G*(Ay), with K3 as in (4.6), where M, = O;po) is defined by twisting back the integral

extension A%t of A%t.

5. THE RZ-SPACES

In this section, we discuss the RZ-spaces needed for the p-adic uniformization of the Shimura
varieties of the last section.
We first discuss the banal case of a prime ideal p;, for ¢ # 0.

Definition 5.1. Let S be an Op,-scheme. The category P,,(S) is the category of all triples
(Y, 1, A), where Y is a p-divisible group of height 8[Fy, : Q,] over S, where ¢ : Op,, — EndY is
a Zp-Algebra homomorphism, and where s a O;pi—homogeneous polarization of Y such that
each \ € )\ is principal. We demand that the Rosati involution associated to A € X is compatible
with the involution b +— b* on By, with respect to ¢. The decomposition OBVi = OB‘u X OBai
induces a composition ¥ = Y, x Y5,. We demand moreover that the p-divisible group Yy, is
étale.

The definition implies that A = \q, ® A5, where g, : Yy, — (Y5,)" and Ag, : Yy, — (Vo))"
are isomorphisms to the dual p-divisible groups such that Ag, = —(\g,)" and such that for each
b1 € Op,, and by € Op, the following diagrams are commutative,

o(b¥) ¢(b3)

YEIi Yﬁi Yqi Yqi
kqil l)‘qi )‘qil J'Afli (51)
(Ym)/\ W (Ym)/\v (Yﬁi)/\ — (Y%Iz)A
L 1) "(b2)

Since one of these diagrams is the dual of the other it is enough to require the commutativity of
one of these diagrams.

We construct an object of Py, (Spec &g, ) as follows. Let us denote the action of the Frobenius
endomorphism on W (%kg,) by o. Recall from the lattices Aq, and Ag,. We endow Ay, @z,
W (Rg,) with the structure of a Dieudonné module by defining the action of the Frobenius F on
this module by

F(ul ®§1) =pu; ® U(gl)’ uy € Aqw 51 € W(REu)v
and we endow Ag, ®z, W (kg,) with a structure of a Dieudonné module by defining the action
of the Frobenius on this module by

Flup ® &) =up ® 0(&2), u2 € Ag,, &2 € W(Rg,).

The direct sum of these Dieudonné modules defines a Dieudonné module structure on Ay, ®z,
W(RE,). We consider the perfect alternating W (% g, )-bilinear form

’l/)W : Api ®Zp W(I_SJEV) X AP;, ®Zp W(REV) — W(REU), (52)
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cf. (3.13). One checks easily that this is a bilinear form of Dieudonné modules. By covariant
Dieudonné theory, (A, ®z, W (FEg, ), w) corresponds to a principally polarized p-divisible group
(ApY, “ \y). We have the decomposition Ap = Agt @ A7, where the first factor is an étale p-
divisible group and the second factor is multlphcatlve The action of Op,, on Ay, defines an
action of Op, on Ap . We see that (Ap ,Ay) is an object of the category Py, (FE,) and that
each other obJect in thlb category is isomorphic to it.

Recall the group Gp, cf. . An element g € G}, induces a quasi-isogeny of the p-divisible
Op, -module Ap Wthh respects the polarization Ay up to a factor in F In particular we
conclude that

° d v
Kpi C Aut'ppi (A{;Z s )\w)

We consider schemes .S over Spf O, or equivalently O, -schemes .S where p is locally nilpo-
tent. We set S =5 Xgpec Og, Speckg,.

Definition 5.2. Let S be a scheme over Spf O so that S is a scheme over Kg,. We denote by
Azt s = Ng! Xspeckn, S the base change. The unique lift to an étale p-divisible group over S is
denoted by Aﬁf, g This is a constant étale p-divisible group.

A rigidification of an object (Y,¢,\) € Py, (S) modulo K} consists of a class 74, of isomor-
phisms of p-divisible Op, -modules

A g5, mod KO,
and a class &, of maps &, : A = O /My, such that &, (\u) = &, (\u, for u € Of , A€ A,

Equivalently we could replace 7q, by a class of Op, -module homomorphisms of p-adic étale
sheaves ng, : Agl ¢ — T,(Yy,) modulo K§ . We will use this definition only in the case where
Y, is a constant étale p-divisible group. We denote the category of objects of Py, (S) with an
rigidification by Py, (S)k

We reformulate the definition of an rigidified object (Y, ¢, A, 7jq;,&p,). To each A € X\ we
associate an Op, -module isomorphism of p-divisible groups ng, by the following commutative
diagram

fpi(A)Ml L\‘u (5.3)

Ma;
(Azrityy = (Vg )"
Then a rigidification modulo K3 of (Y,,\) is equivalently described by a class fp, of isomor-
phisms in the category Py, (S):

e (AR 2g)s = (Yo, A)  mod K3, (5.4)

We see that, for S connected, 7;, is given by its value at a geometric point w of S, where (7, )., is
invariant modulo K3 . This makes sense because, by the diagram above, everything comes
down to a morphism between p-adic étale sheaves.

We indicate how this allows to extend a Hecke operator g € Gy, C G*(Ay) from the generic
fiber f{gu to the whole functor A**. We consider a congruence subgroup K* ¢ G* (Af) such that
kgAyp, = gAy, for k € K3.. We consider a point

(A, 5‘7 n, (T_’qj )jv (gpj )J) € Akt' (S).

Note here that, by My = O;FO, the choice of &, is redundant, so we drop it from the notation.
Let Y,, be the p;-part of the p-divisible group of A. It inherits the structure of an rigidified
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object (Yp,, s A, 7q:Eps ) of Py, (S). We choose 7, € 7q, and write a commutative diagram

_ Mp; _
(A];?,S’ )‘w)S % (Ypi s A)

Tq Ta
_ ny. _
(AR o Xp)s —— (Y7, 0, X).

Here the maps a and g are quasi-isogenies and 7,, and n;i are understood as explained after

(5.4). For A € X we define X' = p,,' (g)a*(\). This is a principal polarization because g*(\y) =
tp, (9)Ay. We define £ (a*(\) = tp; (9)€(N). This gives a rigidified object

(Y, s N, &) (5.5)

We find a quasi-isogeny of abelian varieties o : (A’, 1) — (A, ¢) which induces on the p;-parts

of the p-divisible groups an isomorphism for j # i and the map a on the p;-parts. Then (A4’,")
inherits the data ()", 7y, &, for j # i by pull back via .. The data 7, &, are inherited from

(5.5). The U,(F)-homogeneous polarization of A’ consists of all A’ € a*()\) which are principal
in p. We define the image by the Hecke operator g as

(A NP ()55 (6,)5) € AjLagay (S)-
It follows from the discussion after the proof of Proposition [F] that this defines an extension of
the Hecke operators over the generic fiber A;Ety.

We fix an object (X, ux, Ax) of the category Py, (Fg, ), e.g. (Ag‘ij, Ay). We choose A\x € Ax and
call (X, tx, Ax) the framing object. We define (X, x, Ax)s in the same way as in Definition
The RZ-space is defined as follows:

Definition 5.3. We denote by RZPi»K;i the functor on the category of schemes S over Spf O ,
where a point of RZ*’“K& (S) is given by the following data up to isomorphism:

(1) an object (Y, i, \) € Py, (),

(2) a rigidification (775, modulo K3 ,&,, modulo My ) of (Y,¢,A),

(3) a quasi-isogeny of p-divisible Op, -modules p : (Y;t) = (X, tx)s which respects the polar-

izations on both sides up to a factor in Fy.

It follows from |i that we can represent a point of RZPi-,K;i (S) by a class p of quasi-isogenies
p: (AR Ny)s — (X, x, Ax) modulo K}, , (5.6)

which respects the polarizations of both sides up to a factor in Fy.
We choose an isomorphism
(X, 1x, Ax) — (Agfl’ /\w) (5.7)
which respects the polarizations. Then we see from that a point of RZy, ks (S) is (locally)
represented by an element g € G3.. Therefore we obtain

Proposition 5.4. The choice of an isomorphism defines an isomorphism
RZp, x; — G}, /K},,

where the right hand side denotes the constant sheaf.

Let g € G},. If we represent a point of Rzpi,K;i (S) in the form 1) the assignement p — pg
defines a functor morphism

g: RZPivK;i — RZpi,g—lK;ig. (5.8)

We call this a Hecke operator. Note that (5.8)) is only defined if K3 is sufficiently small with
respect to g, i.e. if g_lK;igApi C Ay, We could define RZp, ks for an arbitrary open compact
subgroup K§, C Gy, by making the Hecke operators part of the definition.

Now we discuss the case of the prime ideal pg.
We first define the category Py, (S) for a scheme S over Spf Og, . Because of the isomorphism
wo : O Fpy — Og,, it makes sense to speak of a special formal Op qo—module in the sense of Drinfeld
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over S, cf. [D1] or [KRZ, §5.1]. We consider p-divisible Op, -modules (Y, ). The decomposition
OBP() = Oqu X OB% induces a decomposition

Y = YCIO x Yflo'
We consider principal polarizations A on Y which induce on Op, the given involution . They
are given by two isomorphisms g, : Yg, — (Y5,)" and Ag, : Y5, — (Yq,)" such that A\g, = —=A\/.
Moreover we have commutative diagrams like ({5.1f) for ¢ = 0.
Definition 5.5. An object (Y, ¢, A) of the category P,,(S) consists of the following data:
(1) A p-divisible Op, -module (Y;:) over S such that Yy, is a special formal Op, -module.

(2) An O;po—homogeneous polarization A of Y, such that each A € X is principal and such that
the Rosati involution of A induces on OBP() the involution *.

We note that the functor (Y, ¢, A) from Py, (S) to the category of special formal Op,,-modules
over S it not faithful. But it would be an equivalence of categories is we replace Py, (S) by the
category of triples (Y,:,\) with a given polarization A as in the Definition above. We fix an
object (X, ix,Ax) over Speckpg,. We call this the framing object. We keep the notation of
Definition

Definition 5.6. We denote by RZy, the functor on the category of schemes S over Spf O
such that a point of RZ,,(S) consists of the following data up to isomorphism:
(1) an object (Y, 1, A) € Py (S),

(2) a quasi-isogeny of p-divisible Op, -modules
p: <Y7 L)S’ — (X7LX) XSpeCREV g
which respects the polarizations on both sides up to a factor in Fjy.

Let (G,t) be a p-divisible Or,,-module over an Of, -Algebra R. Let Fgo C F,, be the
maximal subfield which is unramified over Q, and let o € Gal(Fy /Q,) be the Frobenius. Let
€: Op|DO — R be the structure morphism. There is the natural decomposition

-1
OFpo ®ZP R= 1:!) OFpO ®OF€0 ,ole R,
where f = [F‘fO : Qp) is the index of inertia of F},,. This decomposition induces a corresponding
decomposition of the R-module given by the Lie algebra of G. We set
heighty, G := heightp, (7 |G) = [Fy, : Q) " height G,

where 7 is a prime element of Fj,.
Let o : G; = G4 be an isogeny which is an Oppo—module homomorphism such that rankg Lie; G; =
rankp Lie; G5 for i = 0,..., f — 1. Then height « is divisible by [F* : Q,]. In this case we define

heightp,, o = [FE Q,) ! height v,

If a: X — X' is a quasi-isogeny of special formal Op,,-modules, the integer height Fyy @ is
divisible by 2, because there is a quadratic unramified extension of F}, which is contained in
By, .

Po

We consider a point of RZy, (S) as in Definition The quasi-isogeny p is the direct sum of

two quasi-isogenies

Pao : Ya0.5 = Xao Xspecin, Sr  Pao : Ya0.5 = Xao XSpecip, - (5.9)

For each pair of integers (a,b) such that a +b = 0 mod 2, we define an open and closed
subfunctor of RZ;,

RZp, (a,b)(S) = {(Y, 1, A, p) | heightp, pq, = 2a, heightp, pg, = 20} (5.10)
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We remark that for a point (Y,i, A, p) € RZy,(S) the sum (heightFpo Pqo + heightr, pq,) is

always divisible by 4. Indeed, by definition there is an f € F;; such that the following diagram
of quasi-isogenies is commutative,

p _
Yqo,g' —q(J)qu XSpec kg, S (5.11)
| ;
A

Py _
(5/%!0,5)A <—0 (Xﬁo)/\ XSpecip, S.

Since A and Ax are isomorphisms, we obtain that
height, pq, + height, pg, = heightp, (f | Yq4.5)-

The right hand side is divisible by 4 because height Fog Y.6 =4
We conclude that
RZp, = [  RZ(ab). (5.12)
a+b=0mod 2
We introduce Hecke operators acting on RZy,. Let (Y, tq,) be a p-divisible Op, -module. For
uy € quo we define

tgs OB,y = End Yy, 15 (b) = g, (uy tbuy).

We set Yyt = Yy, and write (Y ', (g1). We use the same definition for a p-divisible O, -module.

Let u = (u1,u2) € By, = By x By,. For a p-divisible Op, -module (Y,¢) we set 1"(b) =
v(u""bu), b€ Op,, .

Lemma 5.7. Let (Y,1,\) € Ppy(S). Let u = (u1,u2) € By such that uiuy, € F,5. Then for
each A € X the Rosati involution of A on End Y induces via

M OBpo — EndY™
the involution x on Op, . In particular (Y'*, ., A) € Py, (9).

Proof. We must verify the commutativity of the following diagram,

Ywu —>Lul (b2) YUt
qo do

AJ JA
U2\A U2\ A\
(Yae)" o an)™
Indeed,
)\_1L“2(b2)/\)\ = A_lL(uglbgug)/\)\ = L(uﬁb;ﬁ(u:ﬁ)_l) = L(uflbgul) ="1(b%).

The second equation holds because the Rosati involution of A induces via ¢ the involution * on
Op,,- The third equation holds because uju; € Fy, implies that

—1px * —1px * -1 *px (o k\—1
uy byur = usuguy biuq (udug) T = usb(ul) T .

Let (Y,¢,A) € Pp,(S). Then
v(u) (Y4 ") = (Y,0) (5.13)

is a quasi-isogeny of p-divisible Op, -modules.

Lemma 5.8. Let A € X\. We assume that for u = (u1,us) we have uju; € Fp. Then the
quasi-isogeny (5.15) respects the polarization A on both sides of up to a factor in Fy.
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Proof. We must show that there exists f € O;po such that the following diagram in commutative.

Au(f)
YQO ’ (Yfl )A

L(ul)T lb(uz)A

A
Yqiﬁll A (Yﬁ?) .
The commutativity is equivalent to the first of the following equations,

A= 0(uz) Ne(F)e(ur) = Moz N F)olun) = Me(u)o(Felun) = Mol fuz ).

Therefore we obtain a commutative diagram if we choose fuzu; = 1. O

We define the group
Hpo = {u € By, [u*u € pro }C BpxU
Note that for u = (u1,u2) as above, the conditions u*u € Fy;, resp. ujuy € Fyy, resp. uju} € Fpy
are equivalent.
The group Hy, acts from the left on the functor RZy,. Let (Y, ¢, A, p) € RZy,(S). For u € H,y,
we define the Hecke correspondence

h(u) : RZp, — RZp,,  H(w)((Yie, A, p)) = (Y0, pu(u)). (5.14)
This definition makes sense because of Lemmas and We note that for v € H,, we obtain
Y*)? =Y¥, o(u)e*(v) = t(vu). The map h(u) is the identity on RZ,, if u € OE,FO because
v(u) (YU, ", X) = (Y., A) is then an isomorphism.
If uw = (u1,u2) € Hp,, then the Hecke operator induces maps

b((u1,u2)) : RZy,(a,b) = RZy,(a + ordp, u1, b+ ordp,, us2). (5.15)

We conclude that #,,, acts transitively on the set of subspaces {RZy, (a,b)} in the decomposition
li Indeed, if ¢ + d is an even sum of integers we can find u; € Bc>|<o and f € F,; such that
ordBqO u; = ¢ and orquO f = c+d. We define uy by the equation usu; = f. Then the right
hand side of becomes RZy,(a + ¢,b+ d).

If we use the right action of By, on V,,,, we can write

Gy, =f{9€ Byg” | 99" € Fy }-
The anti-isomorphism
By, x By, —  Bg’ x BgP
(b1,b2)  — (b1, (b3)")
defines an anti-isomorphism H,, — G} . Therefore G acts from the right on RZy,. We write
this action

(5.16)

(Y., A p) — (Y1, M, p)1g, 9 € Gy, (5.17)

From the properties of the action of Hy, above, we conclude that K§ C G3  acts trivially on

RZy,. Therefore the group G / K3}, acts on RZy,. This group isomorphic to 72 and acts simply
transitively on the set of subspaces {RZy,(a,b)} in the decomposition (5.12).

We denote by Q%po the Drinfeld upper half plane over Spf O, . This is a regular formal

scheme of dimension 2, comp. [Dr], [RZ], [KRZ, §5.1]. The formal scheme Q%po XSpf Oy, p0

Spt Oy ~represents the Drinfeld functor Mp,(0) whose points with values in a scheme S over

Spf Oy, ~are given by pairs (Yy,, pg,), where Yy, is a special formal Op, -module over S and p a
quasi-isogeny of special formal Op, -modules of height zero,

Pao Yqo,S — Xqo XSpec i, S.

We denote by Mp, the functor whose points are given by pairs (Yao, Pqo) Where pq, is allowed
to have arbitrary height. Note that heightOFp Pqo = 2a is automatically even. We obtain the
0

decomposition
MDr = H MDr(a>7

a€Z
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cf. [KRZ] §5.1. Let Jq, be the group of all quasi-isogenies 6 € EndquO Xqo- Then Jg4, =

GLg(Fy,), cf. [Dx]. This group acts from the left on Mp, by changing pg, to dpq, -
Let IT € Op,, be a prime element. The Hecke operator h(II) in the sense of [KRZ] (5.1.16)

acts on MDr as
H(II) : Mpr(a) = Mpe(a+1), (Yoo, pq0) — (Yar, ix,, (IT) 0 it ). (5.18)
We define an action of Jq, on Mp,(0). For § € Jq,, we set

Pr(8)(Yaq: pa) = HIT) ™ "0 9% 0 §(Yg,, pg)- (5.19)
Because the Hecke operators commute with the action of Jg, this is an action of the group Jg,.
One can easily see that this action of Mp,(0) factors through Jq, = GL2(F},) = PGLa(F},)-
Using as identifications we obtain an isomorphism

My 2 Mpy(0) X Z 22 (QF, Xspt 0, 00 SPEOj,) X Z. (5.20)

Proposition 5.9. The isomorphism does not depend on the choice of the prime element
II. The action of Jq, on the left hand side induces on the right hand side

d(w,m) = (pr(d)w, ordp, detd +m), 0 € Jq,, we Mp(0), m € Z,

of. [T

In the next section we will write dw := pr(d)w

Proof. This is clear. O
Lemma 5.10. There is a canonical isomorphism of functors over Spf Oy
RZpO (0, 0) — Q%Po XSpf Orpy+#0 Spf OE‘V

Proof. We begin with a general remark which is useful later on. We consider the isomorphism
of rings

By, = Bq, X By, — By, x Bg(l))p'

(b,c) — (b, ")

The involution x on By, induces on the right hand side the involution (b1, b2) — (b2,b1). The
maximal orders defined on each side (cf. - are mapped isomorphically to each other.
Consider a point (Y,¢,A) € Py, (S). We choose A € A. It defines an isomorphism A : Yy, —
(Y5,)". It becomes an 1somorphlsm of Op, -modules if we consider (Yz,)" as an Op, -module
via the isomorphism ({5 , cf. . By the choice of A we may identify Y3, with the p—d1v151b1e
OOBipU -module (Y,)". The Oxpo—homogeneous polarization on Y = Y, & (Yq,)" becomes the
polarization induced by id : Yy, — ((¥Yg,)")". We call this the eanonical polarization. Let
us denote by Bg, the right hand side of with its involution. Then we may describe an
object of Py, (S) as a triple (Y = Yy, © Yy, ¢, A), where Yy, is a special formal Op, -module,

(5.21)

where ¢ : Ogg ~— EndY is the natural action and where A is the O;po—homogeneous class of the

canonical polarization.

Now we remark that for a point (Y, ¢, A, p) of RZy,(0,0)(S) there is a unique A € A which
makes the diagram commute with f = 1. Indeed, one notes that in this diagram it follows
that f € OX if pq, and pg, are quasi-isogenies of height zero.

Therefore the point is uniquely determined by (Yq,, tqq,Pq,)- This proves the Lemma. (]
We introduce the group I,, of all quasi-isogenies v: (X, tx) — (X,¢x) which respect the
polarization Ax up to a factor in Fj;. If we denote by v — ~' the involution on End® X induced
by Ax, we obtain
Iy, = {7 € Endj, X| vy e Fr}. (5.22)
The group I, acts from the left on the functor RZ,,,

Y., A p) — (Y,i,M70),  ye€l,.

This action commutes with the action of G; o
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We make this action more explicit by using the description of the category P, (S) given in
the proof of Lemma, Recall the group Jg, of all quasi-isogenies J € EndquO Xqo- Then an

element d; € Jqo® acts on Xy by tx, (d2)". We conclude that
L, = {(61,62) € Iy, x IPP | 6202 € Fyy ).

If we replace in ([5.15)) (u1,ug) by any other (vi,v2) € Hy, such that ordp, u; = ordp, v; for
i = 1,2, we obtain the same morphism. Using this morphism as an identification of both sides
of (5.15)), we obtain an isomorphism

RZ,, = RZ,,(0,0) x A, (5.23)
where A = {(a,b) € Z? |a+b=0 mod 2 }. Combining this with Lemma we obtain
Proposition 5.11. There is an isomorphism of functors

(QF,, Xspf0r,, w0 SPEOj ) x Gy, /Ky — RZp,

which is equivariant with respect to the actions of Gy /K;0 on both sides.

The right hand side of can be written as Mp,(0) x A. An element (61,02) € I, then
sends a point (w, (m1,ms2)) to (pr(di)w, (my + ordy, det dy, mg + ord,, det dz)).

As noted above we will write in the next section dw := pr(d)w.

Proof. Only the last assertion needs a proof. We consider a point (z, (m,m2)) from the right
hand side of (5.23)), where  corresponds to w = (Yq,Lqy,Pqo) € Mp:(0). The image of a point
(@, (m1,m2)) under the action of (41, d2) is computed by looking at Yg, only. By the description
of pr(dy), this shows the result. O

6. THE p-ADIC UNIFORMIZATION OF SHIMURA CURVES

In this section, we prove the p-adic uniformization of the integral model Shke (G*,hyy), cf.

Definition Here K* = K;K*?, with K? C G*(Q,) defined by, where M3 = O;po.
From this, Cherednik uniformization, i.e., Theorem will follow. We stress that the Shimura
varieties Sh(G, h) and Sh(G*, h) from the previous sections will not reappear.

We consider the functor

RZ, ks = RZp, X [ [ RZp, k3.
i=1
cf. Definitions and Each of these factors is defined by a choice of a framing object which
we denote by (X;,tx,, Ax,), for ¢ = 0,...,s. We choose the framing objects as follows. We fix a
point
(Aoa Lo, 5\07 ﬁga (ﬁqj,o)ja (gpj,o)j) € A;(t' (REU)' (61)
The last two data of the point are for j =1,...,s. Indeed, by M} = O;p , the choice of &, is
0
redundant. We choose an element 78 € 5. We denote by X the p-divisible group of A,. We set
X; = X,,, with its action vx, from ¢, and a polarization \x, from some element of A,.
We denote by A;é'/Spf O, TESD- 'A;(t'/Spf 0, the restriction of the functor A$f. to the

category of schemes over Spf O, , resp. SpfOp . We define the uniformization morphism of
functors on the category of schemes S over Spf O (the definition depends on the choice of the

tuple (6.1)),
O% i RZyx; x G*(A)/(K*) = Al spt0,, - (6.2)

For the definition we recall that a point with values in S of the functor on the left hand side
consists the following data

(1) a point (Y, to, Ao, po) of RZp, (S), cf. Deﬁnition
(2) apoint (Y}, 15, Aj,Mq,,&p,, pj) of RZP]"K;J- (S) for j=1,...s, cf. Deﬁnition
(3) an element g € G*(A}).
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Here
Pi: (}fivbi)g — (Xivai) XSpecip, S (63)
is a quasi-isogeny for ¢ = 0,..., s which respects the polarizations on both sides up to a factor
in Fy;. We define as follows an abelian scheme (A,74) over S and an isogeny
(Aa LA) — (Aoabo) XSpeckp, S. (64)

Let us denote by Y the p-divisible group of A. Then (Y,,,;) is identified with (Y; 5,4 5) and
the quasi-isogeny induces on the p-divisible groups the quasi-isogenies (6.3)). We choose
Ao € Ao and consider the inverse image 6 of A, on A by . Let = F*0 be the F-homogeneous
polarization it generates. By the definition of the RZ-spaces, the polarization induced by 6 on
the p-divisible group Y; g differs from \; 5 by a factor in Fy;;. We then define A to be the U, (F)-
homogeneous polarization on A which consists of all elements of § which on the p-divisible groups
Y; differ from \; 5 by a factor in O;m'

Since a lifting of the p-divisible group of A with these extra structures is given by the data (1)
and (2) above, we obtain by the Serre-Tate theorem a lifting A of A over S with extra structures
14 and 4. We obtain a point

(A7 LA, 5\Aa 7727 (ﬁqj,A)ﬁ (gpj )j)a

where the last three items are defined as follows. We take the inverse image of n2 by to
obtain n%. Since we have étale sheaves, this gives 7 and then its class 7. The last two items
are deduced directly from the item (2) above. Indeed Ty;(A) = T,(Y},q;) and a rigidification in
the sense of Definition is equivalent to

Mg, : Aq, — Tp(Yj,q,) mod K3,

and a function
Ep, A4 — O;pj mod M .

This last function is induced by the injection A4 — A; from (2).
We define the image under ©° in (6.2) of the point given by the data (1), (2), (3) to be

(AvLA75\A777£97 (ﬁCIj»A)j7 (gp])]) (65)

For this we have used our choice of 72.

Proposition 6.1. Recall from the Hecke operator action of Gy~ on RZy, and from
the Hecke operator action of G3. on RZpi,K,’,i' Together we obtain an action of G*(Ay) by Hecke
operators on the left hand side of .

There is an extension of the Hecke operators G*(Ay) from the tower Afs to the tower Afé.

such that the uniformization morphism ©° is compatible with the actions of Hecke operators on
both sides.

Proof. This is trivial for the action of G*(A%). The proof for elements in G*(Q,) is based on
the description of the Hecke operators after the proof of Proposition [4.5) comp. Remark
For j =1,...,s, the local component at p; of a Hecke correspondence is described after .
The local component at py of a Hecke correspondence is described by . We write here the
argument only for the action of g € G C G(Ay). We consider a point on the left hand side of
defined by the data (1), (2), (3). We may assume that the element of (3) is 1. We take the
image by ©°,

(Ava)‘vﬁpv (ﬁ%)j? (gpg )]) € -A;(t' (S)’ (66)
cf. . Let (Yo, 0, Aos po) be the datum (1). Then Y, is the po-part of the p-divisible group
of A with the induced action ¢o and polarization Ag. Let u = (u1,us) € Bq, x Bg, = By, be the
element which corresponds to g by the anti-isomorphism . The Hecke operator g on the
left hand side of is given by (Y@, 1%, A4, po o to(u)). Note that for the underlying polarized
p-divisble groups we have (Y, A\§) = (Yo, Ao). We consider the quasi-isogeny

to(u) = (Yy", Lg,/_\g) — (Yo, 10, Ao)- (6.7)
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We note that to(u)*(A) = A" o tg(udug) = A% o u(g). Therefore, applying g on the left hand side
of leads on the right hand side to the following point. There is a quasi-isogeny of abelian
varieties
a: (A = (A

which induces on the pg-parts of the p-divisible groups the map and is an isomorphism on
the p;-parts for j > 0. Looking at the p-divisible groups, we see that, for the given p-principal
polarization A on A, the polarization fip,(g) 'a*(\) on the po-part of the p-divisible group is
principal and for j > 0 the p;-parts of a*()) is principal. We define X’ on A’ as the class of all
polarizations in /*«*(A) which are p-principal. We define all other data (77')?, 7, & forj >0

by pull back via a. Then A’ with the extra structure just introduced is a point of Agt. (S). To
see that this point represents for an F,-scheme S the Hecke operator, we need the functions &,
and E; , With values in F;f) / O;po. So far it was not necessary to mention them because they have
value 1 for a polarization which is principal in p. Therefore we have

1= &, (N) = &, (po (9) '@ (V)).
But then shows that A’ gives the Hecke operator of g € Gy, (]
By [RZ], 6.29] the following maps are isomorphisms,
End%(A4,) ®g Az} = End°B®A? VP(A,)
End%(4,) ®0Q, — End‘fg@)(@p X.
Here, as above, X = Hf:o X; is the p-divisible group of A,. We obtain

Endpgg, X = [[Endy, X,
i=0

We denote by I the algebraic group of all B-linear quasi-isogenies A, — A, which respect the
polarization A, up to a constant in F*. Let v — +' be the Rosati involution on End% A, induced
by A,. We can write

I(Q) = {a € End} A, | d/a € F*}. (6.9)
In the framing object 1) we choose 7P € 2. This isomorphism n? : V(4,) — V ® A? induces
by an isomorphism

I(A?) = {~ve End%®A;fv VP(A,) | Yy e (F® A} = G’(A?). (6.10)

We also denote by v — ~' the involution on End‘}’g@,@p X induced by the polarization Ax. We
define

I, = {y € Endj, Xo 7'y € F},
cf. (5.22)). If j > 0 we can take (Ag?, Ay) for the framing object X, cf. |i Using the definition
(5.2) of Ay we obtain an isomorphism

I, ={y€EBnds, Vp, |(101,702) = 0(for,v2), for some f € Fy}
=G .
P

By we obtain

(6.11)

S
I(Qp) = H Ipr
i=0
The group I, acts from the left on the functor RZ,,, for i =0,...,s by
Qp, € Ipi : ()/7,7 i, 5‘i7 ﬁqi ) gpi ) pl) — ()/7/7 iy S\iﬁqm gpi ) Oémpz)

This makes sense because ay, : (X, ;) = (X, 1;) is a quasi-isogeny which respects the polariza-
tion Ax, up to constant. Note that for ¢ = 0 the data 7, ,&,, are absent.

The group I(Q) acts on the left hand side of (6.2). If a € I(Q), with components «,, € I,

and o € I(A’;) =G (A’;), then a point of the left hand side given by the data 1, 2, 3 is mapped
to the data

((Eybij\iﬁqu_piaampi), apg)' (612)
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With respect to this action the morphism (6.2) is equivariant. To see this, we consider the
morphism derived from (6.4)

(Aa LA) — (onLo) XSpec kg, S i> (Ao; [fo) XSpecip, S (613)

This composite may be used to compute the image of the data (6.12) by (6.2). One can easily
see that this gives the same point in A§. (S) as for the original data.

Proposition 6.2. Let K* = K;K*? C G*(Ay), with K} as in , where My, = O;po.
Let Agt. be the coarse moduli scheme of Agt.. The morphism induces an isomorphism of
formal schemes

0° : I(Q)\(RZp k3 x G'(A’})/(K') ) — AK./Spfo . (6.14)
The morphism is compatible with the Weil descent data on both sides as spelled out in the proof.

Proof. This is a variant of the general uniformization theorem [RZ], 6.30]. By Proposition
if K® is small enough, the morphism
e — AR,

is the etale sheafification. Therefore we can use deformation theory as in [RZ, 6.23] to show that
©° is étale. For this one needs that the action of I(Q) is fixpoint free, if K*? is small enough.
We refer to the argument in loc.cit. for details. In addition to the arguments given in [RZ],
one needs that ©° is surjective on the kg, -valued points. This follows from the Hasse principle
for G* as explained in [KRZ, Prop. 7.1.11, Prop. 7.3.2]. We omit the details. If we drop the
smallness assumption on K*? it follows from Proposition that ©° is an isomorphism for the
normal subgroup KI’] C K*. Dividing by the action of K* we obtain that ©° is an isomorphism.

Both sides of (6 are endowed with a Weil descent datum relative to the extension Oy /O, .
Because the rlght hand side is obtained by a base change Spf Oz — SpfOp,, we have there
the natural Weil descent datum. On the left hand side the Weil descent datum is induced by a

Weil descent datum of RZ, ks. It is defined on each RZj, as follows. Let T € Gal(E,/E,) b
the Frobenius. Let R be Oy —Algebra such that p is nilpotent in R. We give the descent datum
as a functorial map

wp, (R) : RZy,(R) = RZy, (R(7))- (6.15)

For this we write R = R®o, K, and we denote by ¢ : i, — R the structure morphism. Then
maps a point (Y5, ¢;, Xi,ﬁqi,gpi,pi) from the right hand side of to the point given
by the same data except the p; is replaced by the composite

*XT

Y; XSpecR Spec R Ly e X TS e X

We denote here by Fx . the Frobenius morphism of the p-divisible group relative to kg,. The
compatibility of the Weil descent data is explained in the proof of [KRZ, Lem. 7.3.1]. O

For the following one should keep in mind that in (6.15]) we have used 7 to describe the Weil
descent datum and not 77! as e.g. in Proposition Recall from Definition that the
scheme Shke(G*, h,) over O, is a Galois twist of Aff. according to the following diagram

A$le XSpec 0y, Spec Opnr — Shie (G*, b)) Xspec 05, Spec Opnr

7;§><TCJ lidxrc (616)

Agte Xspec s, Spec Opnr — Shie (G*, h%)) Xspec 0y, Spec O,

where the horizontal arrows are isomomorphisms. Indeed, the morphism (4.29) becomes an
isomorphism if we replace on the left hand side A by A. Therefore it follows from Proposition

[ 4.9 that -
ShK- (G., h.D) X Spec Og, Spec Eu = ShKo (G., h.D)Eu (617)
Theorem 6.3. Let K®* = KJK*? C G*(Ay), with K as in (4.6, where M, = O;po. Let

Il € Dy, be a prime element of this division algebra. It acts on Vp, = Dpt® ®p, Ky, by
multiplication with IT& 1 from the right. This defines an element of G3 =~ which we denote simply
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by II and we use this notation also for its image by Gy C G*(Ayf). The action of the Hecke
operator is denoted by |r.
Let Shke(G*®,hY,) be the integral model over Og, of Deﬁnition of the Shimura variety

Shke(G*, hy,)). We denote by S\BK’(G.ah.D);\Spf 0, the p-adic completion and we set

éBK’ (G*, h‘D);\SpfOEV = élle' (G*, h.D);\Spf Og, XSptOg, Spf OEV-
Then there is an isomorphism of formal schemes
HQ\(QF, x G*(Ag)/K®) xsp0p, SPEOg, = Shics (G* 1) spe0, (618

For varying K® this morphism is compatible with the action of G*(Ay) by Hecke operators on
both sides.

Let 7 € Gal(E,/E,) the Frobenius and 7. = Spf7—' : Spf Op — SptOg . The canoni-
cal Weil descent datum on the right hand side of is given on the left hand side by the
commutative diagram

HQ\(Q%, x G*(A7)/K*) xsprop, Spt O, —— Shi+ (G*,hH) g0,

[p—1 XidXTCJ/ J{idxrc

I(Q)\(Q3, x G*(Af)/K*) Xspi0p, SPf O, — Shice (G*, 1) \s10

Proof. From the morphism ©° in (6.14) and the definition and the horizontal line of the diagram
1' we obtain an isomorphism of formal schemes over Spf O

I(Q)\(RZy ks x G*(A%)/(K*)") = Shic+ (G*,hD))spc0, - (6.19)

We obtain the isomorphism if we rewrite the left hand side using the Propositions and
We consider an R and ¢ as in the definition of wy,. Let us denote the functor on the
left hand side of by F. It is endowed with its natural Weil descent datum F(R) — F(R[,)
given by the wy,, i = 0,...,s. By , the morphism becomes compatible with the
WEeil descent data if we multiply the natural Weil descent datum on F by the operator é|21- The
exponent —1 appears because we use here T instead of 71 as in the statement of the theorem.
By the explanation after this means that we have to replace wy, by wp, (1, mp,p~7*), resp.
wy, by wp, (1,p~/*), where (1,mp,p~7") € Gy, and (1,p=) e Gy, cf. Proposition

We first check what this modified Weil descent datum does on RZy,. Let (Y, ¢, A, p) € RZy, (R).
The action of the Hecke operator (1,my,p~/*) is the same as h((1,mp,p~/*)), where we regard
u = (1,mp,p~7*) as an element of H,,, cf. . We note that 1* = ¢ because u lies in the
center. Therefore the action of the Hecke operator h(u) is

(Y, 0,0, p) — (Y, 1, A, po(u)).

The image of (Y,, A, p) by the map

wpoh(u) : RZPO (R) - RZPO (R[T])
is (Y, 1, \, p'), where p’ is given by

~fv
Pag X Pag Exbxgy,m XExTpo P ' Fiy

(Yao) ke % (Yio) i =3 €. Xqq % £:Xq, v

\T

ExTeXqy X ExTeXg,-

We note that the Weil descent datum commutes with all Hecke operators. It is straightforward
to compute the following heights,

height,  Fx 2, heightp, Tpod T Fx, » = 2.

ap>T T GRS

Therefore wy, h(u) is of degree (1,1),
wpoh(u) : RZy, (a,b) = RZy,(a + 1,0+ 1).
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The Hecke operator |1 has also degree (1,1). We write wp,h(u) = (|n) 'wp,bh(u). The Weil
descent datum (|r) ~*wp,h(u) is of degree (0,0) and defines therefore a Weil descent datum on
RZy,(0,0). By the isomorphism of Lemma [5.10} it induces a Weil descent datum on

0%, Xsptory, w0 SPE O, (6.20)

But this isomorphism is just the projection to the go-part. Therefore the induced Weil descent
— -1
datum maps an R-valued point (Y, gy, fq,) to the point (V! I,LEO ,Py,) where pf is the
following composite

_ _ F; _ -1
o—1\ Pag -1 &fxqp.T -t (1)
Yy, ) —eaXy, — &anXy, — anXg,.

But by the proof of [KRZ, Prop. 5.1.7], this is exactly the natural Weil descent datum on the
base change Q%po XSpf Ory, 20 Spf O . Therefore the Weil descent datum on this factor is as
claimed.
Now we consider the Weil descent data wy, (1, p~f*) on RZy, ks - We have to show that under
J
the isomorphism of Proposition

Rzpr;j = G;J /K;J XSpf O, o Spf OE,,’ (6.21)

the Weil descent datum wy, (1, p~f) induces on the right hand side the natural descent datum.
The formal group (Xj,¢;) which was used to define is defined over the field kg, , as we
see from 1} Therefore RZP“KL is defined over kg, and Proposition holds over that field.
We obtain a natural isomorphism X; = 7, X;. With this identification, the morphism

Fyy ~xp~ v Fx; o~
k2 K2

o~ _
Xq, x Xg, TeXq, X T:Xg, =2 X, x X,

becomes the identity. We see that wy,(1,p~/) induces on the right hand side of (6.21) the
natural descent datum. This proves the commutativity of the last diagram in the theorem. [

We now turn to the p-adic uniformization of the quaternionic Shimura curve. We first recall
the following well-known fact.

Lemma 6.4. Let K/F be separable quadratic extension of fields. Let L be a quaternion algebra
with center K and let | — I be an involution of the second kind of L. Then there exist a
quaternion algebra C' with center F' and an isomorphism of K-algebras

LECor K,
such that the involution I — ' induces on the right hand side the map ¢ ® k — ¢* @ o(k), where

c* is the main involution and o is the nontrivial element in Gal(K/F).

Proof. We consider the main involution [ +— [* of L over K. It is characterized by [ +1* = Tr7 /.
Since the reduced trace is respected by an isomorphism of F-algebras, one verifies easily that

= y.
Therefore p(l) := (I*)" is a o-linear isomorphism L — L such that p? = idy. The invariants

define C' by Galois descent. O

As an example we consider (A,,to,\o), cf. (6.1). The ring L = End% A, is by a
quaternion algebra with center K. Let [ — I’ be the Rosati involution induced by A,. We define
the Cherednik twist of D,

D={l€End} A, |I' =1'}. (6.22)
This is a quaternion algebra over F. Since ll* € I, we obtain by that
D* C 1(Q). (6.23)

Because the Rosati involution is positive, the main involution is positive on D. It follows that
at each infinite place of F, the localization of D is isomorphic to the Hamilton quaternions. By

we find
End} A, ®A’} &~ pOPP ®Afc =2Dor K.
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Since the Riemann form of A, induces via 2 on V' ® AL the form 1 (up to a constant), we see
that the induced involution on B°PP = D ®p K is by (2.10) the involution d ® k +— d* ® k. We
obtain the isomorphism §
D@ A} = DoAY (6.24)
The data 1, , for j =1,...,s in Definition [.6] provide isomorphisms
d < N -
(Agj ’ )‘w) - (X]7 ij ’ AX]‘)'
From this we obtain
End% A, ®F Fy, = EndBpj Vo, = BgPP x qufp.
The Rosati involution of A, induces on the right hand side the map (by, b2) — (b5, b}). We obtain
Dy, = {(br,b2) € BP x B | (b, b0) = (b1, by)} = B = D . (6.25)
where the last isomorphism is given by the projection. Comparing with (4.2)) gives the embedding
Dy cGy, j=1,...,s, (6.26)
which coincides with the inclusion Dpxj cl, = G;j via 1'
We obtain in the same way
EDdOB AO KRF Fpo = EndBFO XO = EnquO qu X EndBﬁO XEIW

and therefore

Dy, ={(m1,72) € Endp,, Xq, x Endp, Xg, |75 =71 }- (6.27)
The projection to the first factor defines an isomorphism
Dy, = Endp, Xq, = My(Fp,). (6.28)

Altogether we find that the quaternion algebras D and D over F have the same invariants for all
places except for pg and the infinite place xo = o . For the last two places they have opposite
invariants.

We denote by H the multiplicative group of D considered as an algebraic group over Q.
The Shimura curve Sh(H, hp) is defined over E(H,hp) = xo(F). We have E(H,hp) C E and
E(H,hp) — E, is a p-adic place of E(H,hp), cf. ([2.17), resp. (2.19).

Let K, = ngo C Dy, be the unique maximal compact subgroup. We choose fori=1,...,s
arbitrary open compact subgroups K, C D, and set K, = []"_,K,,. Finally, we choose an
arbitrary open compact subgroup K? C (D ® A?)X and set

K=K,K? C H(Ay). (6.29)
(Note that, since the group G plays no role anymore, we can recycle the notation used in (3.16]).)
The natural embedding D — D ®p K = B°PP induces by (2.2) an embedding H C G*. In terms
of the exact sequence of Lemmathis embedding is obtained from D* — D* x K* — G*(Q).
We find isomorphisms
D, = (B)* = Autp, Vg,
Dy, = (Bgi")" = Autg, V..
We define K5 C G*(Q,) in the form (4.6)) using the isomorphism above such that

K;7, = Kpi’ M;l = O;‘plﬁ 1= Oa S (631)

(6.30)

Then K, = H(Q,) N K?. By Proposition below, there is an open compact subgroup K*? C
G*(A%) such that for K* = K)K*? we have

K=HA;)NnK®,
and the natural morphism
ShK(I‘[7 hD) XSpec E(H,hp) SpecE — Shge (G., h.D)

is an open and closed immersion. It follows for example by Theorem that éTlK. (G*,hy,) is
a flat and integral scheme over Og,. Therefore the inclusion of the generic fiber

Shie (G*, h%) Xspec 2 Spec B, C Shie (G*, h%) (6.32)
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induces a bijection between the sets of connected components of these schemes. The connected
components of the right hand side are the closures of the connected components of the left hand
side.
Definition 6.5. We define the scheme /STIK (H,hp) over Spec O, as the Zariski closure of the
open and closed subscheme Shk (H,hp) Xspec E(G,hp) SPeC E,, of the left hand side of (6.32) in
ShK- (G*,h%,). Hence ShK(H hp) is a union of connected components of ShK. (G*,hY).
We consider the diagonal embedding
D, C Gy, C BgPP x Bg?p’x,
cf. (4.2), (6.30]). It defines an open and closed embedding
(Q%Po X Spf Oryy 0 Spf OEV) X DX /Kpo (Q%‘PO XSpf Opy, 0 Spf OE'V) X G;O/K;O = RZ,.
In terms of the decomposition (5.12] , the left hand side is
H RZ,,(a,a).
a€Z

This is invariant by the action of Dpxo C I,, on RZ,,. Therefore Dpxo acts on
(QF,, XSt 0ryy 0 SPEOjg ) X Dy /K. (6.33)

We now combine the actions of D* in its prime-to-p component (6.24)), its po-component (6.33)
and its p;-components (6.25).

Proposition 6.6. Let K, C (D® Qp)* as in , By this defines a subgroup K5 C
G*(Qp). Let K*P C G'(A?) be a sufficiently small open compact subgroup. We set KP =
K*?N(D®A})*. Let K=K, K? and K* = K;K*? as above. Then the morphism

D*\((QF,, XsptOr,, w0 SPFOg,) x DX (Ay)/K) —
LQ\((Q%, xsptos, SPfOp,) x G*(Af)/K®)
18 an open and closed immersion.
Proof. The obvious sequence of algebraic groups over Q which is induced by
0 F* >D*xK*51-50 (6.34)

is exact. By Hilbert 90 the sequence remains exact if we take the Q-valued points 0 — F* —
D* x K* & I(Q) — 0. To check the exactness, we can make a base change from Q to an
algebraically closed field where there is no difference to Lemma We will regard also
as a sequence of algebraic groups over F'. Note that I is the Weil restriction Resp /Qi where I is
an algebraic group over F' which is defined in terms of the F-algebra End% A,, cf. . Recall
that I(F) = I(Q). For i = 0,...s we write the group I(F},) as follows

DY x D) o Dy xPri (K x Ky,) — Dy x Fy =1(F,,)

_ 6.35
hod) < @) o (R (6:32)
The canonical embedding D). C I(F,,) becomes D} — DY x FJ, d v+ (d,1).
For j > 1, Ky, C Dpxj = DPXJ. is the arbitrary given compact open subgroup and
K;, =Ky, x OF, C Dy x Fy = D} x B =1(F,). (6.36)

We see again that K§ N Dy, = K,,. We introduce the groups Cp,p, = Ky, N FS and Ckp, =
Crp; X Oy, C K in the sense of the right hand side of (6.36). Then we obtain
Cryp, - F
K;j = Kpg‘ xR CKJOJ - D;j X P prj (6'37)

For the proof we may assume that K*? is of the following type. Let C}. = KP N (A} ,)*. We
choose an arbitrary open compact subgroup Cy. C (K @r Al ()* such that Cp N (A], ;)* = CF.
We define Kg” as the image of KP x C%. by the homomorphism

(D ®r AL ) x (K @p AR ) — I(AFf) (6.38)
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We set

K* = (J[[ Ky, )K" € (Dor A", Ko™ = ([[K;,)Ke? c I(A%)).
j=1 j=1
Moreover we set Z = Q%po XSpf Oy, oo SPE O and A = {(a,b) € Z*> | a+b=0 mod 2}. Then
we may write the morphism of the Proposition as follows,

D*\(Z2 x Z) x (D ®p A} )" /KP — I(F)\(Z x A) x (A} ) /KEP. (6.39)

The group D* acts on Z via D* — DPXO — PGLy(F},), as we have explained at the end of
section 5. We will denote the image in PGLy(F},) of an element g by the last map by g. An
element g € Dy, acts on Z x Z by

glw,m] = [gw, m + ord,, det g], [w,m]| € Z x Z.
An element (g, f) € D}, x Fy. =1(F},) acts on Z x A by
(9, f)w, (a,b)] = [gw, (@ + ord,, det g, b + ord,, det g + 20rd,, f], [w,(a,b)] € Z x A.

The morphism induces the diagonal Z — A C Z2.

We fix an element m x g € Z x (D @p A';P,f)x. The image of Z x m X g in the left hand side

of is of the form

L\Z,
where T, is the image of the group {d € D N gKPg~! | ord,, detd = 0} in PGLy(F,,). Here
detd € F* denotes the reduced norm of d.

Let J be the projective group of inner automorphisms of the F-algebra D considered as an
algebraic group over F. We denote by KP° the image of K in J(A%ff). This is an open and
compact subgroup. To see this one notes that for each place w of F the map (D@FFw) * = J(Fy)
is open because D* — J is a smooth morphism of algebraic varieties. Because J is compact
at each archimedian places of F' the subgroup J(F) C J(Apy) is discrete. It follows that
I = J(F)NgKPg—t C J(F,) is a discrete subgroup. If K? is sufficiently small, I} acts
without fixed points on the Bruhat-Tits building of PGLy(F},). Then each point of Z(&(po))
has a Zariski neighbourhood U such that yUNU = () for v € I’; and ~ # 1. This also holds for

f‘g C F;. By our considerations, we can write the left hand side of || as

Hfgi\z’
i

X

for a suitable choice of elements g; € (D ®p A’I’,fj f) . In the same way we can write the right

hand side of (6.39) as
H fh]. \Zu
J

with a suitable choice of elements h; € i(A%‘j f). To show the Proposition, it is sufficient to show
that induces an injection on the k(po)-valued points. Indeed, the restriction of to
I'y,\ Z induces a morphism

L, \Z — fhj\Z (6.40)
for a suitable j, which is injective on R(pg)-valued points. Up to isomorphism we obtain the
same map if we replace h; by the image

gix 1€ (Dor A’}‘jf)x x (K ®@p A’;,‘jf)x

in i(Afm‘?f). By the injectivity of and from the fact that the actions of the I'-groups on
both sides of are fixed point free on the sets of %(po)-valued points, one obtains that the
groups 'y, and [y, coincide on both sides of and that this morphism is an isomorphism.
From this the Proposition easily follows.

It remains to prove the injectivity. We consider two elements [w;, h;] € Z X Z x (D ®p A';,(j f)x,
i =1,2, with w; € Z(R(po)) and h; € Z x (D ®p A’;,‘jf)x, which represent the same element on
the right hand side of . We will show that they also represent the same element on the left
hand side.
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By assumption there exists g® € i(F) and k®* € K& such that
[wi, ha] = g°[w2, halk®.
We write ¢* = gA € D* xF K* with g € D* and X\ € K*. We set C5° = (Il Crp, ) O

By (6.37) and (6.38) we can write k* = kc with k € KPo and ¢ € C¥. Replacing [w2, ha] by
glwa, halk we may assume that

[wl, hl] = )\[UJQ, hQ]C. (641)
This implies w; = wy and
hythy = Ac. (6.42)
This equation takes place in A x i(A’I’,‘j f). The A-part of || is equivalent with
ordg, A = ordg, A. (6.43)
Next we consider the i(A';fj f)-part of 1' We obtain
Ae=hy'hy € (D ®@p AR ) N (K @p AR )% = (A} )% (6.44)

We consider the torus S = K*/F* over F. This torus is compact at all infinite places of F'.
Therefore S(F) C S(Ap,y) is discrete and the group of units of S is finite. The equation
tells us that X is a unit in S(F,,) for all finite places w # po of F', because A is in the image C}’
of the compact open subgroup C§ by the morphism (K ®p A’;,‘?f)x — S(A';i?f). On the other
the equation tells us that A is a unit in S(F},) because by this equation there exists an
element a € Fy; such that a) is a unit in K. Therefore the image of A in S(F') is a unit.
If we choose C%, sufficiently small, the Theorem of Chevalley implies that the image is 1. We
conclude that A € F'*. Going back to we obtain that

ce CR N(AR,)* C K.

This shows that the right hand side of (6.41)) represents the same element on the left hand side
of (6.39) as [wa, ha]. O

We can now prove our main result, the Cherednik uniformization of quaternionic Shimura
curves.

Theorem 6.7. Let K C D*(Ay) be of the form K = K,KP, where K,, is chosen as in .

Let é\}/lK(H, hp) be the model over Spec O, of the Shimura curve associated to D, cf. Definition
[6-5. Then there is a uniformization isomorphism of formal schemes

0: DX\((,, Xspt0ry, o0 SPEO, ) x D*(Ap)/K) > Sh(H,hp))spe0, (645

For varying K this uniformization isomorphism is compatible with the action of the Hecke oper-
ators in D*(Ay) on both sides.

Let I1 € Dy, be a prime element in this division algebra over Fy, . We denote also by II the
image by the canonical embedding Dy, C (D @ Af)*. Let 7 € Gal(E,/E,) be the Frobenius
automorphism and 7. = Spfr—1: Spf OEV — Spf OE“V' The natural Weil descent datum with
respect to OE,,/OE‘U on the right hand side of induces on the left hand side the Weil
descent datum given by the following commutative diagram

DX\((F,, Xsp1 0, , w0 SPFOp5,) x D*(Af)/K) —— Shic(H,hp) ) sp50,,

idx|g-1 XTCJ/ lidxn

DX\((,, *spt0ry, 00 SPEOp)) x D*(Af)/K) —— Shic(H.hp)) g0,

__The following Corollary provides us with an intrinsic characterization of the integral model
ShK(H, hD) of ShK(H, hD)

Corollary 6.8. If KP? is sufficiently small, the integral model §EK(H, hp) is a stable relative
curve over SpecOg, , in the sense of [DM]. In addition, it has semi-stable reduction, i.e., it is
regular and the special fiber is a reduced divisor with normal crossings.
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Proof. By the Theorem the formal scheme Shk (H, hp), spt Op, B union of connected components
which are isomorphism to f‘\(Q%po XSpf Oy, oo SP Oj ) where [' € PGLy(Fy,) is a disrete
subroup. It is known [Mum] that KP can be chosen such that T' acts without fixed point and
such that

Q%‘pg X Spf Oy 00 Spf OE,, — P\(Q%Po X Spf Oy 1#0 Spf OE‘V) (6.46)
is a local isomorphisms for the Zariski topology. We denote by €2, the special fibre over Spf O
of the left hand side. All components of T'\2z, are rational curves. We show that each of these
components C' is met by other components in at least 3 different points. This proves that the
right hand side of is a stable curve.

C is the image of a component C' C Q5 Let Ej, ..., F; all different components of Q5 which
meet C properly. Each E; meets C' in a single point z;. The points z1,..., z; are all different.
We know that t > 3. We denote by Ei,..., E; the images in I'\Q%, . We note the that E; # C
for i = 1,...t. Indeed, let 2; be the image of z; in ['\Qz,. The inequality follows because a
neighbourhood of z; is isomorphically mapped to a neighbourhood of z;. We will show that the
points Zi, ..., Z are all different. If not we find an element v € I' such that for example yz; = 2.
Then all three components C, vC', vFE; contain the point zo. Therefore two of these components
must be equal. By what we said above C = yC follows. But this implies that v has a fixpoint
on C which is excluded by assumption. We conclude that yz; = 29 is impossible. This proves
that the points Zz1,..., Z; are different. O

Proof of Theorem[6.7, We consider only open compact subgroups K C H(Ay) = D*(Ay) of the
type as in the statement of the theorem. For the proof it will suffice to consider those K where
KP? is small enough. We choose a chain of open compact subgroups of this type

KiDKyD>...DK;D..., (6.47)

which is cofinal to all subgroups of this type.
We consider open and compact subgroups K®* C G*(Ay) as in Proposition with the
following properties:

(a) K*NH(Ay) =K, for some t € N.
(b) The groups K3 and K p, are related as in (6.31)) for i =0,...,s.

(¢) The natural morphism
Sth (H, hD) XSpec E(H,hp) Spec E— ShKo (G., h.D)

is an open and closed immersion. Here K*® is chosen such that (a) is satisfied.

We find a chain of open and compact subgroups K® with the properties (abc)
KIDKSD...DK!D..., (6.48)

which has the following properties. For each K; there is a group K¢ which satifies (abc) with
respect to K;. Moreover, for an arbitrary K* satisfying (abc), there is a group K¢ such that
K? C K* and such that K N H(Ay) = Ky for some t' > t. We set

ShPrO(H, hD)E’U :@Kt Sth(H7hD)EU' (649)

We remark that the connected components of Shk, (H,hp)p are geometrically connected. This

follows from [Del (2.7.1) and (3.9.1)] because K, € Dy is maximal. We choose a connected
component Z of the left hand side of . This induces a connected component Zgk, of
Shx, (H,hp), for each t. The closure Zk, of Zk, in §fth (H,hp) is a connected component
there. Since the last schemes are proper over Spec OE,,’ the natural restriction morphisms
ZKtJrl — ZKt are surjective. We choose points zk, € ZKt (kg,) such that 2k,., is mapped to
zk, for all t. Let K? be a subgroup such that K¢ induces K; as in (abc). Then by the open
and closed immersion of Definition Zx, is also a connected component of éTlK; (G*,hY).
We consider zk, as a point of ./If(t. (RE, ). We denote this point by z§.. It is represented by the
isomorphism class of a tuple ’ ’

ke = (A(KD), o(K2), AK2), 77 (K2), (7lg, (K2));)- (6.50)
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We note that no datum (,,); appears because of our choice 1) By construction zI.(ZH is
mapped to zg. for all s. The triples

(A(KS), o(K3), AKS))

are all isomorphic. Therefore we may choose them independent of s. The classes 7, (K$, ) and
7P (K$, ;) generate classes modulo K2. We denote these classes by 7, (K2, )5, resp. 77 (Kg,1)|s-
Since zk,ﬂ is mapped to zx., we obtain an isomorphism of tuples

(A’ Ly 5‘7 ﬁp(K;+1)|5, (ﬁq]' (K;+1)|8)j) = (Av Ly 5" ﬁp(K;)v (ﬁm (K;))J)
By this isomorphism the data 77 (K%, ;) and 7,4, (K$, ) on the left hand side induce on the right
hand side data 77(K$, ;)" and 74, (K%, ;)" such that

7 (K ) =17 (K2, 7a, (K240)f, = g, (K3).
Therefore we may assume that

1"(KS)s =17 (K32), g, (KSy)ps = Mg, (K3). (6.51)
Now 77(K?) C IsomB®Azf>(V ®@ AR, VP(A)) is a compact subset. Therefore the intersection
Ns7P(K?) is not empty. We choose an element nP in this intersection. It generates the class

7P (K?) for each s. Similiarly, we find for each j = 1,...,s an isomorphism 7y, : Ag; = Ty,
which induces all classes 7, (K32).
The tuple
(A,L7>‘anpa (77q_7~)j) (652)

makes it possible to define the uniformization morphism of the theorem. For this we consider
the morphism defined by substituting (A, ¢, A, 7P, (1q;);) for the choice of used there.
Let X = []7_, X;, be the p-divisible group of A. In the Definition we take Xg = X, as the
framing object. If we take for p the identity, we obtain a point of RZ,,(0,0) C RZ,, and by

Lemma [5.10 a point
ze 0% (Fm,) = 0%, (Fs,).
From X; = X, , with the O;pi—homogeneous polarization induced from )\, the rigidification
7q;, and the datum p = idx,, we obtain a point éj(K;pj) of Rzpj,K;,pj' If we use for
the isomorphism given by 7,,, the point 2; (K;ypj) corresponds to 1 € G;j/K;,pj under the
isomorphism of Proposition By construction of the uniformization morphism , the
point
Zx1e(QF, x G*(Ap)/KS)(Rg,)
is mapped to the point
ks € Zk,(Fp,) C Shis (G*, ) (R, )-
This implies that (QZE., Xsptog, Spf Op ) x 1 is mapped by to the formal completion of
the connected component Zg, of é\}/lK- (G*,h})o, - Now we restrict to

DX\((0F,, XspfOr,, o0 SPE O, ) x D*(A5)/K¢) = Shics (G, h5) ) sp0,, (6.53)

cf. Lemma The image of the connected component (Q%pg X Spf Oryq 0 Spf OEV) x 1 is mapped
to a connected component of the open and closed formal subscheme Shy (H, hD);\Spf Op - But
since the Hecke operators D*(A) act transitively on the connected components of the last
formal scheme and the morphism (6.18]) is compatible with Hecke operators, we conclude that
6.53) is a surjective map onto Shk (H, hp)?spfoé . Since by Theorem and Lemma
the morphism is an open and closed immersion we conclude that (6.45) is an isomorphism for
K == Kt.

Now the tuple (4, ¢, A, P, (ng,);) defines the uniformization morphism for an arbitrary K. By
choosing K; C K, we see that (6.45) is surjective and therefore an isomorphism by Lemma
The compatibility with the Weil descent data is a consequence of Theorem [6.3] This completes
the proof. O
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7. CONVENTIONS ABOUT GALOIS DESCENT
Let L/E be a Galois extension (possibly infinite) with Galois group G = Gal(L/FE). For
o € G we set
0. = Speco ! : Spec L — Spec L. (7.1)
If r € G we find (60 0o7), = 0.07.. Let m: X — SpecL be a scheme over L. We recall that

a descent datum on X relative to L/E is a collection of morphisms ¢, : X — X for o € G,
making the following diagram commutative

X __ % .x

Spec L —2* Spec L,

such that ¢, o v, = ., for all o,7 € G. In other words, a descent datum is a left action of
G on X by semi-linear automorphisms. A descent datum (X, ¢,) defines a left action of G on
X (L) = Homgpec .(Spec L, X)),

GxX(L) — X(L).
(o,) — @, 0o Speco

We denote the right hand side by o X, o. This is indeed a point of X (L):
TOYs0oqo0Speco = 0,07 oo Speco = 0.0 Speco = idgpec .-

Let u: G — Autr((X, ¢)) be an action of G on this descent datum. This means that for each
0 € G an L-morphism u, : X — X is given such that for each 0,7 € G

Uy OUr = Ugr, Uy O Pr = Pr O Ug.

Then 9, := us 0 @, is another descent datum on X. It defines another action o xy « of G on
X (L). From the definition we obtain

0 Xy & =1Ugy 0 (0 Xg ). (7.2)
If Xy is a scheme over Spec I, there is the canonical descent datum on X = X Xgpec £Spec L,
ko =1dx, X 0¢: Xo Xgpec B Spec L = X Xgpec £ Spec L.

The action of G induced by k, on X (L) coincides with the action on X¢(L) = Homgpec £(Spec L, Xo)
via L, taking into account the identification X (L) = Xo(L). We denote this action by ooy =
0 Xy O, (O' € G, Qp € Xo(L))
A homomorphism a : G — Autg X defines an action on the canonical descent datum w :
G — Autr((X, k)) via uy = ay X idgpec .- We obtain the new descent datum

Yo = Uy O Kg = g X 0¢ : Xo Xpec B OPeC L = X Xspec E Spec L.
The action of G on X (L) = Xo(L) defined by this descent datum is
0 Xy 09 = Qg O 0Q, Oé()EXQ(L).

Assume that Xy = ]_[XO(E) Spec E is the constant scheme. Then the action of G on X(L) is
trivial. Let a : G — Aut Xo(F) be an action. It induces an action on X, which we denote by
the same letter a. It defines on X = Xy Xgpec £ Spec L the descent datum a, x o.. The action
on X(L) = Xo(L) induced by this descent datum is the operation on Xo(L) by a acting on Xj.
(Note that Xo(L) = Xo(E)).

A descent datum (X, ¢,) is effective if there is scheme Xy over E such that there is an
isomorphism Xy Xgpec £ Spec L — X which respects the descent data k, resp. ¢,. Assume
that L/K is a finite field extension and that X is quasiprojective over Spec L. Then any decent
datum ¢, is effective (cf. SGA1 Exp. VIII).
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8. CONVENTIONS ABOUT SHIMURA VARIETIES

Let (G, h) a Shimura datum. We denote by X the G(R)-conjugacy class of h. We consider
the operation of G(R) on X from the left

GR)x X =X, (g,2)— grg™ '
Let Koo C G(R) be the stabilizer of h. Then we have a G(R)-equivariant map
GR)/Ks — X, g+ ghg™ "
Let K C G(Ay) be an open and compact subgroup. Then we define the complex Shimura variety
Shi (G, h)c = G(Q\(X x (G(Af)/K))
= GQ\(G(R)/Kx) x (G(Af)/K)).

The group G(Q) acts from the left via the homomorphisms G(Q) — G(R) and G(Q) — G(Ay).
The group G(Ay) acts from the right on the tower {Shk }k for varying K. For a € G(Ay)
this action is given by

(8.1)

|a: ShK — Shafle

(x,u) —  (x,ua) (8.2)
where z € X and u € G(Ay). We call this a Hecke operator.
Remark 8.1. In [Del, the action of G(R) from the right on X is considered,
hxg:=g 'hg, heX, gecGR).
The complex Shimura variety is defined as
Shig (G, h)e = (X x (K\G(A())/G(Q)
= (Ko\G(R)) x (K\G(Af))/G(Q)

Let X_ be the conjugacy class of h~'. Then there is a natural isomorphism

Shk (G, h)e = Sh(G,h )¢, (8.3)

given by
GO\X x (G(Af)/K)) — (X x (K\G(Ay))/G(Q)
(z,9) — (7' 97")
Let H be a torus over Q and let
h:S— H]R
be a morphism of algebraic groups over R. It induces a morphism of algebraic groups over C
o Gm,(C — Hc.
The field of definition F of u is the reflex field of (H,h). We consider the composite

mg/q

es N
t:ResE/@GWER—yResE/QHE H.

The homomorphism

r(H,h) =v" : Resp/qGm,p — H (8.4)
is called the reciprocity law of (H,h), cf. [De, (3.9.1)]. Let K C H(Ayf) be an open compact
subgroup. There is an open and compact subgroup C' C (E® Ay)* such that r(H, h)(Ar)(C) C
K. Therefore r(H, h) induces a map

EX\(E @ Af)*/C — H(Q)\H(Af)/K (8.5)
By class field theory
EX\(E®Af)*/C =E*\(E®@A)*/C(E®R)"*
corresponds to a finite abelian extension L of E. We consider the homomorphism
Gal(E*/E) — Gal(L/E) = EX\(E ® A;)*/C.
If we compose this with we obtain the class field version of the reciprocity map,
r*(H,h) : Gal(E/E) — Gal(E®/E) — HQ\H(Af)/K. (8.6)
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This Galois action on H(Q)\H(Ay)/K defines a finite étale scheme over E which we denote by
Shk (H, h). This is called the canonical model of Shk (H,h) over E. By definition

Shk (H,h)e = H(Q)\H(Af)/K.

In other words we can say that the F-scheme Shk (H,h) is obtained from the constant scheme
H(Q)\H(Af)/K over E by the descent datum

r(H, h)(0) x oc: (HQ\H (Af)/K) Xspec  Spec E —
(H(Q\H(Af)/K) Xspec & Spec E,

for 0 € Gal(E/E) and o, := Speco~!. We can also express the last statement by a commutative
diagram. There is an isomorphism of schemes over £

H(Q)\H(A])/K) XSpec E Spec E — ShK (H, h) XSpec E Spec E (88)
such that for each o € Gal(E/E) the following diagram is commutative,

(8.7)

(H(Q)\H(Af)/K) ><SpecE Spec E E—d ShK (H, h) XSpeC E Spec E

rCft(th)(U)XGCJ lidxo'c

(H(@)\H(Af)/K) XSpccE SpeC E E— ShK (Hv h) ><SpccE SpeCE'

For varying K the isomorphism is compatible with the action of the Hecke operators H(Ay). In
the considerations above we can replace the field of definition E of u by any finite extension E’,
E C E’ C C. The definition (8.4) gives

T‘E/(H, h) =t RGSE//QGm7E/ — H.
This reciprocity law gives the action of Gal(E/E’) on H(Q)\H(A;)/K obtained by restriction
from .
Remark 8.2. The map

H@Q\H(Af)/K  — K\H(Af)/H(Q)
h — h~!
is equivariant with respect to the action of E*(Ay) on the left hand side by r(H, k) and the
action of EX(Ay) on the right hand side by r(H,h™!). Therefore we obtain an isomorphism of

canonical models over E,
Shi (H, h) = Shi (H,h™1).

We go back to a general Shimura datum (G, h). We denote by E(G, h) the Shimura field. We
call a model Sh(G, h) over E of Sh(G, h)¢ canonical if for each maximal torus H C G and each
B’ 'S — Hg which is conjugate to h in G(R), the induced morphism Sh(H, h')c — Sh(G, h)c
is defined over the compositum of E(H,h') and E(G,h). With this definition induces an
isomorphism of canonical models, cf. [Del 3.13].

Shk (G,h) — Shg (G, h™1). (8.9)

We now consider the situation of [Del 4.9-4.11]. Let L be a semisimple algebra over Q with

a positive involution * : L — L. Let F' C L be a subfield in the center of L which is invariant

by the involution *. Let V be a faithful L-module which is finite-dimensional over Q. Let
1V xV — Q be an alternating Q-bilinear form such that

Y(lr,y) = (@, %), LeL, z,ycV.
We consider the algebraic group G over Q given by

G(Q) ={g € GLL(V) | ¥(gz, 9y) = »(u(g)z,y), ulg) € F*}.

There is up to conjugation by an element of G(R) a unique complex stucture J : VR — VR,
J? = —id which commutes with the action of L and such that

Y(Jz,y)
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is a symmetric and positive definite. Let A : S — Gg such that h(z) acts on V ® R by multi-
plication by z with respect to the complex structure just introduced. Then (G, h) is a Shimura
datum. We set
t(l) =Tec(( | V®R), (€L
The numbers t(¢) generate over Q the Shimura field F(G, h). The canonical model Shk (G, h) is
the coarse moduli scheme of the following functor M(L, V, ) on the category of E-schemes S.
Definition 8.3. A point of M(L,V,)(S) is given by the following data:
(a) an abelian scheme A over S up to isogeny with an action ¢ : L — End® A,
(b) an F*-homogeneous polarization \ of A,
(c) a class 7 modulo K of L ® A y-module isomorphisms
n:VeoAr =5 V(A).
such that for each A € X there is locally for the Zariski topology a constant &()\) € (F @
Ar)*(1) with
(€N o1, v2) = EX (1), n(v2))-

(d) The L-module H;(A, Q) with its Riemann form defined by A is isomorphic to (V, ), up to
a factor in F'*.

We require that the following condition holds
Tr(c(¢) | Lie A) = t(¢), (€ L.
We reformulate [Del, 5.11] with our conventions.

Proposition 8.4. Let (G,h) be a Shimura datum. Let Z C G be the connected center of G.
Let § : S — Zg be a homomorphism. Let E C C be a finite extension of Q which contains the
Shimura fields E(G,h) and E(Z,5). Let K C G(Ayf) be an open and compact subgroup. We
denote by Shk (G, h) and Shk (G, hd) the quasi-canonical models over E. Let
rg'(Z,0) : Gal(E/E) — Z(Q\Z(Ay)/ (KN Z(Ay))
be the reciprocity law. There is an isomorphism of schemes over E
ShK(G, h) XSpec E SpecE — ShK(G, h5) XSpec E SpecE (810)

such that for each o € Gal(E/E) the following diagram is commutative,
Shk (G, h) Xspec E Spec E —— Shk (G, hé) X Spec B Spec E

T%“(Zﬁ)(a)xa{ lz‘dxac

Shi (G, h) Xspec £ Spec E —— Shi (G, hd) Xspec £ Spec E.

For varying K the morphism is compatible with the Hecke operators induced by elements
g € G(Ay).

Proof. By the definition of a canonical model one can reduce the question to the case when G
is an algebraic torus (cf. [Del 5.11]). Then the proposition is a consequence of (8.7). O

We formulate a "local” version of the last proposition, keeping the notations there. We fix a
diagram as in (2.13)
C+Q— Q.
It determines a p-adic place v of E. Let u(0) : Gy,,c — Z¢ the homomorphism associated to §
as usual. It is defined over F,,,
Myt Gm,EV — ZEV~
We consider the homomorphism

Nmpg

v v/Q
tl,ZGm,EVH—>ZEV — pZ@

We define r,(Z, ) as the composite

p*

ro(Z,6): EX 2 2(Qy) — ZQ\Z(A7)/(K N Z(A), (8.11)

v
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where the last arrow is induced by the inclusion Z(Q,) C Z(Ay). By local class field theory, this
induces a homomorphism

1(Z,0) : Gal(E,/By) — Z(Q\Z(Ag)/(K N Z(Ay)).

Corollary 8.5. We denote by Shk (G, h)g, and Shk(G,hd)E, the schemes over E, obtained by
base change from the canonical models. There is an isomorphism of schemes over E,,

ShK (G, h)E’,, Xspcc E, Spec EU — ShK(G, hé)Eu Xspcc E, Spec EU
such that for any o € Gal(E,/E,) the following diagram is commutative

Shk (G, h)E, XspecE, Spec E, —— Shk (G, hd) g, XSpec B, SPec E,

rift’(Z,é)(a')Xo'CJ lidxac

Shk (G, h)E, Xspec B, Spec B, — Shk (G, hé) g, Xspec 5, Spec E,.
Proof. This follows from the compatibilities of local and global class field theory. (I

Our final topic is the following variant of [Del Prop. 1.15]. A similar variant appears in Kisin
K, Lem. 2.1.2].

Proposition 8.6. Let S be a finite set of prime numbers. Let M C G be closed immersion of
reductive subgroups over Q. We assume that M is the kernel of a homomorphism G — T to a
torus over Q. Let h : S — Mg — Ggr be a homomorphism of algebraic groups such that (M, h)
and (G,h) are Shimura data. Let I = IgI® be an open and compact subgroup M(Ay), where
Is C [l es M(Qp) and I° C M(A]Sc) Let Ks C [[,c5 G(Qp) be a compact open subgroup such
that

KsnN (Hpes M(Qy)) =1s.

Then there exists an open compact subgroup K° C G(A;‘f) which contains 1% such that the
induced morphism of schemes over C

ShI(M, h)(c — ShKSKS (G,h)c (812)
is an open and closed immersion.

Proof. Let Zq be the center of G and let G be the derived group. The map Zg x G4 — G
is an isogeny. Since G9¢' is mapped to {1} € T we see that G and Zg have the same image
in T. We obtain that the homomorphism Zg x M — G is surjective. Therefore Zy; C Zg.
We obtain a morphism M?! — G2 which is an isomorphism. Let X be the set of conjugates
of h by elements of G(R) and define X, in the same way. Since the adjoint groups are the
same, the induced map Xj; — X is an isomorphism onto a union of connected components
of X¢. This implies that the Shimura varieties Shy(M, h)c and Shk ks (G, h)c have the same
dimension. By [K] we may choose K* in such a way that is a closed immersion. But since
both varieties are normal of the same dimension, the induced morphisms on the local rings must
be isomorphisms. Therefore is also open. (]

The main ingredient of the proof in [K]| is the following theorem. Because it is needed for
other purposes in this paper, we state it here.

Proposition 8.7. (Theorem of Chevalley) Let T be an algebraic torus over Q. Let £ C T'(Q)
be a finitely generated subgroup. Let S be a finite set of rational primes. We denote by AJ*? the
restricted product over all Qq where £ runs over all prime numbers £ ¢ S. Let m be an integer.
Then there exists a compact open subgroup C C T(AJSC) such that CNE C E™.

In the case where L is a number field and T' = Resy, i Gy, 1, this is the first theorem in [Che].
The general case is easily reduced to this.



(B]

[BC]

[BZ]
[Car]
[CF]
[Ch]
[Che]
[De]
(DM]

[DG]
[Dr]

(K]
[KR1]

[KR2]
[KRZ]

[Mum]
[RZ]

(V]
[21]

ON THE p-ADIC UNIFORMIZATION OF QUATERNIONIC SHIMURA CURVES 57

REFERENCES

J.-F. Boutot, Uniformisation p-adique des variétés de Shimura, Séminaire Bourbaki, Vol. 1996/97.
Astérisque 245 (1997), Exp. No. 831, 307-322.

J.-F. Boutot, H. Carayol, Uniformisation p-adique des courbes de Shimura: les théorémes de Cherednik
et de Drinfeld, in: Courbes modulaires et courbes de Shimura (Orsay, 1987/1988). Astérisque 196-197
(1991), 45-158.

J.-F. Boutot, T. Zink, The p-adic uniformization of Shimura curves, preprint 95-107, Univ. Bielefeld
(1995).

H. Carayol, Sur la mauvaise réduction des courbes de Shimura, Compositio math. 59 (1986), 151-230.
Cassels-Frohlich, Algebraic Number Theory, 2nd ed. London Math. Soc., 2010.

I. V. Cherednik, Uniformization of algebraic curves by discrete arithmetic subgroups of PGLa(kw) with
compact quotient spaces, (Russian) Mat. Sb. (N.S.) 100(142) (1976), no. 1, 59-88, 165.

C. Chevalley, Deux théorémes d’arithmétique, J. Math. Soc. Japan 3 (1951), 36—44.

P. Deligne, Travauz de Shimura, Sém. Bourbaki 1970/71, exposé 389, Springer Lecture Notes 244 (1971).
P. Deligne, D. Mumford, The irreducibility of the space of curves of given genus. Inst. Hautes Etudes
Sci. Publ. Math. 36 (1969), 75-1009.

M.Demazure, P.Gabriel, Groupes Algébriques, Paris, Amsterdam 1970.

V. G. Drinfeld, Coverings of p-adic symmetric domains, (Russian) Funkcional. Anal. i Prilozen. 10
(1976), no. 2, 29-40.

M. Kisin, Integral models for Shimura varieties of abelian type. J. Amer. Math. Soc. 23 (2010), no. 4,
967-1012.

S. Kudla, M. Rapoport, An alternative description of the Drinfeld p-adic half-plane, Annales de I'Institut
Fourier 64, no. 3 (2014), 1203-1228.

S. Kudla, M. Rapoport, New cases of p-adic uniformization, Astérisque 370 (2015), 207-241.

S. Kudla, M. Rapoport, Th. Zink, On the p-adic uniformization of unitary Shimura curves,
arXiv:2007.05211

D. Mumford, An analytic construction of degenerating curves over complete local rings, Compositio
Math. 24 (1972), 129-174.

M. Rapoport, Th. Zink, Period spaces for p-divisible groups. Annals of Mathematics Studies, 141,
Princeton University Press, Princeton, 1996.

V.E.Voskresenskij, Algebraic Tori (in Russian), Izdat. “Nauka”, Moscow, 1977.

Th. Zink, Uber die schlechte Reduktion einiger Shimuramannigfaltigkeiten, Compositio Math. 45 (1982),
no. 1, 15-107.

12 AvV. PARMENTIER, 75011 PARIS, FRANCE.
E-mail address: jf.boutot@outlook.fr

FAKULTAT FUR MATHEMATIK, UNIVERSITAT BIELEFELD, POSTFACH 100131, 33501 BIELEFELD, GERMANY
E-mail address: zink@math.uni-bielefeld.de



	1. Introduction
	2. The Shimura data
	3. The moduli problem for Sh(G, h) and a reduction modulo p
	4. The moduli problem for Sh(G, h) and a reduction modulo p
	5. The RZ-spaces
	6. The p-adic uniformization of Shimura curves
	7. Conventions about Galois descent
	8. Conventions about Shimura varieties
	References

